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ABSTRACT
This work, standing as an attempt to understand and mathematically model the small scale
materials thermal and mechanical responses by the aid of Materials Science fundamentals,
Continuum Solid Mechanics, Misro-scale experimental observations, and Numerical methods.
Since conventional continuum plasticity and heat transfer theories, based on the local
thermodynamic equilibrium, do not account for the microstructural characteristics of materials,
they cannot be used to adequately address the observed mechanical and thermal response of the
micro-scale metallic structures. Some of these cases, which are considered in this dissertation,
include the dependency of thin films strength on the width of the sample and diffusive-ballistic
response of temperature in the course of heat transfer.
A thermodynamic-based higher order gradient framework is developed in order to characterize
the mechanical and thermal behavior of metals in small volume and on the fast transient time.
The concept of the thermal activation energy, the dislocations interaction mechanisms, nonlocal
energy exchange between energy carriers and phonon-electrons interactions are taken into
consideration in proposing the thermodynamic potentials such as Helmholtz free energy and rate
of dissipation. The same approach is also adopted to incorporate the effect of the material
microstructural interface between two materials (e.g. grain boundary in crystals) into the
formulation. The developed grain boundary flow rule accounts for the energy storage at the grain
boundary due to the dislocation pile up as well as energy dissipation caused by the dislocation
transfer through the grain boundary.
Some of the abovementioned responses of small scale metallic compounds are addressed by
means of the numerical implementation of the developed framework within the finite element
context. In this regard, both displacement and plastic strain fields are independently discretized
and the numerical implementation is performed in the finite element program ABAQUS/standard
via the user element subroutine UEL. Using this numerical capability, an extensive study is
conducted on the major characteristics of the proposed theories for bulk and interface such as
size effect on yield and kinematic hardening, features of boundary layer formation, thermal
softening and grain boundary weakening, and the effect of soft and stiff interfaces.

vii

CHAPTER 1

INTRODUCTION
The purpose of the current research is to develop continuum models for plastic deformation of small
scales solid materials, along with a physical motivation from experimental observations or theoretical
considerations from microscopic behavior of metals. This introductory part summarizes the motivation
and importance of this work while the main body of the work is presented in detail in the remaining
chapters.

1.1. Problem Statement
Over the last decade, the scientific research on the mechanical behavior of components at the microand nano-scale have been driven by the demands of miniaturization in fields like microelectronics,
nanotechnology and micro-electro-mechanical systems (MEMS). These systems form a cutting edge
technology area that is predicted to have a significant impact on key market sectors such as aerospace,
defense, transportation, home appliances, etc. Besides these technological motivations, describing the
mechanical behavior of metals in small scale provides a unique opportunity to investigate fundamental
problems in micro-mechanics and material science.
Among these micro-scale structures, the applications of thin metal films as an integral part in several
technological systems have been broadened recently. Normally the film thickness is comparable to
relevant microstructural length scales such as grain size, dislocation cell sizes and particle spacing, which
in turn, the mechanical properties are strongly affected by the grain size and orientation, grain size
distribution and crystallographic texture. Examples of the application of these materials can be found in
surface coating (e.g. thermal barrier coating in turbine blades to advance their performance above the
melting point; corrosion resistant coatings), MEMS (e.g. sensors and actuators), friction reducers (e.g.
medical implants and computer hard discs), electronic circuits (e.g. resistors, transistors, capacitors, and
inductors).
The design and fabrication of thin films exhibit material science and engineering challenges across
different length scales, from angstroms to millimeters where the integrated applications of theories such
as quantum mechanics and continuum solid mechanics may be required in order to increase the
knowledge and understanding of the various phenomena encountered as well as to engineer the materials
in order to improve the level performance of the system.
In addition to the micro-scale material behavior, the localization phenomena –macroscopicallyobserved in various materials is of vital importance in the performance and stability of the structures.
Strain localization is a concept describing an inelastic deformation mode, in which the entire deformation
of a material structure occurs in one or more narrow bands, while the rest of the structure usually exhibits
unloading. The example of such phenomena can be found in adiabatic shear band in metallic materials
under high speed impact, metal forming, and machining of mechanical parts. This leads to local weakness
of the material due to the inhomogeneous deformations and material instability response.
However, the conventional continuum theories fail to address some of the aforementioned behaviors.
The main deficiency of these theories can be summarized in modeling:
(i) Size dependency of the macroscopic yield strength and strain-hardening rate during the inelastic
deformation observed from micro-mechanical experiments including those from nano/micro-indentation,
1

torsion of micron-dimensioned wires, micro-bending of thin films, and bulge test (e.g., Stolken and
Evans, 1998; Chen et al., 2007; Xiang and Vlassak, 2005).
(ii) The classical (macro-mechanical) test results indicating the increase in the macroscopic yield
strength and strain-hardening rate of polycrystalline metals with decrease of the particle size and the grain
diameter (i.e. the Hall–Petch behavior (Hall, 1951; Petch, 1953; Venkatraman and Bravman, 1992)).
(iii) Heat transport responses under both short time and spatial scales such as high-rate heating on thin
film and microelectronic devices and pulsed-laser processing of materials (see e.g., Sze and Ng, 2007;
Narayan et al., 1991).
(iv) Mesh dependency in finite element solution of the strain softening and width of localized shear
band during the plastic deformation.
In order to overcome the aforementioned problems, one needs to consider both the mathematical and
physical deficiencies of the conventional theories.
It is known that the observed size effect in macro-mechanical tests is mainly due to the interaction
between statistically stored dislocations (SSDs) which increase with the plastic strain and density of
geometrically necessary dislocations (GNDs), which are generated by inhomogeneous plastic flow
attributable to gradients of plastic strain. The classical plasticity models normally ignore such a
microstructure characteristic of materials and its evolution in the course of plasticity deformation.
Moreover, the implicit assumption of the smooth variation in deformation in such theories is in contrast to
the case when strain localization takes place. This leads to the ill-posedness of the standard boundary
value problem and consequently discretization sensitivity in numerical simulations of localization and
softening problems. Therefore, in order to preserve the well-posedeness, the conventional material
constitutive models are required to possess a localization limiter in order to address the strain softening
ductile behavior.
Morover, when the medium size is of the order of or smaller than phonon mean free path, the
temperature gradient cannot be established within the medium and the heat transport is partially diffusive
and partly ballistic. This is caused by the activation of microstructural effects due to the small depth of the
heat-affected zone or the smallness of the structures. On the other hand, if the response time in the small
volume components reduces to the range comparable to the thermalization time, it leads to
nonequilibrium transition of thermodynamics between electrons and phonons. The macroscale
formulation of heat conduction is based on the local thermodynamic equilibrium and the continuum
assumption where a set of partial differential equations are used to describe the macroscopic properties.
Therefore it does not consider neither the microstructural interactions between energy carriers, nor the
size and time dependency of the heat transport.

1.2. Continuum Models
As it is mentioned earlier the thermo-mechanical modeling of metallic components becomes more
complex when their size reduces to the order of a few hundreds of nanometers and they are subjected to
inhomogeneous plastic flow under short elapsed time during a transient process. Elasticity theories are
valid at small scale since the controlling length scale in the course of reversible elastic deformation is in
the order of atomic dimensions. Plastic deformation in the crystal structure on the other hand occurs due
to the movements of dislocation and their interactions with the defects. Such process is irreversible and is
affected by the microstructural characteristics of materials (e.g. crystal orientation, grain size, the
presence of interstitials, dislocation structure and distribution and point defects) and their evolutions. The
2

length scale influencing the plastic deformation is on the order of micro-meters. This results in more
sensitivity of the plastic deformation modeling in small volume materials. Moreover, the microscopic
state variables (e.g. temperature, rate of loading) affect the microstructures, and hence the material
intrinsic length scale. The aforementioned length scales are termed as physically based length scales (i.e.
material intrinsic length scale) in the sense that they have been introduced by nature itself and through
connection with microstructural characteristic of materials such as grain size and dislocation spacing.
On the continuum level, the conventional theories of plasticity do not contain any length scales, thus
they are unable to predict the sample size dependency of the mechanical response of the materials at the
micron scale. However, these theories can be extended by introducing a length parameter in order to
address the small scale plasticity. It should be noted that since a large number of various microscopic
phenomena (e.g. dislocation motion and interactions, presence of voids and point defects, twining) – with
different length scales - are involved in the course of plastic deformation, an enhanced continuum theory
is only able to address them in average sense and in this regard the length parameter in the theory is
purely phenomenological.
It should be noted that even these enhanced continuum theories of plasticity break down at smaller
scales when the number of dislocations is too small to be treated collectively and theories with higher
resolution are required to capture the material responses. The plastic deformation in these cases can be
modeled using Discrete Dislocations or Molecular Dynamics simulations which model the individual
dislocations and atoms respectively.
In addition to the above considerations regarding the plastic deformations, it is shown that the
continuum theories of heat transport (such as Fourier law relate to the concept of local thermodynamic
equilibrium) break down in predicting the microscale responses of metals in both space and time. When
the phonon mean free path ℓ𝑝ℎ is of the order of or larger than the medium size 𝐿, the heat transport is not
purely diffusive (as the Fourier law) and is partly ballistic (Figure 1.1). This is caused by the activation of
microstructural effects due to the small depth of the heat-affected zone or the smallness of the structures.
Therefore, transport in this regime of length scales (i.e. in the order or larger than the mean free path of
the energy carriers) deal with scattering of energy carriers (phonons, photons, electrons) and it is nonlocal
since the local thermodynamic equilibrium cannot be defined. Figure 1.2 shows the phonon scattering
mechanisms and wave disturbance due to the interruption of perfect periodicity in crystalline solid.
However, when the specimen size is comparable to the energy carrier length scales (i.e. wave length), the
heat transport is ballistic in nature where the temperature at the boundaries governs the heat transport, and
not the temperature gradient within the medium.
On the other hand, if the response time in the small volume components reduces to the range
comparable to the thermalization time (i.e. the time needed for the electrons and lattice to achieve
thermodynamic equilibrium), diffusion time (i.e. the time energy takes to travel through the medium), and
the relaxation time (i.e. the time associated with the speed at which a thermal disruption moves through
the medium), it leads to nonequilibrium transition of thermodynamics between electrons and phonons due
to the shorter response time of electrons in metals than that of the crystal vibration or phonons. The
validity of the Fourier law can be questioned in such situations since it represents only diffusive transport
and yields an infinite speed for heat waves while the energy deposition and a finite speed of thermal
propagation needs to be considered when the heating time is comparable to thermalization and diffusion
times respectively (e.g. Joshi and Majumdar, 1993, Goodson and Flik, 1992).
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(a)
(b)
(c)
Figure 1.1. Comparison of temperature profile through the thin film thickness: (a) Diffusive transport
when 𝐿 ≫ ℓ𝑝ℎ (Fourier law); (b) Ballistic transport when 𝐿 ≪ ℓ𝑝ℎ (Casimir Limit); (c) DiffusiveBallistic transport when 𝐿~ℓ𝑝ℎ .

Figure 1.2. Illustration of phonon interactions and scattering mechanisms.
The continuum heat transport can be generalized to address some of the above phenomena by
including time parameters. Again, same as the enhanced plasticity models, such generalized heat
transports models are based on averaging the effect of physical phenomena included and can be used only
to some extend in length and time. In the case of problems with small spatial and time measures (i.e. in
the order of wave length and the collision time) the micro- and nano-scale heat transport models or
quantum and atomistic simulations are required to solve such problems.
Although, the advantage of the smaller scale models such as atomistic methods is the empowering the
design of the new materials by predicting material composition, it is still not possible to conduct such
simulations on realistic time and material structures (The time and length scale range of the various
models are shown in Figure 1.3). Moreover, the quantum and atomistic models may fail to predict the
material continuum complexity at the meso- and micro-scales. Therefore, in order to involve as many
practicing engineers as possible in the rapid growth of micro-scale materials, the purpose of the current
research is directed towards extending the conventional continuum theories in order to determine the
thermal and mechanical response of small volume structures such as thin films. The temporal and spatial
regimes of the current research are presented in Figure 1.3. Summary of the continuum based models to
overcome the problems stated in Sec. 1 are presented below.

4

Figure 1.3. Characteristic lengths and times in solid mechanics material modeling.

1.2.1. Visco-plasticity
Visco-plasticity may be used as a procedure to regularize the elastic-plastic solid in the case of
instabilities. It is proven that the material rate dependence leads to well posed boundary value problems
with unique solutions by implicitly introducing a length-scale that sets the width of the shear bands in the
course of localization of deformation (Prevost and Loret, 1990). Of course, in any particular
circumstance, the question remains as to whether or not this is the relevant length scale. When material
rate dependence is accounted, there is no loss for ellipticity in quasi static problems and wave speed
remains real, as long as stress levels remain small compared to elastic stiffness. Even though the
phenomenology of localization can be the same for both rate-dependent and rate-independent material
behavior, pathological mesh dependence does not occur in numerical solutions for rate-dependent solids
because boundary value problems remain well posed. The rate independent solid does emerge as the
appropriate limit of the rate-dependent solid, although the limiting case is a singular one (Needleman,
1988).
1.2.2. Strain gradient plasticity
Strain gradient plasticity theories have been proposed in a number of studies after the initiatory work
of Aifantis, 1984), which consists of including the Laplacian of an effective strain measure into the
classical yield condition. This explicitly introduces a characteristic length scale into the material
constitutive relation where the stress response at a material point is assumed to depend on the state of its
neighborhood in addition to the state of the material point itself. Strain gradient theories primarily target
the mesh dependency in finite element simulation of the localization problem and width of shear band.
Later, the focus in such theories has mainly directed toward the size effect and boundary layer related to
plastic deformation of small volume metallic compounds.
5

The strain gradient theories can be classified into two groups based on the strategies for the strain
gradient theory formulation: (i) lower-order theories consist of heuristically introducing the gradient
dependence directly into the constitutive equations of the local type material (e.g. Acharya and Bassani,
2000; Acharya et al., 2004; Han et al., 2005; Voyiadjis and Dorgan, 2004 ); (ii) higher-order theories
where higher order stresses are defined as the work conjugate of strain gradient by implying the strain
energy potential incorporating the strain gradients (e.g. Fleck et al., 1994; Gurtin, 2000;Voyiadjis et al.,
2006; Voyiadjis and Abu Al-Rub, 2007; Voyiadjis and Deliktas, 2009).
The main distinction between the two theories arises in the restriction of the low-order theories in term
of imposing boundary conditions, which in turn, excludes the effect of boundary related size effects (e.g.
surface passivation in free-standing thin films; constrained plastic flow of a thin film on a substrate
subjected to uniform loading ) and grain boundary in polycrystalline from the theory that has significant
factors to model a realistic material behavior as the surface-to-volume ratio increases. The reason is that
for lower-order theories the boundary conditions only can be imposed on displacement or stress and no
gradient in plastic strain can be enforced for the case of homogeneous loading.
1.2.3. Generalized heat transfer
In order to address the non-equilibrium heat transfer, the generalized heat equation is taken into
account. From a microscopic point of view, the energy exchange between electrons and phonons
(Kaganov et al., 1956) results in a phenomenological two-step model (Anisimov et al., 1974) describing
the temperatures of the electron gas and the metal lattice (Brorson et al., 1987; Brorson et al., 1990;
Elsayed-Ali et al., 1991; Elsayed-Ali et al., 1987; Fujimoto et al., 1984; Groeneveld et al., 1990). The
phonon-electron coupling factor in the two-step model has been successfully measured for several metals
by employing ultrafast lasers. The expression of the phonon-electron coupling factor depends on either
the electron mean free time between collisions (Kaganov et al., 1956) or thermal conductivity (Qiu and
Tien, 1992). However, Qiu and Tien, 1993) derived the phonon-electron coupling from the solution of the
Boltzmann equation. In contrast to the classical approach (Kaganov et al., 1956; Anisimov et al., 1974),
the general derivation by Qiu and Tien, 1993) reveals the hyperbolic nature of energy transport by
electrons in metals. The derivation of the governing equation requires profound knowledge of quantum
mechanics and the elastic and inelastic phononelectron scattering processes in energy transport (Qiu and
Tien, 1992, 1993).

1.3. Scope and Objectives
This dissertation explores an important and under-researched topic on the multi-scale modeling in
which the careful characterization of mechanical and thermal responses of the material requires that the
developed continuum model represents the events that occur at the micro-scale. Computational methods
are used in order to numerically investigate the capability of the models to address the small scale
material responses incorporating size effects and nonequlibrium heat transfer.
Chapter 2 deals with investigating the capability and strength of the visco-plastic continuum models in
simulating the localization problems. The combination of both VA-BCC and VA-FCC models developed
by Voyiadjis and Abed (Abed and Voyiadjis, 2007a, 2007b; Voyiadjis and Abed, 2006a, 2006b) are
utilized in order to model the adiabatic and isothermal plastic flow stresses of AL-6XN stainless steel at
low and high strain rates and over a wide range of temperatures. Computational aspects of the proposed
model are addressed through the finite element implementation of the framework in the commercial finite
6

element code (ABAQUS) using the material subroutine VUMAT and an implicit stress integration
algorithm. The numerical examples of material instability such as necking and shear localization are
presented and the mesh dependency of the solutions are investigated. The consequence of this chapter is
that the classical visco-plasticity models are not only unable to account for the size effect, but also they
are only able to capturing mesh independency in the localization problems within a short range of mesh
sizes.
Chapter 3 is devoted to identifying the physical nature of the material length scale parameters of the
first order gradient-dependent plasticity theory from micro-scale experiments. A micromechanical-based
model for Temperature and Rate Indentation Size Effects (TRISE) encountered in nanoindentation
experiments of metals are formulated based on different expressions of the geometrical necessary
dislocations (GNDs) density evolution. A micromechanical-based model of variable material intrinsic
length scale used in conjunction with gradient theories is also developed that allows for variations in
temperature and strain rate and its dependence on the grain size and accumulated plastic strain. The
results of the indentation experiments performed on various metals are then used to implement the
aforementioned framework in order to predict simultaneously the TRISE and variable length scale at
different temperatures, strain rates and various grain sizes (i.e. distances from the grain boundary).
Chapter 4 presents a thermodynamically consistent framework in order to characterize the mechanical
and thermal behavior of metals in small volume and on the fast transient time. In this regard, second order
strain gradient plasticity theory is coupled with the application of micromorphic approach to the
temperature variable. Both the VA-BCC and VA-FCC models are extended in this chapter by inclusion of
gradient of plastic strain in order to accurately address the strengthening and hardening mechanisms
observed in small volume metallic compounds. This formulation introduces in the constitutive equations
two phenomenological length scales. Moreover, the effect of microstructural interaction between phonons
and electrons in the small scale and during fast transient process are addressed by incorporating two time
scales into the microscopic heat equation.
The resultant framework contains a large number of material parameters due to the nature of the
classical VA-BCC and VA-FCC models. This allows the constitutive model to capture phenomena over a
wide range of strain rates and elevated temperatures under extreme loading conditions observed in large
number of local experiments and encountered in the macro-scale applications. However, this is not
essential in modeling the responses in small volume metallic compounds, since neither the existing
experimental techniques provide wide range of data in order to calibrate the constitutive model, nor the
application of these materials (e.g. thin film) includes such extreme conditions. Instead, the features such
as size effect are more important in developing a non-local constitutive model. This deficiency is
improved in Chapters 5 and 6 by elaborating more on the physical nature of the small scale metal
responses. In this regard, a thermodynamic-based higher order strain gradient plasticity framework for
coupled thermo-visco-plasticity modeling of single-crystal (i.e. thin film) is presented. The concept of the
thermal activation energy and the dislocations interaction mechanisms are taken into consideration in
proposing the thermodynamic potentials such as Helmholtz free energy and rate of dissipation. The same
approach is also adopted to incorporate the effect of the material microstructural interface between two
materials (e.g. grain boundary in crystals) into the formulation. The developed grain boundary flow rule
accounts for the energy storage at the grain boundary due to the dislocation pile up as well as energy
dissipation caused by the dislocation transfer through the grain boundary. The theory is developed based
on the decomposition of the thermodynamic conjugate forces into energetic and dissipative counterparts
which provides the constitutive equations to have both energetic and dissipative gradient length scales for
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the grain and grain boundary. The main goal of this model is the thermodynamical consistency, simplicity
in numerical implementation, and flexibility in material parameter calibration based on existent microscale experimental data.
Some of the abovementioned goals for developing this framework are achieved in Chapter 6 by means
of the numerical implementation of the developed framework within the finite element context. In this
regard, both displacement and plastic strain fields are independently discretized and the numerical
implementation is performed in the finite element program ABAQUS/standard via the user element
subroutine UEL. Using this numerical capability, an extensive study is conducted on the major
characteristics of the proposed theories for bulk and interface such as size effect on yield and kinematic
hardening, features of boundary layer formation, thermal softening and grain boundary weakening, and
the effect of soft and stiff interfaces. The material parameters of the gradient framework are also
calibrated using an extensive set of micro-scale experimental measurements of thin metal films over a
wide range of sizes and temperatures of the samples. An energy based approach is also presented to
extract the first estimate of the grain boundary model parameters from results of nano-indentation tests
conducted near the grain boundary. Comparison of the model prediction and the test results indicate the
capability of the proposed model in capturing the overall behavior of small volume metallic compounds
such as Bauschinger and surface passivation effect.
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CHAPTER 2

LOCALIZATION IN STAINLESS STEEL USING A LOCAL
VISCOPLASTIC MODEL
2.1. Introduction
The study of material behavior of metals under extreme conditions such as high temperatures
and strain rates gained considerable interest lately due to its relevance in a large number of
engineering applications. For example steel alloys are used in a wide range of applications for
aerospace, railways, mining, automotive, and infrastructure. In this regard, the understanding of
the thermo-mechanical behavior of these materials under extreme loading (e.g., impact and
crash) and environmental conditions (e.g., low and high temperature) has been the subject of
extensive studies in the past few decades, both experimentally and theoretically. The attention is
mainly given to thermo-mechanical response under a wide range of strain rates and temperatures
(Cazacu and Barlat, 2004; Karabin et al., 2003; Nemat-Nasser and Guo, 2003; Nemat-Nasser et
al., 2001; Rusinek et al., 2008a; Rusinek et al., 2007), impact perforation (Borvik et al., 2005;
Borvik et al., 2001, 2002; Borvik et al., 2003; Borvik et al., 1999 Voyiadjis et al., 2008; Rusinek
et al., 2008b; Rusinek et al., 2009; Klepaczko et al., 2009; Dikshit et al., 1995), localization and
shear banding (Abed, 2010; Garstecki et al., 2003; Glema and Lodygowski, 1997; Glema et al.,
2000, 2008; Glema et al., 2010; Jankowiak et al., 2011; Lodygowski and Perzyna, 1997; Rusinek
et al., 2005; Voyiadjis and Abed, 2007; Voyiadjis and Abu Al-Rub, 2007).
In order to model the thermo viscoplastic behavior of steel alloys subjected to the above
mentioned loading conditions, a number of efforts have been focused on the constitutive
modeling in the past several decades (Johnson and Cook, 1983; Nemat-Nasser, 1982; Zerilli and
Armstrong, 1987; Barlat et al., 1997b; Rusinek and Klepaczko, 2001; Voyiadjis and Almasri,
2008). One desirable goal in constitutive modeling is to develop models which are widely
applicable and capable of accounting for complex paths of deformation, temperature and strain
rate which represent the main requirements of large deformation problems such as high speed
machining, impact, and various primarily metal forming operations. The phenomenological
models (e.g., Johnson and Cook, 1983; Barlat et al., 1997a) are actually designed for simplicity
of computational implementation for static and dynamic analysis as they are relatively easy to
calibrate with a minimum set of experimental data in the form of stress–strain curves at different
strain rates and temperatures. More physical approaches are reported in Zerilli and Armstrong,
1987, Rusinek and Klepaczko, 2001, Durrenberger et al., 2008, Voyiadjis and Almasri, 2008).
They are more complex to calibrate and less used in engineering practice.
In the current research work, a microstructural-based constitutive relation is presented to
investigate the strain localization of AL-6XN stainless steels. Voyiadjis and Abed (Abed and
Voyiadjis, 2007a, 2007b; Voyiadjis and Abed, 2006a, 2006b) have recently developed two
microstructural-based constitutive models to simulate the plastic deformation behavior for two
different crystal structures of pure metals; body centered cubic (BCC) and face centered cubic
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(FCC). The two constitutive models were derived based on the concept of thermal activation
analysis and the dislocation interaction mechanisms as well as the additive decomposition of the
thermal and athermal stresses. Both models were successfully applied to several BCC and FCC
metals over a wide range of temperatures (77–1000 𝐾) and strain rates (0.001–8500 𝑠 −1 ). The
rational for the differences in the two forms mainly depends on the dislocation characteristics for
each particular structure. BCC metals show stronger dependence of yield stress on temperature
and strain rate while in the case of FCC metals the yield stress is mainly affected by strain
hardening. In other words, the cutting of dislocation forests is the principal mechanism in FCC
metals, while in BCC metals; the overcoming of Peierls-Nabarro barriers is the principal
mechanism. Combination of VA-FCC and VA-BCC is considered by Abed and Voyiadjis (2005)
in order to model the plastic deformation of steel over a wide range of strain rates between 0.001
and 8300 s−1 at temperatures from 77 to 1000 K. The modeling of the true stress–true strain
curves is achieved by using the classical secant modulus for the case of unidirectional
deformation and the model parameters are obtained using the experimental observations
conducted by Nemat-Nasser and Guo (2000).
The objective of this chapter is to characterize the strain localization behavior of AL-6XN
stainless steel (material contains different compositions that have different crystal structures)
using simultaneously both the VA-BCC (Abed and Voyiadjis, 2007a; Voyiadjis and Abed,
2006a) and VA-FCC (Abed and Voyiadjis, 2007b; Voyiadjis and Abed, 2006b) models. The
proposed microstructure based constitutive law is derived based on consistent thermodynamic
formulations and it is implemented in the well-known finite element code ABAQUS as a user
material VUMAT. The computational algorithms for implementing the proposed model as well
as the radial return algorithm for integrating the material response is also summarized in this
chapter. Numerical examples of material instability are introduced in the last section in order to
validate and test the proposed constitutive model, and the proposed algorithm and its
implementation in the ABAQUS finite element code.

2.2. Material
Steel alloys can be classified into two well-known categories: ferritic such as HSLA-65, DH36 and Weldox 460-E, and austenitic such as Nitronic-50, Uranus B66 and AL-6XN. According
to the phase transformation diagram of steel, the percentage of carbon (C) in steel plays a crucial
role in determining the phase behavior (ferrite or austenite) of the material over a wide range of
temperatures. Austenitic stainless steels are usually noted for their high strength and exceptional
toughness, ductility, and formability. They exhibit considerably better corrosion resistance than
ferritic steels (Nemat-Nasser et al., 2001). However, AL-6XN contains more nickel and
molybdenum than the other austenitic stainless steels which improves the chloride SCC (stress
corrosion cracking) resistance, whereas molybdenum and nitrogen provide improved pitting and
crevice corrosion resistance (Brooks and Lippold, 1990), since alloys high in nickel content can
display improved austenite stability (Denhard and Espy, 1971). Table 2. 1 shows the major alloy
content of the investigated AL-6XN stainless steel as given by Nemat-Nasser et al., 2001).
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C
0.024

Table 2.1. Major alloy content of AL-6XN (%) Nemat-Nasser et al., 2001)
Cr
Ni
Si
Mn
Mo
N
20.56
23.84
0.36
0.41
6.21
0.213

Cu
0.2

The AL-6XN alloy is a high-strength stainless steel designed to resist chloride pitting, crevice
corrosion, and stress corrosion cracking. It is, generally, utilized in applications where good
strength is required in the environments where chloride pitting and stress corrosion cracking is a
problem. Nemat-Nasser et al., 2001) investigated the plastic flow of AL-6XN stainless steel and
the corresponding deformation mechanisms first through systematic compression experiments
performed over a wide range of temperatures and different strain rates and second through
theoretical modeling using the experimental results and based on the mechanisms of thermally
activated dislocation motion. In this chapter, the experimental results provided by Nemat-Nasser
et al., 2001) will be utilized in determining the material parameters for the proposed plastic
deformation modeling of AL-6XN.
It is known that the austenitic steel exhibits a single-phase, face-centered cubic (FCC)
structure while the ferrite exhibits a body-centered face (BCC) structure. It should be noted that
although the Al-6XN alloy is an austenitic stainless steel material, the plastic deformation or the
dislocation interactions in the microstructure scale shows a combination of both BCC and FCC
effects under low and high strain rates and temperatures. In other words, both the yield and the
hardening stresses are affected by temperature and strain rates as will be shown in the following
sections.

2.3. Physically Based Viscoplastic Formulation of the Constitutive Relations
2.3.1. Micro-mechanical based model
The plastic behavior of metals can be determined by investigating the dislocation dynamics of
their crystals, which are generated, moved and stored during the inelastic deformation. In turn,
the most important features that should serve as constituent elements of an appropriate theory of
crystal plasticity are the motion, multiplication and interaction of these dislocations.
A theoretical description of plasticity should aim at relating the macroscopic deformation
behavior at both the intrinsic properties of the deforming material and the externally imposed
deformation conditions. On the microscopic scale, the plastic flow of crystalline materials is
controlled by the generation, motion and interactions between dislocations. Thus, the constitutive
description must, in principle, bridge the entire hierarchy of length scales, starting from the
determination of the single dislocation properties on an atomistic scale and proceeding up to the
characterization of the macroscopic material properties. In many cases, conclusions about the
macroscopic deformation behavior can be obtained by investigating the temperature and strain
rate dependence of the flow stress for pure BCC and FCC metals by considering the properties of
single dislocations (Zaiser et al., 1999).
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The dislocations are assumed to move in a periodic potential and the average dislocation
velocity 𝜈 is determined by the thermodynamic probability of achieving sufficient energy
temperature 𝑇 to move past a peak in the potential. In other words, it is determined through
thermal activation by overcoming local obstacles to dislocation motion. Many expressions
defining the dislocation speed for thermally activated dislocation glides may be found in the
literature (e.g. Hirth and Nix, 1969). The following general expression, however, is postulated
(Bammann and Aifantis, 1982):
𝜈 = 𝜈0 exp �−

𝐺𝑎𝑐𝑡
�
𝐾𝑇

(1)

where 𝐾 is the Boltzmann’s constant, and 𝑇 is the absolute temperature. The reference
dislocation velocity 𝜈0 represents the peak value where the temperature reaches or exceeds the
melting point. It is defined by 𝜈0 = 𝑑𝑚 ⁄𝑡𝑤 , where 𝑡𝑤 represents the time that a dislocation waits
at an obstacle and 𝑑𝑚 is the average distance the dislocation moves between the obstacles. The
shear stress-dependent free energy of activation 𝐺𝑎𝑐𝑡 may depend not only on stress but also on
the internal structure. Kocks et al., 1975) suggested the following definition to relate the
activation energy 𝐺 to the thermal flow stress 𝜎𝑡ℎ :
𝜎𝑡ℎ 𝑞1 𝑞2
G = 𝐺0 exp �1 − � � �
𝜎�

(2)

where 𝐺0 is the reference Gibbs energy at zero Kelvin temperature, 𝜎� is the threshold stress at
which the dislocations can overcome the barriers without the assistance of thermal activation
(𝜎𝑡ℎ = 𝜎� where G = 0.0), and 𝑞1 and 𝑞2 are constants defining the shape of the short-range
barriers. According to Kocks, 2001) the typical values of the constant 𝑞2 are 3/2 and 2 that is
equivalent to a triangular obstacle profile near the top. On the other hand, the typical values of
the constant 𝑞1 are 1/2 and 2/3 which characterizes the tail of the obstacle.Equating Eqs. (1) and
(2), the thermal yield stress is obtained as follows:
𝜎𝑡ℎ = 𝜎�𝒢(𝑇, 𝑝̇ )

(3)

where 𝜎� denotes the threshold stress at which the dislocations can overcome the barriers
without the assistance of thermal activation and
1/𝑞1 1/𝑞2

𝒢(𝑇, 𝑝̇ ) = �1 − �−𝛽2 𝑇 ln 𝜂0𝑣𝑝 �
𝑣𝑝

�

(4)

In Eq. (4), the viscous parameter 𝜂0 and material parameter 𝛽2 are defined in terms of the
microstructure physical quantities such that:
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𝜂0𝑣𝑝

𝐾
𝐺0
𝑑
= (𝑀𝑏𝑑(𝜌𝑖 + 𝑀𝑚 (1 − exp(−𝑘𝑎 𝑝))/𝑘𝑎 ))−1 𝑡𝑤0
𝛽2 =

(5)
(6)

where 𝑀 can be interpreted as the Schmidt orientation factor, 𝑏 is the magnitude of the
Burgers vector, 𝑑 the average distance the dislocation moves between the obstacles, 𝜌𝑖 the initial
dislocation density, 𝑡𝑤 is the average waiting time of dislocations at an obstacle, 𝑘𝑎 is the
dislocation annihilation factor which may depend on both the temperature and strain rate, and
𝑀𝑚 = 1⁄𝑏𝑙 represents the dislocation multiplication factors where 𝑙 is the dislocation mean free
path. The viscosity parameter depends on the viscoplastic strain and helps in introducing a
proper definition for the length scale.
Voyiadjis and Abed, 2005) also derived a physically based definition of threshold strain
hardening, 𝑅 after considering the plastic strain evolution of the forest dislocation density. The
accumulation process of the material dislocation density during the plastic deformation was
investigated extensively by many authors (see for example, Bammann, 2001; Barlat et al., 2002;
Klepaczko, 1987; Kubin and Estrin, 1990). Klepaczko, 1987) showed that the growth of
dislocation density is nearly linear with regard to the deformation in the first steps of the
hardening process, independently of the temperature. This is followed by a recombination of the
dislocations that is assumed to be proportional with the probability of dislocation meeting that is
to say of the dislocation density. Based on this hypothesis, the following simple relation for the
evolution of the total dislocation density, 𝜌𝑑 , was presented Klepaczko, 1987):
𝑑𝜌𝑑
= 𝑀𝑚 − 𝑘𝑎 (𝜌𝑑 − 𝜌𝑖𝑑 )
𝑑𝜀𝑝

(7)

where 𝜌𝑖𝑑 is the initial dislocation density encountered in the material due to the manufacture
process or by nature. The plastic strain evolution of the effective total dislocation density can be
defined, after solving the differential equation Eq. (7), in terms of the internal physical quantities
as follows:
𝜌𝑑 =

𝑀𝑚
(1 − 𝑒 −𝑘𝑎𝑝 )
𝑘𝑎

(8)

Making use of Taylor shear flow (Taylor, 1938) and substituting 𝜌𝑑 defined by Eq. (8), the
expression of threshold strain hardening can be obtained as follows:
𝑅(𝑝) = 𝐵(1 − 𝑒 −𝑘𝑎𝑝 )1/2

The parameter 𝐵 is defined in terms of the microstructure quantities as follows:
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(9)

𝐵 = 𝑚𝑠𝑐ℎ 𝛼𝑠ℎ 𝜇𝑎𝑐𝑡 𝑏(𝑀𝑚 /𝑘𝑎 )1/2

(10)

where 𝑚 is the orientation factor that relates the shear stress to the normal stress, 𝜎 = 𝑚𝑠𝑐ℎ 𝜏 ,
(𝑚𝑠𝑐ℎ = √3) for the case of the von Mises flow rule, 𝛼𝑠ℎ is a constant which represents the
portion of the shear modulus, and 𝜇𝑎𝑐𝑡 , is contributing to the activation energy with both being at
zero temperature.
2.3.2. Plastic deformation modeling of AL-6XN stainless steel
As explained earlier, the microstructure of AL-6XN stainless steel mainly consists of
components that have two types of crystal structure; BCC and FCC. Therefore, a combination of
the aforementioned VA-FCC and VA-BCC models (Abed and Voyiadjis, 2007a, 2007b;
Voyiadjis and Abed, 2006a, 2006b) is going to be used in order to characterize the plastic
deformation of such materials. Moreover, the experimental observations of this material at
different strain rates and temperatures are considered. According to Nemat-Nasser et al., 2001),
the experimental results of Al-6XN stainless steel reveal some characteristics that need to be
addressed in the plastic deformation modeling:
(i) Both the hardening and the yield stress depend on the temperature and the strain rate and
their corresponding history, which is not the case if one has either a BCC or FCC metal structure.
(ii) Second characteristic is that the microstructure of the material evolves mainly with the
temperature history.
(iii) The long-range obstacles are related to the plastic strain as well as the initial yield stress.
(iv) Finally, the dynamic strain aging takes place when the temperature reaches the critical
values (600–1000 K), becoming weaker when the temperature exceeds 1000 K and increasing
with strain.
In order to understand the deformation behavior of this material, a constitutive description is
required. Thus, the above experimental observations should be included and addressed properly
in order to have a suitable flow stress model for this material (AL-6XN). The dynamic strain
aging effects, however, are not included in the present model since the plastic flow is considered
in the range of temperatures and strain rates where diffusion and creep are not dominant. In other
words, the plastic deformation is attributed to the motion of dislocations only.
To deform a metal beyond the elastic limit means to activate and move its dislocations
through the crystal. Once the dislocations start moving through the crystal, two types of obstacles
are encountered that try to prevent dislocation movements through the lattice; long range and
short-range barriers. The long range obstacles are due to the structure of the material and cannot
be overcome by introducing thermal energy through the crystal, while, the short-range barriers
can be overcome by thermal energy (Kocks, 2001). Utilizing the two physically based BCC and
FCC models, the flow stress of AL-6XN stainless steel consists of thermal and athermal parts.
The thermal part is attributed to the short-range barriers which include the Peierls stress, point
defects such as vacancies and self-interstitials, and dislocations intersection with slip planes. The
long-range effects, on the other hand, such as the stress field of dislocation forests and grain
boundaries are independent of strain rate and temperature and thus, contribute to the athermal
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part of the flow stress. The total flow stress is additively decomposed into the thermal 𝜎𝑡ℎ and the
athermal 𝜎𝑎𝑡ℎ components as follows:
𝜎 = 𝜎𝑡ℎ + 𝜎𝑎𝑡ℎ

(11)

It is known by now that the flow stress of a material is a function of some internal
microstructural parameters as well as the temperature and strain rate. The internal
microstructural components include grain size, Burgers vector, and both the forest and mobile
dislocation densities (Abed and Voyiadjis, 2007a, 2007b; Voyiadjis and Abed, 2006a, 2006b).
The assumption used in Eq. (11) for the additive decomposition of the flow stress, is a result of
experimental observations which show that at certain strain rate, the increase in the temperature
beyond such a limit will cause no further degradation on the flow stress. There is always a
certain amount of stress in the material that is independent of temperature and, therefore, should
be added to the total flow stress. This kind of stress is called the athermal stress which is
physically interpreted as the resistance of the long-range obstacles to the movement of the
thermally activated dislocations.
In most metals, the temperature variation of the flow stress at certain strain and strain rate
shows that the flow stress decreases as the temperature increases until a point where no further
decreasing is allowed and the stress becomes constant. This point represents the athermal stress
value on the stress axis and the critical temperature value, 𝑇𝑐𝑟 , on the temperature axis. The
critical temperature changes with strain rate while the athermal stress is independent of strain
rate. In general, the athermal component of FCC metals consists of one component that is
independent of strain, whereas, an additional strain-dependent component exists in BCC metals.
The physical interpretation of the athermal stress component was investigated by many authors.
Zerilli and Armstrong, 1987) attributed the strain-independent component of the athermal stress
to the influence of the solute and the initial dislocation density (originated in the material) on the
yield stress. They defined the athermal stress component as the product of the microstructural
stress intensity and the inverse square root of the average grain diameter. Nemat-Nasser and
Guo, 2000) indicated that for BCC metals, the athermal resistance to the motion of dislocations
is due to the elastic stress field generated by the dislocations, point defects, grain boundaries, and
various other impurities found in the composition of the material. That is, no temperature and
strain rate effects are encountered except the temperature dependence on the elastic modulus.
Moreover, since the plastic strain increases monotonically and the plastic strain rate is always
greater than zero, consequently the plastic strain can be used to define the variation of the mobile
dislocation density, the average grain size, and other parameters that affect the athermal
component of the flow stress.
For the case of AL-6XN, the above physical interpretations as well as the experimental
observations at different strain rates and temperatures lead to the following definition of the
athermal component of the flow stress:
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𝜎𝑎𝑡ℎ = 𝑌𝑎 + 𝑅(𝑝)

(12)

𝜎𝑡ℎ = 𝑌 𝑡ℎ (𝑝̇ , 𝑇) + 𝑅 𝑡ℎ (𝑝, 𝑝̇ , 𝑇)

(13)

where 𝑌𝑎 is the athermal hardening parameter and 𝑅 is defined in Eq. (9).
The thermal activation analysis of AL-6XN under different strain rates shows two different
behaviors of BCC and FCC. The mechanism of BCC metals is defined as the overcoming of the
short range barriers (Peierls–Nabarro barriers) through the movement of the initial dislocations
(original dislocations), that is, the thermal stress contributes to the yield stress and does not
depend on the accumulation of the dislocation densities through the plastic deformation. On the
other hand, the cutting of dislocations forests which is attributed to the evolution and the
accumulation of the mobile dislocations during the plastic deformation is the principle
mechanism in FCC metals. This implies that the thermal stress in FCC is strongly dependent on
the plastic strain.
Therefore, the thermally activated flow stress of AL-6XN is additively decomposed here into
two parts as follows:

where both the thermal yield stress 𝑌 𝑡ℎ and thermal hardening 𝑅 𝑡ℎ are defined as follows 1:
𝑅 𝑡ℎ = 𝑅� (𝑝)𝒢(𝑇, 𝑝̇ )
𝑌 𝑡ℎ = 𝑌�𝒢(𝑇, 𝑝̇ )

(14)
(15)

The thermal and athermal stresses for BCC and FCC metals are expressed as (Voyiadjis and
Abed, 2006a, 2007a):
VA-FCC

VA-BCC

𝜎𝑎𝑡ℎ = 𝑌𝑎 ; 𝜎𝑡ℎ = 𝑅 𝑡ℎ (𝑝, 𝑝̇ , 𝑇)

(16)

𝜎𝑎𝑡ℎ = 𝑅(𝑝); 𝜎𝑡ℎ = 𝑌 𝑡ℎ (𝑝̇ , 𝑇)

(17)

It should be noted that the functional form of both 𝑅(𝑝) and 𝑅�(𝑝) is the one derived in Eq. (9). However, since
the material parameters in the thermal and athermal isotropic hardening are not identical, different notations are
considered here such as (𝑝) = 𝐵(1 − 𝑒 −𝑘𝑎 𝑝 )1/2 , 𝑅�(𝑝) = 𝐵� (1 − 𝑒 −𝑘𝑎𝑝 )1/2 , and 𝑅𝑡ℎ (𝑝, 𝑝̇ , 𝑇) = 𝑅� �1 −
1

1/𝑞2

𝑣𝑝 1/𝑞1
�−𝛽̂2 𝑇 ln 𝜂̂ 0 �
�

.
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2.3.3. Thermodynamical aspects of the model
A thermodynamically consistent mathematical formulation is used as a framework to
introduce constitutive equations. Thermodynamics with internal state variables offers both
guidelines and some constrains for the choice of the evolution equations. Thermo-elasticviscoplastic deformation behavior in the absence of damage is considered in this research that is
defined using two potentials; the thermodynamic potential to describe the present state and the
dissipative potential to describe the irreversible evolution behavior.
For this purpose the second principle of thermodynamics is postulated respectively as follows:
Entropy production inequalities:
𝑒
𝜌𝓈̇ 𝑇 + 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ 𝒴𝑝̇ − 𝑞𝑖

𝑇,𝑖
− 𝜌℮̇ ≥ 0
𝑇

(18)

where 𝜌 is the mass density, ℮ is the specific internal energy and the term 𝓈 is the specific
entropy. In the above relation, 𝑞𝑖 is the heat flux vector and 𝒴 is the flow resistance.
An inelastic body is one in which the strain is determined by the stress and by some additional
internal variables. Virtually any attribute of microstructure that undergoes irreversible
rearrangement associated with change of free energy is a candidate for a description by an
internal state variable (ISV) (McDowell, 1991; McDowell, 1992). ISV constitutive theory is
based on the assumption that nonequilibrium, irreversible process can be treated as a sequence of
constrained equilibrium states. The path history dependence is embedded in the evolution of the
ISVs, thereby extending the equilibrium state space to describe nonequilibrium processes. In so
doing, it is presumed that the processes involved are not too far from equilibrium at each stage.
In this regard, the strain rate role can be included in the free energy function through the
definition of other state variables. Hence, within the thermodynamic framework and considering
𝑣𝑝
𝑒
+ 𝜀̇𝑖𝑗 , the Helmholtz free energy
an infinitesimal displacement/strain relationship, 𝜀̇𝑖𝑗 = 𝜀̇𝑖𝑗
function in terms of observable and internal state variables is given as follows:
𝑒
𝛹 = 𝛹(𝜀𝑖𝑗
, 𝑇)

(19)

where p characterizes the isotropic (scalar) hardening in plasticity/viscoplasticity.
Accordingly, the time derivative of Eq. (19) with respect to its internal state variables gives
𝛹̇ =

𝜕𝛹 𝑒 𝜕𝛹
𝑇̇
𝑒 𝜀̇𝑖𝑗 +
𝜕𝜀𝑖𝑗
𝜕𝑇

(20)

By introducing the Helmhotz free energy such that 𝛹 = ℮ − 𝑇𝓈, followed by taking the time
derivative of this relation and substituting in Eq. (18), the following Clausius-Duhem inequality
is obtained:
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𝑒
𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ 𝒴𝑝̇ − 𝜌𝛹̇ − 𝜌𝓈𝑇̇ − (𝑞𝑖

𝑇,𝑖
)≥0
𝑇

(21)

Substituting the rate of the Helmholtz free energy, Eq. (20), along with the decomposition of
the total strain tensor, into the above Clausius-Duhem inequality, Eq. (21), one obtains the
following thermodynamic constraint:
�𝜎𝑖𝑗 − 𝜌

𝜕Ψ 𝑒
𝜕Ψ
𝑇,𝑖
� 𝑇̇ + 𝒴𝑝̇ − 𝑞𝑖 ≥ 0
𝑒 � 𝜀̇𝑖𝑗 − 𝜌 �𝓈 +
𝜕𝜀𝑖𝑗
𝜕𝑇
𝑇

(22)

The previous expression must be valid for arbitrary reversible changes in the observable
variables, so that the first two terms must vanish independently which result in the following
thermodynamic state laws:
𝜕Ψ
𝜕Ψ
𝜎𝑖𝑗 = 𝜌 𝑒 ; 𝓈 = −
(23)
𝜕𝜀𝑖𝑗
𝜕𝑇

The remaining terms in the inequality, given by Eq. (21), correspond to the dissipation
function:
𝑇,𝑖
(24)
𝒟 = 𝒴𝑝̇ − 𝑞𝑖 ≥ 0
𝑇

Introducing mechanical constitutive models into a thermodynamic framework allows the
partition of the plastic work into the energy stored by the material (due to hardening) and the one
dissipated as heat. In the case of dissipative processes, the viscoplastic dissipation potential is
expressed as a continuous and convex scalar valued function of the flux variables.
Using the Legendre-Fenchel transformation of the above viscoplastic dissipation potential,
complementary laws can be obtained in the form of the evolution laws of flux variables in terms
of the dual variables
𝑓 = 𝑓(𝜎𝑖𝑗 , 𝒴)

(25)

Ω = 𝒟 − 𝜆̇𝑣𝑝 𝑓

(26)

It is obvious that the above intrinsic potential is attributed only to the viscoplastic mechanical
process. In this regard, the evolution laws of the internal state variables are obtained using the
maximum dissipation principle after utilizing the calculus of function of several variables with
the Lagrange multiplier, 𝜆̇𝑣𝑝 as follows:
According to the maximum dissipation principle, the viscoplastic dissipation function is
maximized over all other possible admissible states by the actual state of the thermodynamic
forces. Therefore, the following conditions are used to maximize the objective function, Ω:
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∂Ω
= 0;
∂𝜎𝑖𝑗

∂Ω
=0
∂𝒴

(27)

The Mises flow rule represents a constitutive description of plastic flow based on a codirectionality hypothesis which requires that the direction 𝜏𝑖𝑗 /�𝜏𝑖𝑗 � of the deviatoric stress (i.e.
𝜏𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎𝑚𝑚 𝛿𝑖𝑗 /3) coincides with that of plastic flow as described by the flow direction 𝑁𝑖𝑗 :
𝑣𝑝
𝑣𝑝
3 𝜏𝑖𝑗
3 𝜀̇𝑖𝑗
3 𝜀̇𝑖𝑗
𝑁𝑖𝑗 = �
=�
=�
2 �𝜏𝑖𝑗 �
2 �𝜀̇ 𝑣𝑝 �
2 𝑝̇

(28)

𝑖𝑗

The generalized normality hypothesis is recovered here after substituting Eq. (26) into Eq.
(27) and the following corresponding thermodynamic flow laws are then obtained:
𝜕𝑓
𝜕𝑓
𝑣𝑝
𝜀̇𝑖𝑗
= 𝜆̇𝑣𝑝 𝜕𝜎 ; 𝑝̇ = −𝜆̇𝑣𝑝 𝜕𝒴; 𝜆̇𝑣𝑝 𝑓 = 0
𝑖𝑗

(29)

A second requirement of this flow rule is that the magnitude of the deviatoric stress be a
function
3
𝜏𝑖𝑗 = � 𝒴(𝑝, 𝑝̇ , 𝑇)𝑁𝑖𝑗
2

(30)

The (strictly positive) scalar function 𝒴(𝑝, 𝑝̇ , 𝑇) is the flow resistance. According to the
micromechanical based model of stainless-steel presented in Sec. 2.2 one can postulate the
functional form of the flow resistance as follows:
𝒴(𝑝, 𝑝̇ , 𝑇) = 𝑌𝑎 + 𝑌�𝒢(𝑇, 𝑝̇ ) + 𝑅(𝑝) + 𝑅� (𝑝)𝒢(𝑇, 𝑝̇ )

(31)

The definition of the proper viscoplastic potential as well as the Helmholtz free energy is
required to provide sufficient equations for the unique solution for the described inelastic
material behavior. This description of plastic flow in the Mises flow rule is based on the tacit
assumption that the defect energy vanishes. Therefore, one postulates the following general
definition of the free energy 𝛹 for the alloys:
𝜌𝛹 =

1 𝑒
𝜀 𝐸 𝜀𝑒
2 𝑖𝑗 𝑖𝑗𝑘𝑙 𝑖𝑗

where 𝐸𝑖𝑗𝑘𝑙 is the fourth order elastic tensor and is defined as follows:
𝐸𝑖𝑗𝑘𝑙 = 𝐾𝛿𝑖𝑗 𝛿𝑘𝑙 + 2𝜇(𝛿𝑖𝑘 𝛿𝑗𝑙 − 𝛿𝑖𝑗 𝛿𝑘𝑙 /3)
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(32)

(33)

Moreover, in view of Eqs. (28) and (30), one may consider the dissipation as a function such
that
3
1𝑘
𝑣𝑝
𝒟 = � 𝒴(𝑝, 𝑝̇ , 𝑇)�𝜀̇𝑖𝑗
�−
𝑇𝑇
2
2 𝑇 ,𝑖 ,𝑖

(34)

Finally, the physically based thermal/dynamic yield function is used in deriving the evolution
of the governing equations of the constitutive model as follows:

𝑓=

𝜎𝑒𝑞

− �𝑌𝑎 +

1 1/𝑞2
𝑣𝑝
𝑞
𝑌� �1− �−𝛽2 𝑇ln�𝜂0 𝑝̇ �� 1 �

+𝑅+

1 1/𝑞2
𝑣𝑝
𝑞
𝑅� �1− �−𝛽̂2 𝑇ln�𝜂̂ 0 𝑝̇ �� 1 �
�

Where 𝜎 𝑒𝑞 is known as the equivalent stress defined in the deviatoric space as follows:
1/2
3
3
𝜎 𝑒𝑞 = � 𝜏𝑖𝑗 𝜏𝑖𝑗 � = � �𝜏𝑖𝑗 �
2
2

(35)

(36)

Finally, the role of temperature which is considered extremely important in the case of
adiabatic deformation, that is a result of the high strain rate of loading, is included through the
following evolution relation in the next section.
2.3.4. Evolution equation of temperature (𝑻̇)
Viscoplastic adiabatic deformation of metals is not only influenced by the rate of loading but
also by the initial testing temperature as well as its evolution as the plastic work accumulates.
The relation of the first law of thermodynamics by ignoring the temperature gradient effect,
assuming no external heat during the deformation (adiabatic) is as follows:
Conservation of energy:
𝑒
𝜌℮̇ = 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ 𝒴𝑝̇ − 𝑞𝑖,𝑖

(37)

Substituting for the internal energy density rate ℮ after taking the time rate of
𝛹 = ℮ − 𝑇𝓈, into the first law of thermodynamics, Eq. (37), yields the following energy balance
relation:
𝑒
𝜌�𝛹̇ + 𝑇̇𝓈 + 𝑇𝓈̇ � − 𝜎𝑖𝑗 𝜀̇𝑖𝑗
− 𝒴𝑝̇ + 𝑞𝑖,𝑖 = 0
(38)
By solving for the entropy rate and substituting into the thermomechanical heat balance
equation the following relation is obtained as follows:
𝜕𝜎𝑖𝑗 𝑒
1𝑘
(39)
𝜌𝑐𝑝 𝑇̇ = 𝒴𝑝̇ +
𝑇,𝑖 𝑇,𝑖 − 𝑇
𝜀̇
2𝑇
𝜕𝑇 𝑖𝑗
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where 𝑐𝑝 = 𝑇𝜕𝑠/𝜕𝑇 is the tangent specific heat capacity at constant pressure. Eq. (39) can
further be simplified, by utilizing Eq. (29) for the definition of 𝑝̇ along with assuming the
adiabatic condition 1 , such that the temperature is evaluated during the thermo-viscoplastic
deformation by the following evolution equation:
𝑇̇ = 𝑧𝜆̇𝑣𝑝

Where
𝑧=

1
(𝜎 − 𝒴)
𝜌𝑐𝑝 𝑒𝑞

(40)

(41)

where 𝜌 denotes the material density and 𝑐𝑝 represents the tangent specific heat capacity at
constant pressure. It is obvious from the definitions of the evolution equations, that most of these
state variables are driven by the incremental evolution of the viscoplastic multiplier, 𝜆̇𝑣𝑝 that can
be obtained using the consistency condition.

2.4. Computational Aspects of the Physically Based Formulation
2.4.1. Constitutive integration algorithm of the viscoplasticy theory
A numerical algorithm for the integration of the rate constitutive equations presented in the
previous section is required in order to obtain the updated solution for the rate of stress and
internal state variable at each time step. A number of authors have advocated the use of the
return mapping (or radial return) algorithms for the integration of elastoplastic and
elastoviscoplastic constitutive relations (e.g. Krieg and Krieg, 1977; Ortiz and Simo, 1986). Such
algorithem is taken into account in the work presented here. Radial return mapping scheme
consists of two steps such as the initial elastic predictor step where the trial stress is calculated
which gives the state of stress away from the yield surface and the plastic corrector step which
returns the stress on the updated yield surface. The main ingredient of the method is an
integration scheme which transforms the set of the constitutive equations into a set of nonlinear
algebraic equations. Here a fully implicit method based on backward Euler scheme is used. In
this scheme the increments of the plastic strain and the internal sate variables are calculated at
the end of the time step and the yield condition is enforced at the end of the step:

1

Due to the high strain rates and short duration of the loading, heat loss through conduction,
convection, or radiation is neglected in comparison to the thermoplastic heating, and therefore
𝑞𝑖,𝑖 = 0.
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𝜀𝑛+1 = 𝜀𝑛 + 𝛥𝜀
=
+ 𝛥𝜀 𝑣𝑝 = 𝜀𝑛𝑣𝑝 + 𝛥𝜆𝑣𝑝 𝑁𝑛+1
𝑒𝑞
𝑁𝑛+1 = 3𝜏𝑛+1 /2𝜎𝑛+1
𝑅𝑛+1 = 𝑅𝑛 + 𝛥𝜆𝑣𝑝 𝑘𝑎 (𝐵2 − 𝑅𝑛+1 2 )/2𝑅𝑛+1
2
𝑅�𝑛+1 = 𝑅�𝑛 + 𝛥𝜆𝑣𝑝 𝒢𝑘𝑎 (𝐵� 2 − 𝑅�𝑛+1 )/2𝑅�𝑛+1
𝑣𝑝
𝜀𝑛+1

𝜀𝑛𝑣𝑝

(42)

𝑣𝑝

𝑇𝑛+1 = 𝑇𝑛 + 𝛥𝜆 𝑧𝑛+1
𝑒𝑞
𝑧𝑛+1 = (𝜎𝑛+1 − 𝒴𝑛+1 )/𝜌𝑐𝑝

𝑣𝑝
𝜎𝑛+1 = 𝜎𝑛 + 𝛥𝜎 = 𝐸: �𝜀𝑛+1 − 𝜀𝑛+1
�
𝑑
𝑓𝑛+1
= 𝑓𝑛𝑑 + 𝛥𝑓 𝑑

where the dynamic yield function that is defined at the end of the considered discrete time
step is as follows:
𝑑
𝑓𝑛+1

=

𝑒𝑞
𝜎𝑛+1

− 𝑌𝑎 − 𝑅𝑛+1 −

1 1/𝑞2
𝑞
𝑣𝑝
𝑌� �1− �−𝛽2 𝑇𝑛+1 ln�𝜂0𝑛+1 𝑝̇ �� 1 �
1 1/𝑞2
𝑞1

(43)

𝑣𝑝
− 𝑅�𝑛+1 �1− �−𝛽̂2 𝑇𝑛+1 ln�𝜂̂ 0𝑛+1
𝑝̇ �� �

Substituting Eq. (42) 2 into Eq. (43), one obtains
∗
𝜎𝑛+1 = 𝜎𝑛+1
− 𝐸: 𝑁𝑛+1 Δ𝜆𝑣𝑝

(44)

∗
where 𝜎𝑛+1
= 𝜎𝑛+1 + 𝐸: Δ𝜀 is the trial stress of the elastic predictor. The elastic predictor
phase is driven by the increment in the total strain. The quantity −𝐸: 𝑁𝑛+1 Δ𝜆𝑣𝑝 is the plastic
corrector which returns the trial stress onto a suitably updated yield surface along a direction
specified by the plastic flow direction at the end point. As one can see from Eq. (44) the plastic
corrector phase is controlled by the increment in Δ𝜆𝑣𝑝 .
For isotropic elasticity an additive decomposition of strains and associated flow, the problem
of solving for Δ𝜆𝑣𝑝 can be reduced to solving a non-linear scalar equation in the deviatoric stress
space as will be explained in this subsection. It is obvious that the hydrostatic part of the trial
and the converged stresses given in Eq. (44) are identical, i.e. 𝑡𝑟(𝝈∗𝑛+1 ) = 𝑡𝑟(𝝈𝑛+1 ) since
𝑡𝑟(𝑵𝑛+1 ) = 0 for the von Mises plasticity/viscoplasticity. Thus, splitting the stresses in Eq. (44)
into the deviatoric and hydrostatic components yields:

𝝉𝑛+1 = 𝝉∗𝑛+1 − 2𝜇Δ𝜆𝑣𝑝 𝑵𝑛+1

(45)

The remaining part is to find a proper way of solving for the viscoplastic multiplier 𝜆𝑣𝑝 in
order to update the current stress and the other thermodynamic conjugate forces.
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2.4.1.1. Nonlinear scalar equation
For isotropic elasticity with an additive decomposition of strains and associated flow, the
problem of solving for Δ𝜆𝑣𝑝 can be reduced to solving a nonlinear scalar equation in the
𝑒𝑞
deviatoric stress space. In this case, the definition of the equivalent stress 𝝈𝑛+1 along with 𝑵𝑛+1
is rewritten as follows:
3

3

𝑒𝑞
𝜎𝑛+1
= �2𝝉𝑛+1 : 𝝉𝑛+1 = �2 ‖𝝉𝑛+1 ‖

𝑵𝑛+1 =

3 𝝉𝑛+1
𝑒𝑞
2 𝜎𝑛+1

(46)
(47)

Furthermore, the corresponding trial stresses can be rewritten in a similar way as in the above
two relations, that is:
∗

3

3

𝑒𝑞
𝜎𝑛+1
= �2𝝉∗𝑛+1 : 𝝉∗𝑛+1 = �2 ‖𝝉∗𝑛+1 ‖

𝑵∗𝑛+1

3 𝝉∗𝑛+1
=
𝑒𝑞
2 𝜎𝑛+1

(48)
(49)

Hence, from Eq. (45), 𝑵𝑛+1 is determined exclusively in terms of the trial stress 𝝉∗𝑛+1 , as
follows:
3 𝝉∗𝑛+1
∗
𝑵𝑛+1 =
(50)
𝑒𝑞 = 𝑵𝑛+1
2 𝜎𝑛+1

In this regard, Eq. (50) represents the main principle of the return mapping algorithm as it
returns the trial stress to the yield surface radially in the deviatoric stress space. This, actually, is
considered as the key feature of the radial return method as 𝑵 remains radial and unchanged
throughout the plastic/viscoplastic corrector phase of the algorithm. The details of the derivation
of the nonlinear scalar relation for determining the consistency parameter Δ𝜆𝑣𝑝 is outlined
below.
2.4.1.2. Determination of the Viscoplastic Multiplier 𝜆𝑣𝑝
Here the derivation of the nonlinear scalar relation for the consistency parameter Δ𝜆𝑣𝑝 is
presented. By taking the dot product of Eq. (45) with 𝑵𝑛+1 , and with the aid of Eq. (50) and
noting that 𝑵𝑛+1 : 𝑵𝑛+1 = 3/2 , one obtains the following scalar equation:
∗

𝑒𝑞
𝑒𝑞
𝜎𝑛+1
= 𝜎𝑛+1
− 3𝜇Δ𝜆𝑣𝑝

(51)

Substituting Eq. (45) in the dynamic yield function at the end of the increment, Eq. (43), one
obtains the following nonlinear scalar relation that determines the consistency parameter Δ𝜆𝑣𝑝 .
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𝑒𝑞∗

𝑣𝑝

1
𝑞1

𝑣𝑝

1/𝑞2

� �1− �−𝛽 𝑇𝑛+1 𝑙𝑛 �𝜂
𝑟(𝛥𝜆𝑣𝑝 ) = 𝜎𝑛+1 − 𝛥𝜆 (3𝜇) − 𝑅𝑛+1 − 𝑌
𝑝̇ �� �
2
0𝑛+1
1 1/𝑞2
𝑞1

(52)

� 𝑇
� 𝑛+1 �1− �−𝛽
�𝑣𝑝
̇
−𝑅
2 𝑛+1 𝑙𝑛�𝜂0𝑛+1 𝑝�� �

The above relation, Eq. (52), is the key equation for the numerical method. It can be solved
using the local Newton–Raphson method with one variable for each iteration, such that
(𝛥𝜆𝑣𝑝 )𝑖+1 = (𝛥𝜆𝑣𝑝 )𝑖 − ( 𝐽(𝛥𝜆𝑣𝑝 ) )𝑖 (𝑟(𝛥𝜆𝑣𝑝 ))𝑖

(53)

in which the superscript 𝑖 and 𝑖 + 1 refer to the previous iteration and to the current iteration,
respectively, and the Jacobian in this case is a scalar quantity defined as follows:
𝑣𝑝 )

𝐽(𝛥𝜆

where

𝜕𝑟(𝛥𝜆𝑣𝑝 ) −1
=�
�
𝜕𝛥𝜆𝑣𝑝

(54)

𝜕𝑟(𝛥𝜆𝑣𝑝 )
𝑦𝑛+1
=
−3𝜇
−
ℎ
−
𝜃
−
𝑛+1
𝑛+1
𝜕𝛥𝜆𝑣𝑝
Δ𝑡

(55)

Herein, the scalar parameters ℎ, 𝜃, and 𝑦, given in the following Eqs. (56) to (58), are defined
at the end of the considered time step
𝑘
𝒢𝑘 2
(𝐵 2 − 𝑅 2 ) +
(𝐵� − 𝑅� 2 )
2𝑅
2𝑅�
𝜃 = 𝑧𝑌�𝜁ln(𝜂0𝑣𝑝 𝛥𝜆𝑣𝑝 /Δ𝑡) + 𝑧𝑅� 𝜁̂ln(𝜂� 𝑣𝑝
𝑝̇ )
0
ℎ=

𝑦 = Δ𝑡𝑌�𝑇𝜁/𝛥𝜆𝑣𝑝 + Δ𝑡𝑅� 𝑇𝜁̂/𝛥𝜆𝑣𝑝
𝑣𝑝

1/𝑞1

𝛽2
𝑣𝑝 𝛥𝜆
𝜁=
�1 − �−𝛽2 𝑇ln �𝜂0
��
𝑞1 𝑞2
Δ𝑡
𝛥𝜆𝑣𝑝
𝜁� =
�1 − �−𝛽� 2 𝑇ln �𝜂� 𝑣𝑝
��
0
𝑞1 𝑞2
Δ𝑡
𝛽2

1/𝑞1

(1/𝑞2 )−1

�

𝑣𝑝
�−𝛽2 𝑇ln �𝜂0

�

�−𝛽� 2 𝑇ln �𝜂� 𝑣𝑝
0

�1/𝑞2 �−1

(56)
(57)
(58)
(1/𝑞1 )−1

(59)

(1/𝑞1 )−1

(60)

𝛥𝜆𝑣𝑝
��
Δ𝑡
𝛥𝜆𝑣𝑝
Δ𝑡

��

It should be noted here that Eq. (53) can be solved by a method similar to the successive
substitution at which the iterations are ended when an acceptable accuracy in the dynamic yield
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function falls within a prescribed tolerance. The convergence of the successive iteration process
is guaranteed as proved by Kobayashi and Ohno, 2002) since the residual r is a convex function
of 𝛥𝜆𝑣𝑝 .

2.5. Finite Element Implementation and Numerical Results

2.5.1. Material parameters
Determining the material parameters of the proposed constitutive model is the important part
for capturing the actual behavior of the material. True stress-strain curves of AL-6XN at
temperatures ranging from 77 to 1000 K were obtained by Nemat-Nasser et al., 2001). These
curves will be used here in order to obtain the different material constants needed for the
constitutive modeling of the material. It should be noted that in both the experimental results and
the present model the plastic flow is considered in the range of temperatures and strain rates
where diffusion and creep are not dominant and the plastic deformation is only attributed to the
motion of dislocations. The procedure to determine the constitutive model parameters is initiated
by studying the stress–temperature relations at different values of plastic strains for a specific
strain rate. It should be note that the material parameters are previously determined by Abed and
Voyiadjis, 2005 and a summary of the procedure is summarized here. However, minor changes
on these parameters are required in order to capture better agreement between the experiments
with the finite element results.
The experimental values of the thermal stress component at each strain rate are calculated by
deducting the athermal flow stress component from the total flow stress. From the thermal stress
for the case of various strain rates for different plastic strains reported by Nemat-Nasser et al.,
2001), it is clear that the thermal stress varies with the variation of the plastic strain for
temperatures below 1000 K while it is strain-independent and vanishes when the temperature
passes the critical value (>700 K). Hence, the experimental values of the thermal stress at zero
plastic strain and for different strain rates are utilized here in determining the thermal yield stress
component (Figure 2.1(a)). Once the thermal yield stress is estimated, the hardening component
of the thermal stress is obtained by utilizing the net values of the experimental results for
different strain rates and specific plastic strain (Figure 2.1(b)).
The constant values of the flow stresses encountered at temperatures above the critical value
are used here in order to calculate the values of the athermal hardening constants by utilizing the
nonlinear least-squares fit. The value of 𝑌𝑎 represents the athermal stress at zero plastic strain or
the athermal component of the initial yield stress. Subtraction of the above stress increments
(athermal stresses) from the overall stress leads to the thermal component of the flow stress
which is accounted for by the thermal yield stress and the thermal hardening stress respectively.
The last step is determining the rest of the constants. True stress-strain diagram for wide range
of temperatures obtained from experimental data of Nemat-Nasser et al., 2001) is used here for
this work. As shown in Figure 2.2(a), the constitutive model equation in stress-strain-temperature
is fitted along with experimental data at dynamic strain rates of 3500/𝑠 using Levenberg25

Marquardt Algorithm. The above mentioned parameters are defined as constants in order to find
the other parameters. It can be seen from this figure that the stress-strain curve decreases
smoothly with increasing temperature and reaches a value independent of temperature at about
700 K. In addition, the true stress-strain curves of the constitutive model are plotted in Figure 2.
2 (b) for strain rates ranging from 10−4 /𝑠 at quasistatic condition to 104 /𝑠 representing the
dynamic regime. The experimental results at high strain rates show high disturbance in stressstrain diagrams which is a common phenomenon at this range of rates. These curves were
smoothed here in order to be comparable to the model. Both the yield and flow stresses increase
with the increase in strain rate but the rate of increase in yield stress is higher than that of the rate
in the flow stress. Furthermore, the difference between stress-strain curves at low and high
strains remains nearly constant. One can therefore conclude that both strain hardening and the
yield stress is dependent on strain rate and temperature, as is observed in general for AL-6XN
stainless steel. There is a good agreement between the model with obtained parameters and the
experimental data.
2.5.2. Axisymmetric uniaxial tension problem
In this section, a uniaxial tensile problem loaded with different velocities and initial
temperatures is considered in order to validate the material parameters obtained from the onedimensional tests for AL-6XN (Table 2. 1) and to demonstrate the capability of the finiteelement formulation to capture the effect of strain rates (velocity) and temperatures on the stressstrain curves as compared with the experimental results. Due to symmetry, only a quarter of the
problem is considered and solved initially with a mesh of one axisymetric element (CAX4R
ABAQUS type).
Initially, different values of velocities, which are equivalent to various strain rates (e.g. V =
40m/s is equivalent to 4000/s of strain rate) for the proposed problem dimensions (10 mm ×10
mm), are axially applied to the one-element specimen at different initial temperatures. This
velocity impact is kept constant over a total time step of 100µs (𝑡 = 0.0001 𝑠) in order to allow
strains to exceed 40%. The finite-element results of the proposed model are compared with the
experimental results conducted at the same above-mentioned loading conditions (Nemat-Nasser
et al., 2001). The results for comparison are illustrated in Figure 2.3 (a) and (b) and show very
good correlations between numerical and experimental data 1 . Since the numerical analysis
results agree well with the experimental data, one can conclude that the constitutive model and
the material parameters are implemented well in the ABAQUS/VUMAT using the proposed
model.

1

The kink observed ate the onset of plasticity in Figure 2. 3 (b) is mainly due to the numerical errors.
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(a)

(b)
Figure 2.1. Temperature variations of the (a) thermal yield stress (𝑌 𝑡ℎ ) and (b) thermal
hardening stress (𝑅 𝑡ℎ ) predicted using the proposed model, and compared to the experimental
results at 15% plastic strain and for different strain rates Abed and Voyiadjis, 2005 [experimental
data taken from Nemat-Nasser et al., 2001)].
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(a)

(b)
Figure 2.2. True stress and true plastic strain for AL-6XN stainless steel for a wide range of
(a) temperatures in 3500/𝑠 of strain rate ( R-square = 0.9205) ; (b) strain rates at 296 K ( Rsquare = 0.995) [experimental data taken from Nemat-Nasser et al., 2001)].
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2.5.3. Localization in a simple tension plane strain problem
The plastic deformation of polycrystalline solids incorporates microscopically localized
deformation modes that can be precursors to strain localization or specifically narrow bands of
intense straining. Such phenomena are considered very important as they dominate the
deformation process and/or fracture modes in many materials particularly in metals. In the
classical rate-independent plasticity theory, the onset of strain softening results in the
mathematical ill posedness of the field equations. Since there is no length scale involved, the
localization zone stays confined to the size of one element. As a result, a finer element size leads
to a smaller localization thickness with higher peak strains. This mesh sensitivity may be solved
by introducing a viscosity term that helps in keeping the field equation well posed. In this study,
the developed physically based constitutive viscoplastic model is utilized in investigating the
localization problems for AL-6XN using the verified material parameters listed in Table 2. 2.
2.5.3.1. Necking problem
A simple uniaxial plane strain tension problem, with dimensions and loading history given in
Figure 2.4(a) and (b), respectively, is considered in this example to study the initiation and
development of strain localization in tensile deformation of AL-6XN. The theoretical
formulations and computational algorithms of the proposed elasto–viscoplastic constitutive
models are tested using different mesh configurations. In this regard, the considered problem is
modeled and meshed with three different mesh discretizations (Mesh1: 7 × 15, Mesh2: 10 × 25,
Mesh3: 10 × 50 elements) as shown in Figure 2.4(c) using the four-node plane strain element
with reduced integration.
In this example, a displacement velocity of 33 m/s (1650 𝑠 −1 strain rate) is applied with an
initial temperature of 77K using the three considered meshes. This displacement velocity is
maintained over a total time step of 150 µs ensuring about 5 mm displacement in the axial
direction. In the adiabatic deformation process of this metal and after large amount of strains, the
localization is controlled by a necking at one of the four corners. In Figure 2.5(a), the deformed
and undeformed displacement patterns as well as the contours of Mises stress are illustrated at a
time step of 150 µs (5 mm applied displacement) for the three considered meshes. The
corresponding contours of the equivalent plastic strain are shown in Figure 2.5(b). Although the
material localization is dominated by the necking process (no pronounced shear bands), meshindependent results are obtained from almost all the three mesh discretizations. Moreover,
objectivity can also be observed from the load–displacement curves presented in Figure 2.6(a)
over the total applied displacement (5 mm). It is obvious from the stress–displacement curves
that the hardening stresses increase with the applied displacement due to the accumulation of the
plastic strains.
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(a)

(b)
Figure 2.3. True stress-strain curves obtained from numerical analyses using proposed model,
for AL-6XN stainless steel, and compared to the experimental results Nemat-Nasser et al., 2001:
(a) Adiabatic true stress-strain curves at 3500/s strain rate and for different initial temperatures;
(b) Adiabatic (𝜀̇ = 8300𝑠 −1 , 3500𝑠 −1 ) and Isothermal (𝜀̇ = 0.1𝑠 −1 , 0.001𝑠 −1 ) true stress-strain
curves at 293K of initial temperature and for different strain rates.
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Table 2.2. Material Parameters for AL-6XN stainless steel.
Model
Numerical
Material
Numerical
Parameters
values
properties
values
155
0.5
𝑌𝑎 (MPa)
𝑞1
1150
1.5
𝑞2
𝑌�(MPa)
800
5.5
𝐵(MPa)
𝑘𝑎
3
�
219
8.06
𝜌 (g/cm )
𝐵(MPa)
𝑐𝑝 (J/g. K)
0.0000611
0.5
𝛽2
̅
0.000049
195
𝐸 (GPa)
𝛽2
𝑣𝑝
−7
0.37
1.4 × 10
𝜐
𝜂0 (s)
𝑣𝑝
−7
𝜂̅0 (s)
1.2 × 10

(a)
(b)
Figure 2.4. Problem description of tensile plane strain deformation: (a) a specimen subjected
to certain displacement velocity loaded with specified boundary conditions; (b) three different
mesh configurations used for the considered problem. Mesh1: 7 × 15, Mesh2: 10 × 25, Mesh3:
10 × 50 elements.

31

(a)

(b)
Figure 2.5. Mesh-independent results for AL-6XN at V = 33 m/s (1650 s−1 strain rate) and
𝑇0 = 77𝐾 for the different element discretizations at 150 µs (5 mm applied displacement): (a)
displacement patterns and Mises stresses; and (b) contours of the equivalent plastic strain.
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(a)
(b)
Figure 2.6. Mesh-independent results for AL-6XN at V = 33 m/s (1650 s−1 strain rate) and
𝑇0 = 77𝐾 for the 7 × 15, 10 × 25, 10 × 50 element discretization: (a) load–displacement curves
(5.0mm total displacement) away from the necking zone; and (b) evolution of the equivalent
plastic strain (150 µs total time step) in the necking zone.

t=

20µ𝑠

40µ𝑠

80µ𝑠

120µ𝑠

180µ𝑠

Figure 2.7. The magnitude and the contours of the equivalent plastic strains for AL-6XN at V
= 33 m/s and 𝑇0 = 77𝐾 at different time steps. Results are obtained from the 10 × 50 mesh
discretization (Mesh3).
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The peak strain values evolved during the localization process is investigated by plotting the
evolution of the equivalent plastic strain at the localized region (necking position) over the total
considered time step as shown in Figure 2.6(b). The results show generally the same evolution
rates and accordingly similar peak strain values. However, little variation is encountered from
the results obtained using the 7 × 15 element discretization (Mesh1) as compared to the other two
meshes (Mesh2 and Mesh3) particularly after 70% plastic straining. It is therefore concluded that
coarse meshes are not preferred for such kind of deformations. In other words, results stabilize
and become identical beyond a certain limit of mesh refinement.
The development of the distribution and magnitude of the equivalent plastic strain at different
loading times for the case of the 10×50 mesh discretization is shown in Figure 2.7. It is clearly
shown in this figure that the localization region appears in the necking after a large amount of
plastic strains.
2.5.3.2. Shear localization
A simple uniaxial plane strain tension problem, with dimensions and boundary conditions
given in Figure 2.8(a), is considered in this example to study the initiation and development of
the adiabatic shear bands in tensile deformation of AL-6XN. Movement of the sample is
restricted in the y-direction for the bottom edge and in the x-direction for the left edge. The
considered problem is modeled and meshed with three different mesh discretizations (Mesh1:
20×40, Mesh2: 25×30, Mesh3: 30×60 elements) using the four-node plane strain element with
reduced integration (CPE4R ABAQUS type). A velocity of 70m/s (3500 s−1 strain rate) is
applied at an initial temperature of 296K over a total time step of 150μs which provides a total
elongation of 10 mm. Deformations of a homogeneous body with uniform initial conditions
become inhomogeneous because of the interaction with the incident waves reflected from the
boundaries and corner. This may happen at different instants in the considered metals due to the
differences in their material properties. Moreover, it may also be encountered at different instants
within the same metal if different velocities (different waves) are considered. However, this
problem should not be affected by the mesh refinement (i.e. by using different mesh
configurations).
Figure 2.9(a) displays the contours of the equivalent plastic strains at the deformed mesh at
the end of the considered time step. The localization failure is clearly controlled by a pronounced
band of intense strains as shown in this figure. The peak value of the equivalent plastic strain
over a certain path passing through the localized region (shear band) gives a better picture about
the width of this localized narrow band as clearly depicted in Figure 2.9(b). In this figure, the
values of equivalent plastic strain for the three different meshes are compared.
Figure 2.10 (a) displays the displacement patterns and the contours of the von Mises stress at
the end of the considered time step. Figure 2.10 (b) illustrates the von Mises stress–displacement
curves for the three different meshes at the localized regions over the total considered time step.
Mesh-independent results generally indicate the successful incorporation of the viscosity
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parameter in the theoretical formulations and computational algorithms of the proposed elastoviscoplastic constitutive models.

(a)
(b)
Figure 2.8. Problem description of uniaxial plane strain tension deformation: (a) a specimen
subjected to certain displacement velocity loaded with specified boundary conditions; (b) three
different mesh configurations used for the considered problem. Mesh1: 20 × 40, Mesh2: 25 × 50,
Mesh3: 30 × 60 elements.

(a)

(b)
Figure 2.9. Mesh-independent results for AL-6XN at V = 70 m/s (3500/s strain rate) and
𝑇0 = 296𝐾 for the 20 × 40, 25 ×50, 30 × 60 elements discretizations. (a) Contours of the
equivalent plastic strain at 150µs time step. (b) The variation of the equivalent plastic strain over
the specified path at part (a).
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(a)

(b)
Figure 2.10. Mesh-independent results for AL-6XN at V = 70 m/s (3500/s strain rate) and
𝑇0 = 296𝐾 for the 20×40, 25×50, 30×60 elements discretizations. (a) Contours of the von
Mises stress and displacement pattern at 150µs time step. (b) Load–displacement curves.

2.6. Conclusions
In the current research work, the modeling of the adiabatic and isothermal plastic flow
stresses of AL-6XN stainless steel is achieved at low and high strain rates and over a wide range
of temperatures where diffusion and creep are not dominated. Since the microstructure
composition of AL-6XN stainless steel contains bcc and fcc crystal components, the combination
of both VA-BCC and VA-FCC models developed by Voyiadjis and Abed (Abed and Voyiadjis,
2007a, 2007b; Voyiadjis and Abed, 2006a, 2006b) are utilized using the additive decomposition
of the thermal and athermal stresses. Both thermal and athermal flow stresses of AL-6XN are
plastic strain dependent, however, the majority of the thermal part of the flow stress belongs to
the yield stress, whereas, the plastic hardening dominates the athermal flow stress. This indicates
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that the resistance to the Peierls-barriers mostly controls the thermal activation analysis of AL6XN. Although, the hardening and yielding of AL-6XN stainless steel are strain rate and
temperature dependent, the microstructure of the material evolves mainly with temperature
history. Moreover, the dynamic strain aging encountered in the material at certain temperatures
is strain rate dependent. Its effect, however, is not included in the present modeling where the
dislocation movement controls the plastic deformation in the absence of diffusion and creep.
A general consistent thermodynamic framework for elasto-viscoplastic deformations is
presented in this study to introduce the constitutive model of AL-6XN stainless steel. The use of
the thermal and athermal yield surfaces in the place of the dynamic yield function in the
thermodynamic formulation is found to be satisfactory. An explicit viscosity-temperature
relationship is derived to impose the effect of the accumulated heat on the adiabatic deformation.
A proper definition for the magnitude of the viscoplastic flow is also achieved in order to
characterize the dynamic behavior of the material.
Computational aspects of the proposed model are addressed through the finite element
implementation in the finite element code (ABAQUS) using the material subroutine VUMAT
and an implicit stress integration algorithm. The radial return algorithm which is a special case of
the backward-Euler method is used to introduce a nonlinear scalar equation in terms of the
viscoplastic multiplier for the case of the consistency viscoplastic model.
Numerical examples are presented in this work in order to validate and test the proposed
computational framework and numerical algorithm for AL-6XN stainless steel. All numerical
simulations are performed by using the Newton–Raphson iteration procedure with a fully
backward Euler integration scheme. The numerical results of the adiabatic stress-strain curves, in
general, are in good agreement with the experimental results at different strain rates and
temperatures. Introducing realistic definitions for the material parameters of the proposed
constitutive relations helps in achieving a proper understanding of the localization behavior of
steel under different loading conditions.
It is clear that material rate dependence, no matter how small, leads to well-posed boundary
value problem with unique solution. This objectivity is achieved by mesh independency results
of localization problems. This is due to the incorporation of a length scale parameter in the
governing equations through the viscosity definition used in the rate dependent formulations of
the constitutive relations. In addition to its regularizing effect on the description of the
localization problem, this viscosity helps to improve the convergence rate by constraining the
deformation process at the initial stage of the material plasticity/viscoplasticity. Thus, the
proposed computational algorithms introduce properly the localization limiting of a scaledependent continuum. However, mesh dependence reappears when the accumulated plastic
strains in the localized regions approach high values (e.g. over 100% plastic straining as it is
shown in Figure 2.6(b)).
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CHAPTER 3:

MICROSTRUCTURAL CHARACTERIZATION OF METALS USING
NANOINDENTATION
3.1. Introduction
Enhanced nonlocal strain gradient plasticity theories are developed at the continuum level and are used
to bridge the gap between the micromechanical and classical continuum inelasticity. A nonlocal quantity
at a specific point is incorporated in the spatially weighted average of the corresponding local field
quantity over a finite volume surrounding the point. Commonly, the nonlocal quantity is computed with
an integral format, in which the associated intrinsic length scale influences the weight amplitude in the
vicinity of a material point (Stromberg and Ristinmaa, 1996). The gradient-enhanced plasticity
formulations avoid this integral format by approximating the nonlocal kernel with a Taylor series
expansion, which yields a differential format (de Borst, 2001). These gradient formulations are in fact
higher-order extensions of the local plasticity theory. Later, they evolved as a popular tool in the
investigations of shear banding, localization of deformation (Voyiadjis et al., 2006; Voyiadjis and Abu
Al-Rub, 2007; Zbib and Aifantis, 1988), phase transitions (Faciu and Molinari, 1996; Faciu et al., 1998;
Malek and Rajagopal, 2006; Rajagopal and Srinivasa, 2008), and softening (Abu Al-Rub et al., 2007;
Borg and Fleck, 2007; Fleck and Hutchinson, 1993, 1997; Fleck and Willis, 2009; Voyiadjis and
Deliktas, 2009). Moreover, using strain gradient plasticity enables one to capture other phenomena such
as size effects, interfaces and elimination of dislocation singularities. The main issue in strain gradient
plasticity is the determination of the material intrinsic length scale ℓ that scales with strain gradient using
the stress-strain behavior from macroscopic tests as well as information from micromechanical tests. It is
known that indentation experiments (nano/micro) are the most effective tests for measuring the length
scale parameter ℓ (Begley and Hutchinson, 1998). In this work, an attempt is made to determine this
parameter through nanoindentation experiments.
Nanoindentation is commonly employed to explore the mechanical behavior of materials that have
micro- or nanometers scale features or constraints. Significant size effects on the initial elasto-plastic
behavior have been observed during indentation of structures which is generally referred to as the
indentation size effect (ISE). The classical continuum plasticity only predicts a constant hardness and it is
unable to predict the size dependency. However, strain gradient plasticity is successful in explaining such
size effects encountered in many micro- and nano- advanced technologies due to the incorporation of an
intrinsic material length scale into the material model. It is shown that these theories have given
reasonable agreement with the aforementioned size dependence encountered in micro- and
nanoindentation experiments (e.g. Begley and Hutchinson, 1998; Gao et al., 1999; Huang et al., 2000;
Nix and Gao, 1998; Shu and Fleck, 1998; Yuan and Chen, 2001).
Using the gradient theory and crystal plasticity, an expression that describes the hardness as a function
of indentation depth can be derived. Combining this expression with the outcomes of nanoindentation
experiments of a material allows one to determine the value of the material intrinsic length scale ℓ. Nix
and Gao, 1998 proposed a mechanism based strain gradient theory in order to determine the constant
length scale based on nanoindentation experimental results. Voyiadjis and Abu Al-Rub, 2004 improved
Nix and Gao’s (1998) theory with regard to the interaction between dislocations. However, investigation
of the length scale indicates that it is not a fixed material parameter (Nix and Gao, 1998; Voyiadjis and

38

Abu Al-Rub, 2005; Voyiadjis and Almasri, 2009), but changes with the deformation of the
microstructure, and therefore depends on dislocation evolution, temperature, and rate effects in addition to
the grain size.
Nanoindentation experiments show that for materials deforming by dislocation, the hardness decreases
with increase in indentation depth (Lim et al., 1998; Lim and Chaudhri, 1999; McElhaney et al., 1998;
Swadener et al., 2002a; Swadener et al., 2002b). Recently, experiments have shown that, at small
nanometer depths from the surface, some metals experience a local increase in hardness with increase in
indentation depth (Aifantis et al., 2006; Almasri and Voyiadjis, 2010; Delince et al., 2006; Voyiadjis and
Almasri, 2008; Voyiadjis et al., 2010; Voyiadjis et al., 2011; Voyiadjis and Peters, 2010; Yang and
Vehoff, 2007). This phenomenon is termed hardening/softening behavior and a typical curve is illustrated
in Section 3. A number of authors (e.g., Aifantis et al., 2006; Britton et al., 2009; Soer et al., 2005; Soer
and De Hosson, 2005; Wang and Ngan, 2004) have shown also that nanoindentation measurements in the
direct proximity of grain boundaries in body-centered cubic (bcc) metals show typical yield excursions
under certain conditions. Based on the indentation load and depth at which these excursions are observed,
it was proposed that there are certain bursts due to dislocation pile up and subsequent transmission across
the boundary. That is, in this new type of size effect, the hardness at which the excursion takes place
increases as the indenter tip to boundary distance decreases.
It is known that in the polycrystalline materials, hardness always decreases with increasing grain size
due to lower dislocation density. Gracio, 1995) indicated that small grains are significantly affected by
the behavior of surrounding grains, inducing a rapid evolution of the dislocation density and the
development of closed cells. In large grains, however, the level of intergranular accommodation was
lower and a dislocation structure, similar to that observed in steel deformed under plane strain conditions
(Fernandes and Schmitt, 1983; Gracio, 1994) appeared in some grains; this is in agreement with the
existence of a lower number of operative slip systems. Subgranular micro and nanohardness testing has
been used widely to explore grain boundary hardening effects due to solute segregation in polycrystalline
materials (Aust et al., 1968; Westbrook and Aust, 1963). The possibility of measuring an intrinsic
hardening contribution of the grain boundary, as a result of the difficulty in slip transmission across the
boundary, has recently come under investigation with the widespread availability of the nanoindentation
technique. Low-load indentation experiments (Soer and De Hosson, 2005; Soifer et al., 2002) have shown
significant hardening effects within a distance of the order of 1 μm from the boundary. Such experiments
could potentially offer detailed information about the intrinsic mechanical properties of individual grain
boundaries. Yang and Vehoff, 2007 studied the dependence of nano-hardness on grain size by performing
indentation experiments in the center of individual grains and changing grain sizes orderly. They captured
the hardening/softening effect for small grain sizes as a result of the higher dislocation density produced
in the grain. This is in agreement with the findings of Gracio, 1994 that during plastic deformation, large
grains behave like single crystals. Widjaja et al., 2007 summarizes the factors responsible for the grainsize dependency of the indentation size effect into three main aspects. First, the distance between grain
boundaries on the slip plane limits the slipped distance of a dislocation and consequently the quantity of
plastic strain per dislocation. Second, the development of dislocation pile-ups at the grain boundaries
causes hardening, the amount of which depends on the grain size. Thirdly, material sink-in, caused by
plasticity near the tip, affects the contact length and thereby the hardness.
Hardness, as well as flow stress in metals, is known to be sensitive to the strain rate and temperature.
On the micro-scale level, strain rate is known to be related to the dislocation density and average
dislocation velocity through the Orowan, 1934 equation. In addition, flow stress can be related to
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dislocation density using the Taylor hardening law (Taylor, 1938). Hardness is also known to decrease
with increasing temperature for bulk metals, single crystals and thin films (Asif and Pethica, 1998; Bahr
et al., 1999; Beake and Smith, 2002; Kramer et al., 2001; Lund et al., 2004; Volinsky et al., 2004).
However, conducting the nanoindentation experiments at elevated temperatures is very challenging
because specialized equipment and sample preparation is necessary and some indenter parts are not
vacuum-compatible. Therefore only a limited number of studies consider the effect of elevated
temperature during indentation.
The objective of this work is to develop a physically based model with Temperature and Rate
Indentation Size Effects (TRISE) for single and polycrystalline metals. This model is also able to capture
the hardening/softening effect encountered in polycrystalline materials by considering the effect of the
grain boundary. Moreover, the variable material length scale parameter ℓ for gradient isotropic hardening
plasticity is identified through calibrating the physically based model of the length scale using
nanoindentation experiments.
The proposed models are investigated in order to capture the behavior of the FCC and BCC materials
for different grain sizes (or the distance of indenter from grain boundary in the coarse grained metals),
accumulated plastic strains, rates of strain and various temperatures. Results from nanoindentation
experiments on different FCC and BCC metals are used to evaluate the proposed length scale.
Furthermore, a method for identifying the material length scale parameters from indentation tests is
presented, and the variable length scale of the metals is obtained.
The outline of the presented materials is as follows: in Section 2, the physically based expression for
the variable material length scale is obtained by means of bridging the macro to micro flow stress. The
details regarding the TRISE models for single and polycrystalls based on the GNDs evolution as well as
the required parameters for these models are extensively elucidated in Section 3. The mechanisms
involved in the hardening/softening phenomena are also discussed in this section. Capability of the
presented approach to capture the indentation size effect along with the identifying the material intrinsic
length scale is presented in Section 4 using the nanoindentation test results. The experiments used here
are conducted on both single and polycrystalline metals.

3.2. Physical Interpretation of Length Scales
Gradient plasticity is introduced through the non-local weak form of the conventional effective plastic
strain. In general, the non-local form (𝑝̂ ) is written in terms of its local counterpart (𝑝) and high order
gradient terms (Fleck and Hutchinson, 1997) as follows:
𝑝̂ = [𝑝𝛾 + (ℓ𝜂)𝛾 ]1/𝛾

(1)

𝜎 = 𝑘[𝑝𝛾 + ℓ𝛾 𝜂𝛾 ]1/𝑚𝛾

(2)

where ℓ is the length scale parameter that is required for dimensional consistency, 𝜂 is the effective
plastic strain gradient of any order and γ is an interaction coefficient. The flow stress (𝜎) can be written at
the macroscopic level using a power law (𝜎 = 𝑘𝑝̂ 1/𝑚 ), and combining this with Eq. (1) yields:
where k and m are material constants.
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One method to enhance the coupling between statistically stored dislocations (SSDs) and
geometrically necessary dislocations (GNDs) at the microscopic level is to assume that the overall shear
flow stress, 𝜏𝑓 , has two components: one arising from SSDs, 𝜏𝑆 , and another component due to GNDs, 𝜏𝐺 .
Ashby, 1970 has pointed out that, in general, the presence of GNDs will accelerate the rate of SSDs
storage and that an arithmetic sum of their densities, as considered by Nix and Gao, 1998, gives a lower
limit on total dislocation density (𝜌𝑇 ), so that a higher total dislocation density can be obtained. The
following general functional form for 𝜏𝑓 is then chosen as follows in the spirit of Eq. (2) (Columbus and
Grujicic, 2002):
𝛽

𝛽 1/𝛽

(3)

𝜏𝑓 = �𝜏𝑆 + 𝜏𝐺 �

where β is considered as a material constant, termed the interaction coefficient, and used to assess the
sensitivity of predictions to the way in which the coupling between SSDs and GNDs is enhanced during
the plastic deformation process. Using Eqs. (3) along with Taylor’s hardening law for 𝜏𝑆 and 𝜏𝐺 , the
overall flow stress at the micro scale can be obtained as follows:
𝜏𝑓 = 𝛼𝑆 𝐺𝑏𝑆 �𝜌𝑇

with

𝛽/2

𝜌𝑇 = �𝜌𝑆

2/𝛽

+ (𝛼𝐺2 𝑏𝐺2 𝜌𝐺 /𝛼𝑆2 𝑏𝑆2 )𝛽/2 �

(4)

where 𝑏𝑆 and 𝑏𝐺 are the magnitudes of the Burgers vector for SSDs and GNDs respectively, G is the

shear modulus, 𝜌𝑆 and 𝜌𝐺 denote the density of SSDs and GNDs respectively, 𝜌𝑇 is the total dislocation
density, and 𝛼𝑆 and 𝛼𝐺 are the statistical coefficients which account for the deviation from regular spatial
arrangements of the SSDs and GNDs populations respectively.
A number of authors showed that the gradient in the plastic strain field is accommodated by the GND
density 𝜌𝐺 such that the effective strain gradient 𝜂 introduced in Eq.(1) is defined as (Arsenlis and Parks,
1999):
𝜂=

𝜌𝐺 𝑏𝐺
𝑟̅

(5)

where 𝑟̅ is the Nye factor introduced by Arsenlis and Parks, 1999 to reflect the scalar measure of GND
density resultingt from macroscopic plastic strain gradients . Gao et al., 1999 indicated that the Nye factor
is an important parameter in the predictions of the gradient plasticity theories as compared to the
experimental results. The plastic shear strain 𝛾 𝑝 can be defined as a function of the SSD density 𝜌𝑆 as
follows (Bammann and Aifantis, 1982):
𝛾 𝑝 = 𝑏𝑆 𝐿𝑆 𝜌𝑆

(6)

where 𝐿𝑆 is the mean spacing between SSDs. Using Schmidt’s orientation tensor, 𝑀𝑖𝑗 , to link the
plastic strain in micro and macro scales and deriving the expressions for 𝜌𝑆 and 𝜌𝐺 as a function of the
effective plastic strain p and the effective plastic strain gradient 𝜂 respectively, and substituting them in
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Eqs.(4), yields an expression for 𝜏. Combining this expression with 𝜎 = 𝑍𝜏 (Taylor, 1938 law) finally
yields the flow stress at the microscopic level:
1/𝛽

𝜎 = 𝛼𝑆 𝐺𝑍�𝑏𝑆 /𝐿𝑆 𝑀�𝑝𝛽/2 + (𝛼𝐺 2 𝑏𝐺 𝐿𝑆 𝑀𝑟̅ /𝛼𝑆 2 𝑏𝑆 )𝛽/2 𝜂𝛽/2 �

(7)

In Eq. (7), M is the Schmidt factor and Z is a constant that varies depending on the material type. The
Taylor factor Z acts as an isotropic interpretation of the crystalline anisotropy at the continuum level (Gao
et al., 1999). Comparing Eqs. (2) corresponding to macro and (7) corresponding to micro flow stress
yields the following expression for the material length scale which bridges the gap between the two
scales:
ℓ = (𝛼𝐺 /𝛼𝑆 )2 (𝑏𝐺 /𝑏𝑆 )𝐿𝑆 𝑀𝑟̅

(8)

In order to account for its rate and temperature dependency, the equation for 𝐿𝑆 proposed by Gracio,
1994 is modified by Voyiadjis and his co-workers (Faghihi and Voyiadjis, 2010; Faghihi and Voyiadjis,
2011; Voyiadjis and Faghihi, 2011; Voyiadjis et al., 2011) for single and polycrystalline materials as a
function of temperature ( T ) and the equivalent plastic strain rate ( 𝑝̇ ). Substituting these expressions
into Eq. (8), the following physical-based equations for the material length scale of single- and
polycrystalline materials is obtained respectively:
ℓ=�
ℓ=�

𝛼𝐺 2 𝑏𝐺
𝛿1 𝑒 −(𝐸𝑟 /𝑅𝑔𝑇)
� � � 𝑀𝑟̅ �
�
(1 + 𝛿2 𝑝(1/𝑚) )(1 + 𝛿3 (𝑝̇ )𝑞 )
𝛼𝑆
𝑏𝑆

𝛼𝐺 2 𝑏𝐺
𝛿1 𝑑𝑒 −(𝐸𝑟/𝑅𝑔𝑇)
� � � 𝑀𝑟̅ �
�
(1 + 𝛿2 𝑑𝑝(1/𝑚) )(1 + 𝛿3 (𝑝̇ )𝑞 )
𝛼𝑆
𝑏𝑆

(9)

(10)

where 𝑅𝑔 is the gas constant, 𝐸𝑟 is the activation energy (energy per mole), 𝑚 is the hardening
exponent corresponding to strain, d is the grain size and 𝛿1 , 𝛿2 , and 𝛿3 in the above equations are material
constants which can be obtained using nanoindentation tests and which will be explained in the next
section.

3.3. Model for Temperature and Rate Indentation Size Effect (TRISE)
Following the Nix and Gao, 1998 approach in considering the generation of GNDs under the indenter
during hardness experiments, Voyiadjis and Abu Al-Rub, 2002 derived a more general framework of
equations that can be used to identify the material intrinsic length scale parameter using micro-hardness
results of spherical and pyramidal indenters. They proposed the following relation for micro hardness:
1/𝛽

𝐻 = 𝑍𝜅𝛼𝑆 𝐺𝑏𝑆 �𝜌𝑆 𝛽/2 + (𝛼𝐺 𝑏𝐺 /𝛼𝑆 𝑏𝑆 )𝛽 𝜌𝐺 𝛽/2 �
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(11)

They also defined the macro-hardness 𝐻0 as the hardness experienced at greater indentation depths,
where there are no size effects in the absence of the strain gradient (and thus GNDs) using the following
equation:
(12)
𝐻0 = 𝑍𝜅𝜏𝑆 = 𝑍𝜅𝛼𝑆 𝐺𝑏𝑆 �𝜌𝑆
Making use of Eqs. (11) and (12) and simplifying the result under the assumption that 𝛼𝑆 = 𝛼𝐺 and
𝑏𝑆 = 𝑏𝐺 yields the following hardness ratio:
(13)
𝐻 𝛽
𝜌𝐺 𝛽/2
� � =1+� �
𝐻0
𝜌𝑆

By considering Eqs.(6), (8) and Tabor, 1951 relation for mapping from the hardness-indentation depth
curve to the tensile stress-plastic curve (i.e. 𝐻 = 𝜅𝜎𝑓 ), the expression of 𝜌𝑆 for conical indenter can be
obtained as follows:
𝜌𝑆 =

𝑐𝑟̅ 𝛼𝐺2 𝑏𝐺 tan 𝜃
ℓ𝑏𝑆2 𝛼𝑆2

(14)

3 tan2 𝜃
2𝑏𝐺 ℎ

(15)

where c is a material constant with a value of c=0.4.
The difference between single- and poly-crystal TRISE comes to the formulation as a result of the
various expressions of the 𝜌𝐺 . The expression of the GND density for single crystals is obtained based on
the approach of Nix and Gao, 1998 in the generation of GNDs under the indentation as follows:
𝜌𝐺 =

where in both expressions of GND and SSD densities 𝜃 is the angle between the surface of the conical
indenter and the plane of the surface. Substituting these equations into Eq. (13) along with Eq. (9) and the
assumption of 𝛼𝑆 = 𝛼𝐺 and 𝑏𝑆 = 𝑏𝐺 , the TRISE for single crystal materials is obtained as follows:
𝛽/2 1/𝛽

3𝑀 tan 𝜃
𝛿1 𝑒 −(𝐸𝑟 /𝑅𝑔𝑇)
𝐻 = 𝐻0 �1 + �
�
��
2𝑐(ℎ − ℎ1 ) (1 + 𝛿2 𝑝(1/𝑚) )(1 + 𝛿3 (𝑝̇ )𝑞 )

(16)

�

where ℎ1 in this equation is a material parameter.
However, in the case of polycrystalline materials, the hardening/softening effect needs to be included
through the concept of the plastic zone beneath the indenter which is explained by many researchers (e.g
Soer and De Hosson, 2005) and formulated by Yang and Vehoff, 2007, Voyiadjis and Peters, 2010 and
Faghihi and Voyiadjis, 2011.
It is known from prior indentation studies that as the indenter tip approaches the grain boundary of a
polycrystalline metal, a distinct plateau is observed in the load versus displacement nanoindentation plot
(e.g., Britton et al., 2009; Soer and De Hosson, 2005; Wang and Ngan, 2004). This plateau (termed the
grain boundary pop-in by some researchers) results in a local hardening in the hardness-indentation depth
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curve which is termed the hardening/softening effect (Voyiadjis et al., 2010; Voyiadjis and Peters, 2010).
This phenomenon is schematically shown in Figure 3.1

(a)

(b)

Figure 3.1. (a) Load–displacement curve showing the grain boundary pop-in, (b) typical hardness–
displacement curve showing the hardening/softening effect.
Comparing the curve showing a yield excursion to the bulk response in Figure 3.1(a), clearly shows
that there is an extra energy stored near the grain boundary prior to the excursion. Soer et al., 2005 proved
that although there might be several other potential sources of this phenomenon, this amount of energy
can be accounted for by a dislocation-based mechanism as described below.
Indenting next to an individual grain boundary injects dislocations (i.e. GNDs) into the material, due
to the deformation under the indenter. This area of deformation, the plastic zone, spreads out from the
indenter as the indentation load is increased until dislocations intrude on the grain boundary (see Figure
3.2(a)). The grain boundary could then act as a barrier to dislocation motion. The resistance to slip
transfer is strong if the boundary misalignment is such that it is difficult for direct slip to transfer into the
next grain. In these circumstances, the hardness–displacement curve for the indentation shows a
hardening effect due to the back stresses from the dislocation pile-ups that forms as the dislocation motion
is blocked at the grain boundary (local hardening region in Figure 3.1 (b)). With additional increasing the
load, more GNDs are pushed into the pile-up, leading to an increasing stress concentration at the head of
the pile-up (see Figure 3. 2(b)). Eventually, the softening occurs in the hardness-depth response (i.e. strain
burst in load-depth curve) due to the release of the pile-up into the adjacent grain. Direct observation of
the process using transmission electron microscopy (TEM) shows that the main mechanisms for the
aforementioned slip transmission are the dislocation absorption and re-emission (for the low angle
boundaries) (see Figure 3.2(c)) and the dislocation nucleation in the adjacent grain (for the high angle
boundaries) (Ohmura et al., 2004). This plastic deformation relieves the back stress that had been
generated by the blocked dislocation pile-up and leads to a release of energy, which is seen as an
increment in the indentation penetration at near constant load (Britton et al., 2009).
In the release of the pile-ups into the adjacent grain, several mechanisms may be active, including
direct transmission across the boundary (for screw components if the slip planes in both grains intersect
the boundary in a common line), absorption by dissociation in the boundary, and dislocation absorption
and subsequent re-emission (Shen et al., 1988).
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The proposed mechanism of dislocation absorption and re-emission is supported by in situ
transmission electron microscopy studies of slip propagation across boundaries in BCC metals
(Gemperlova et al., 2004) which is visualized in Figure 3.2. In some cases, dislocations were found to
stop at a short distance from the grain boundary and cross-slip into a plane nearly parallel to the boundary
(Vystavel et al., 1999).
The aforementioned phenomenon has been included into the formulation based on the work of Yang
and Vehoff, 2007 which leads to the following expression of GNDs density for polycrystalline materials:

𝜌𝐺 =

𝜆

𝑉𝑝𝑙𝑎𝑠𝑡𝑖𝑐

=

𝜋 ℎ2
𝑏𝐺 tan 𝜃

(17)

𝜋
𝛿4 12 𝑑3 − 8.19ℎ3

(a)

(b)

(c)
Figure 3.2. The expansion of the plastic zone in three different regions. (a) hardening decreases with
increasing the indentation depth; (b) GNDs are obstructed by the grain boundary, due to ongoing
indentation the GND density increases, resulting in an increase in hardness; (c) the plastic zone spreads
out to the neighboring grains (softening) (After Voyiadjis and Faghihi, 2011).
where 𝜆 is the total length of the injected GND loop and 𝑉𝑝𝑙𝑎𝑠𝑡𝑖𝑐 is the volume of the plastic region
under the indenter. Making use of this result for 𝜌𝐺 and the variable material length scale leads to the
following expressions for the hardness in polycrystalline materials (Faghihi and Voyiadjis, 2010;
Voyiadjis et al., 2011):
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𝛿1 𝑑𝑒 −(𝐸𝑟 /𝑅𝑔𝑇)
𝐻 = 𝐻0 (1 + 𝐶(ℎ)) �1 + �
�
��
(1/𝑚) )(1 + 𝛿 (𝑝̇ )𝑞 )
𝜋
3
�𝛿4 𝑑 3 + 8.19(ℎ − ℎ1 )3 � 𝑐 tan2 𝜃 (1 + 𝛿2 𝑑𝑝
12
𝑀𝜋(ℎ − ℎ1 )2

𝛽/2 1/𝛽

(18)

�

where 𝛿1 , 𝛿2 , 𝛿3 are material parameters that are determined experimentally. Furthermore, the term
(1 + 𝐶(ℎ)) is included in the model so as to use the cyclic plasticity model developed by Voyiadjis and

Abu Al-Rub, 2003 and Voyiadjis and Basuroychowdhury, 1998, where 𝐶(ℎ) = �1⁄ℎ.
The material constants 𝛿1 , 𝛿2 , 𝛿3 , and 𝛿4 can be obtained by fitting Eqs. (16) and (18) through the
nanoindentation test results. Once these constants are calibrated experimentally, the material length scales
can be obtained using Eqs. (9) and (10).
In order to make the aforementioned fitting, an expression for the macro hardness (𝐻0 ) is required as
well as the variation of the equivalent plastic strain ( p ) as a function of the indentation depth. Also a
relation between the material parameter ℎ1 and grain size (d) needs to be determined. The relations and
the approaches used for finding these parameters are explained as follows:
• By using the expression of the ratio of the effective radius to the contact radius suggested by Feng
and Nix, 2004, Faghihi and Voyiadjis, 2011 suggested the following relation between the grain
size and the parameter ℎ1 :
𝑑 = 4.35ℎ1 (1 + 𝛿5 𝑒 −ℎ1 ⁄𝛿6 )

(19)

where 𝛿5 and 𝛿6 are fitting parameters. Using this equation and knowing 𝛿5 and 𝛿6 , the value of ℎ1 can
be obtained from the grain size.
• In order to find the value of 𝐻0 for different temperatures and strain rates, the physically based
model based on dislocation mechanisms developed by Almasri and Voyiadjis, 2007 is taken into
account. According to this model the hardness behavior is divided into two regions: (a) at low
strain rate (𝜀̇ ≤ 103 /𝑠) the hardness (and the flow stress) is governed by the thermally activated
mechanism; (b) at high strain rates the rates of viscous drag mechanism becomes the main
mechanism and the hardness increases rapidly with increasing strain rate. This model is as
follows (Almasri and Voyiadjis, 2007):
2

𝑈0 𝑙𝑏 𝐻0
𝐻0 𝑏 �𝐾𝑇
−
�
𝜅𝑍𝐾𝑇 ≫ 1
𝑒
𝑣𝜅𝑍𝑙𝐵

𝜀̇
⎧ 𝜅𝑍 �𝑈 − 𝐾𝑇 ln �
��
⎪𝑙𝑏 2 0
𝑀𝑁𝑙 2 𝑏𝑣
𝐻0 =
⎨ 𝜅𝑍𝐵
⎪
𝜀̇
⎩𝑀𝑁𝑙𝑏 2

2

𝑈0 𝑙𝑏 𝐻0
𝐻0 𝑏 �𝐾𝑇
−
�
𝜅𝑍𝐾𝑇 ≪ 1
𝑒
𝑣𝜅𝑍𝑙𝐵

(20)

where N is the number of the mobile segments per unit volume, l is the mean distance between the
forest dislocations, 𝑈0 is the energy required to form a jog (𝑈0 ≈ 𝐺𝑏 3 /2), 𝑣 is the frequency factor, K is
the Boltzmann constant, B is the dislocation drag coefficient, T is the absolute temperature, M is the
Schmidt factor (Schmidt and Boas, 1950), and 𝑍 and 𝜅 are the Taylor, 1938 factor (𝜎𝑓 = 𝑍𝜏𝑓 ) and the
Tabor, 1951 factor (𝐻 = 𝜅𝜎𝑓 ) respectively. The term 𝑁𝑙 also characterizes the total length of the moving
segments per unit volume or density of moving dislocations.
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•

The amount of the equivalent plastic strain as a function of the indentation depth ( p = p(h)) is
obtained using a finite element analysis of the indentation problem. In this regard, the physically
based viscoplastic constitutive relation for VA-BCC and VA-FCC metals proposed by Voyiadjis
and Abed, 2006a, 2006b are taken into account. These models are developed within the
framework of additive decomposition of thermal and athermal yield stresses and based on thermal
activation analysis as well as dislocation interaction mechanisms. The physically based
thermal/dynamic yield function is used in deriving the evolution of the governing equations. The
dynamic flow rule for the different materials is as follows:
𝑓𝑑𝑡ℎ = 𝜎𝑒𝑞 − 𝑌𝑎 − 𝜎𝑦𝑡ℎ (𝑝, 𝑝̇ , 𝑇) − 𝑅 𝑡ℎ (𝑝, 𝑝̇ , 𝑇) = 0

where
for FCC metals:

for BCC metals:
𝜎𝑦𝑡ℎ

𝑅

𝑡ℎ (𝑝,

1

(21)

1/𝑞2

(22)

𝑣𝑝
𝑞
𝑝̇ , 𝑇) = 𝑅� �1− �−𝛽2̅ 𝑇ln�𝜂̅0 𝑝̇ �� 1 �

𝑅 𝑡ℎ (𝑝, 𝑝̇ , 𝑇) = 0
= 𝑅(𝑝) + 𝑌

𝑡ℎ

𝜎𝑦𝑡ℎ = 0

𝑤ℎ𝑒𝑟𝑒 𝑌

𝑡ℎ

(23)
(24)
1

1/𝑞2

𝑣𝑝
𝑞
= 𝑌� �1− �−𝛽2 𝑇𝑙𝑛�𝜂0 𝑝̇ �� 1 �

(25)

Herein 𝑌𝑎 denotes the athermal yield stress, 𝑅 represents the strain hardening, and 𝑌� and 𝑅� are the
threshold yield stress and hardening stress at which the dislocations can overcome the barriers without the
assistance of thermal activation respectively. Moreover, 𝜎𝑦𝑡ℎ and 𝑅 𝑡ℎ denote the yield stress and
hardening as a function of temperature and rate.
The constants 0 < 𝑞1 ≤ 1.0 and 1.0 < 𝑞2 ≤ 2.0 define the shape of the short-range barriers. Their
typical values, however, are 3/2 and 2 for the latter that is equivalent to a triangle obstacle profile near the
top and 2/3 and 1/2 for the former which characterizes the tail of the obstacle [50]. The material
𝑣𝑝
𝑣𝑝
parameter 𝛽2 = 𝑘/𝐺0 and the viscosity parameter 𝜂0 = (𝑀𝑏𝜌𝑖 𝑑)−1 𝑡𝑤0 and 𝜂̅0 = (𝑀𝑏𝑑(𝜌𝑖 + 𝑚(1 −
exp(−𝑘𝑎 𝑝))/𝑘𝑎 ))−1 𝑡𝑤0 are defined in terms of the microstructure quantities where 𝑘 is the Boltzmann’s
constant, 𝐺0 the Gibbs energy at zero Kelvin temperature, 𝑀 can be interpreted as the Schmidt orientation
factor, 𝑏 is the magnitude of the Burgers vector, 𝑑 the average distance the dislocation moves between the
obstacles, 𝜌𝑖 the initial dislocation density, m is the multiplication factor, 𝑘𝑎 is the dislocation annihilation
factor and 𝑡𝑤 is the average waiting time of dislocations at an obstacle. The viscosity parameter depends
on the viscoplastic strain and helps in introducing a proper definition for the length scale. It should be
noted that in Eq. (1), the thermally activated flow stress of metal alloys is additively decomposed here
into two parts, the so called thermal yield stress ( 𝑌 𝑡ℎ = 𝑌�𝜗 ) and thermal hardening (𝑅 𝑡ℎ = 𝑅� 𝜗).
The equivalent plastic strain as a function of the indenter depth is then obtained by performing the
finite element analysis for the indentation problem using the aforementioned models. In this regard, the
proposed viscoplasticity constitutive model is implemented in the commercial finite element program
ABAQUS/Explicit (2008) via a user’s material subroutine coded as VUMAT including the radial return
algorithm.
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3.4. Application of the Proposed Model to Different Metals
In this section the proposed models are investigated in order to capture the behavior of various BCC
and FCC metals for different accumulated plastic strains, rates of strain, grain size, distance from the
grain boundary, and various temperatures. For BCC metals the results of nanoindentation on single
crystal iron (Bahr et al., 1999) at different temperatures, polycrystal tungsten (Vadalakonda et al., 2006)
at various strain rates, and polycrystal niobium (Wang and Ngan, 2004) and polycrystal iron (Aifantis et
al., 2006) for different distances from the grain boundary are taken into account. For FCC metals, single
and polycrystal copper and aluminum (Voyiadjis et al., 2011) at various strain rates, gold thin film
(Volinsky et al., 2004) at different temperatures, and single crystal platinum (Lund et al., 2004) and
polycrystal nickel (Yang and Vehoff, 2007) with different grain sizes are considered.

3.4.1. Copper and Aluminum (single and ploycrystal comparison)
The nano-indentation experiments on Copper and Aluminum conducted by Voyiadjis et al., 2011 for
different strain rates are used in this section in order to verify the capability of the proposed physics based
model for size effects and length scales at various rates of strain. These experiments are performed at
0.05/s, 0.08/s, and 0.1/s strain rates and at room temperature. Voyiadjis et al., 2011 indicated that the
equipment is not able to capture the hardening/softening effect at higher rate of strains due to the lack of
data points reported by the instruments. They also performed additional experiments on single crystal
material in order to check the validity of the concept assumed here for local hardening in nano
indentation. First a summery regarding the sample preparation and nanoindentation experiment will be
provided here followed by the examination of the proposed theory.
3.4.1.1. Nanoindentation experiments and sample preparation
To capture the ISE, one needs to verify the quality of the aluminum and copper specimens (Figure
3.3). The surface oxidation layer is first checked. This is an unavoidable phenomenon caused by the
chemical reaction between the surface of the metal and the oxygen in the air. To limit the influence of the
oxidation layer, one needs to conduct the indentation tests as soon as possible after polishing the
specimen. Furthermore, the first 10 nm of depth is not considered in the results. For the nanoindentation
experiments, one chooses polycrystalline materials of very high purity to guarantee excellent
homogeneity in the sample.
It is easy to realize that the result for each indentation will differ significantly from that of samples
with rough surfaces (Voyiadjis et al., 2011). This is attributable to a completely different surface
topography for each indentation. In this regard, machine-polished samples were chosen for the
nanoindentation experiments in the present work. The samples were polished in several steps using
grindstones with different grid grades. First, the samples were encapsulated in epoxy. This increases the
surface being pressed onto the grindstone and minimizes wobbling of the sample to ensure a flat sample.
A rough grindstone was used to expose the sample surface by removing the epoxy layer above it. Two
glass plates were then sprinkled with a mixture of 800 and 1,000 grid. The sample was ground on both
plates until a relatively smooth, shiny surface was reached. Then the sample was fine polished by using a
grindstone with a 1,200 grid mixture sprinkled on it. Each material was machine polished at the top
surface at the end. To check the difference in surface roughness, scanning electron microscope (SEM)
images of the surface were made before and after polishing. It was observed that the roughness decreased
significantly, and just some small surface defects remained.
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As shown in Figure 3.4(a), it is impossible to identify the grain boundaries on a polished sample for
the indentation test. Figure 3.4 (b) shows that the surface of an unpolished sample is not flat. This figure
shows the surface of a manually polished sample; the surface is very flat, and one can only observe small
black marks that correspond to the pulled-out particles caused by polishing. In Figure 3.4(a), the result of
machine polishing can be observed; the surface is very smooth and is adequate to conduct reliable
nanoindentation tests.
Nanovision was also used to scan the area and to choose a smooth indentation position to ensure that
roughness will not interfere with the experimental results. The nanoindentation experiments are
performed on the copper and aluminum samples using an MTS Nano Indenter XP system equipped with a
pyramidal Berkovich tip. Every specimen was subjected to a 2 × 2 array of indentations with a spacing of
50,000 nm, so that the hardening effect from adjacent indentations is negligible. Load-controlled
indentations were made to different depths with a targeted strain.

(a)

(b)

Figure 3.3. Specimens of (a) copper and (b) aluminum polycrystals before preparation (Voyiadjis et
al., 2011).

(a)

(b)

Figure 3.4. Surface (a) with machine polishing; (b) without polishing (Voyiadjis and Peters, 2010).
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3.4.1.2. Comparison of experimental results with the developed model
As it is explained before, in order to calibrate the proposed TRISE model with the experimental data at
various strain rates and temperatures, the variation of the equivalent plastic strain with the indentation
depth, p(h), and the value of the macro hardness are required. For the former, the finite element analysis is
conducted using the aforementioned physically based constitutive models for FCC metals (Eqs. (21) and
(22)) while the physically based relation of macro hardness (Eq. (20)) is taken into account for the later.
Figure 3. 5 shows a scanned profile of the sample surface after indentation as viewed through the
microscope in the MTS Nano Indenter XP along with the finite element results. Clearly visible are the
pile-up regions at the sides of the indenter (the light areas). This is attributable to high indentation
occurrence in the small vicinity that allows the material to pile up at the periphery of the indenter.

(a)

(b)

(c)

Figure 3.5. (a) Microscope; (b) nanovision images; (c) finite element model results of vertical
displacement in copper sample with indentation over 2000nm.
By obtaining the 𝑝(ℎ) from the finite element analysis using the aforementioned micromechanical
based constitutive model for FCC metals and 𝐻0 from the physically based equation, one is able to
compare the developed TRISE with the experimental data. Figure 3.6(a) compares the proposed model
with the hardness experimental data in the case of copper. The macro readings are obtained discretely at
millimeter scale, in contrast to the results of indentations obtained by the nano indenter, which mostly
start at about 7–10 nm up to few micrometers. Increase in hardness due to increase in strain rate can be
also seen in Figure 3.6(a). Moreover, strong hardening/softening effect is noticed from the experimental
results, which agree well with the observations of other researchers (Voyiadjis et al., 2010; Voyiadjis and
Peters, 2010). It should be noted that the experimental data are smoothed in order to determine the
material parameters. The experimental data for hardness versus depth at 0.1/s of strain rate are also shown
in this figure. The local hardening in this case is not as clear as for the other curves. One may conclude
that for this device there is a lower strain rate limit that can capture the hardening/softening effect.
The results of comparison of the proposed model with the experimental results of the single crystal
copper as well as the single and polycrystalline aluminum are also shown in Figure 3.6(a).
From the comparison of the model with the experiments in Figure 3.6, it can be concluded that the
proposed model is adequate in describing the TRISE for different low strain rates. Furthermore, it is able
to capture the local hardening even when a strong hardening/softening effect is exhibited. It is also
observed that the physical-based model for predicting the macro hardness proposed in the previous
section gives relatively accurate predictions of 𝐻0 at different strain rates.
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Also from the experimental results of single-crystal material it can be inferred that the assumption of
grain boundary mechanism for hardening/softening effect, is justified as it does not occur in single
crystals.
Different mechanism may be active for the insignificant hardening effect observed in the single-crystal
copper subjected to 0.08/𝑠 of strain rate. This type of behavior may be explained in terms of a (super)
dislocation model driven by the change in shear stress from elastic loading to fully plastic indentation
(Bahr et al., 1998) or creation jogs during the indentation process which will be removed by applying
more load at higher indentation depths. Moreover the loads at which the excursions occur vary
considerably throughout the grain interior. This is thought to be mainly due to variations in dislocation
density and surface stresses introduced by mechanical polishing of the surface (Soer et al., 2005).

(a)

(b)

(c)
(d)
Figure 3.6. Comparison of the proposed TRISE model with the experimental results of (a) polycrystalline
copper; (b) single crystal copper; (c) polycrystalline aluminum; (d) single crystal aluminum (experimental
data taken from Voyiadjis et al., 2011).
The calibrated material parameters (𝛿1 , 𝛿2 , and 𝛿3 ) obtained through curve fitting in Figure 3.6 are
used along with Eqs. (9) and (10) (for the single and polycrystalline materials respectively) in order to
obtain the variation of material intrinsic length scale with plastic strain.
It can be inferred from the proposed expression of the length scale that the value of the Nye factor 𝑟̅ is
the key point in finding the length scale. Arsenlis and Parks (1998) investigated the geometrical properties
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of GNDs and SSDs on a crystallographic dislocation basis for an FCC crystal lattice based on the
integrated properties of dislocation line within a reference volume. They have reported that the Nye factor
for FCC polycrystalline has a value of 𝑟̅ = 1.85 in bending (edge GND) and 𝑟̅ = 1.93 in torsion (screw
GND). The value of 𝑟̅ = 1.9 (considering edge and screw dislocation) is assumed here to determine the
length scale.
Using the assumed value for the Nye factor, the material length scale can be obtained using the
physically based expression of the length scale (Eqs. (9) and (10)) for the single and polycrystalline
copper and Aluminum as shown in Figure 3.7 with reference to the equivalent plastic strain (p).
It can be seen from this figure that the length scale decreases with increasing the accumulated plastic
strain which can be interpreted as having ℓ = 0 at high values of plastic strain. Furthermore, one can infer
from these figures that the length scale in single crystal FCC materials is larger than that for
polycrystalline metals. Also, with increasing the plastic strain, the length scale of Polycrystalline copper
and aluminum approaches zero much faster than for Single crystals.

(a)

(b)

(c)
(d)
Figure 3.7. variation of material length scale with equivalent elastic strain for (a) polycrystalline
copper; (b) single crystal copper; (c) polycrystalline aluminum; (d) single crystal aluminum.
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3.4.2. Iron (Fe)
BCC iron was chosen as one of the materials for this study because Iron-based alloys are some of the
most widely used in structural applications. In order to verify the capability of the proposed physically
based model for size effects and length scales at different distances from the grain boundary and various
rates of strain, the nanoindentation results reported by Aifantis et al., 2006 and Bahr et al., 1999 are used
respectively.
Figure 3.8(a) compares the proposed TRISE model (Eq.(18)) with the hardness experimental data at
different distances from the grain boundary. Increase in hardness as the grain boundary is approached can
be seen in this figure which agrees with the prior indentation studies (Aust et al., 1968; Soer et al., 2005;
Watanabe et al., 1980). It can be also inferred from this figure that for shorter distances from the grain
boundary, the local hardening is successfully captured by the physically based model. For higher
distances (d > 1μm), the hardness decreases with the indentation depth. Since the same parameters are
used for macro hardness 𝐻 0 (Eq. (20)), all three curves converge to the same value of hardness for higher
indentation depths. Making use of Eq. (18) allows one to interpret properly the effect of grain boundary
on the hardness. In addition the local hardening effect vanishes for large distances from the grain
boundary (i.e. coarse grained size materials).
The material parameters obtained through curve fitting are then used along with Eq.(10) to obtain the
material intrinsic length scale shown in Figure 3. 8(b) with reference to the equivalent plastic strain (p). It
can be seen from this figure that the intrinsic material length scale decreases from an initial value at yield
(this value can be obtained following the procedure proposed by Voyiadjis and Abu Al-Rub, 2004,
regarding the constant length scale) to a final value of ℓ → 0 for very high values of accumulated plastic
strains (corresponding to the classical, local plasticity limit). The values of constant length scale obtained
from Voyiadjis and Abu Al-Rub approach and reported by Aifantis et al., 2006 using the current
experimental data are also shown in this figure. Moreover, it can be inferred that the difference in grain
size affects the value of the length scale obtained from Eq. (10) for lower plastic strains. In the case of
higher strains the value of the length scale is the same for various grain sizes.

(a)
(b)
Figure 3.8. (a) Comparison of the proposed TRISE model with the experimental results of iron at
various distances from the grain boundary (experimental data taken from Aifantis et al., 2006); (b)
Variation of material length scale with equivalent plastic strain for polycrystalline iron using the
physically based model.
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Bahr et al., 1999 performed nanoindentation experiments on Fe-3%Si single crystals for different
temperatures at the strain rate of 5 nm/s. The results of hardness as a function of indentation depth are
shown in Figure 3.9(a) as well as the curves obtained from the physically based model for single crystal
metals. It can be seen from the experimental results that the assumption of grain boundary mechanism for
hardening/softening effect is justified, as it does not occur in single crystals. This figure also shows that
both experiments and proposed physically based models for TRISE (Eq. (16)) and macro hardness show
the decrease in hardness with increase in temperature.
The calibrated material constants 𝛿1 , 𝛿2 , 𝛿3 are used to obtain the variable material length scale for the
single crystal iron. The variation of the intrinsic material length scale with equivalent plastic strain (p) is
shown in Figure 3.9(b). It is observed that higher temperature results in higher length scales.

(a)
(b)
Figure 3.9. (a) Comparison of the proposed TRISE model with the experimental results of Fe-3%Si at
various temperatures (experimental data taken from Bahr et al., 1999); (b) Variation of material length
scale with equivalent plastic strain for single crystal iron using the physically based model.

3.4.3. Nickel (Ni)
In this section, the results of nanoindentation on nickel with different grain sizes performed by Yang
and Vehoff, 2007 are used in order to measure the material constants of the proposed TRISE model. The
nanoindentation was conducted in the center of the individual grains on an NC nickel plate of high purity
(>99.97%) and very low porosity with grains of approximate diameter 80μm, 1350nm and 850nm.
In order to compare the proposed TRISE model with the hardness curves of nickel, first the ℎ1 vs d
relation needs to be obtained. Based on the value of ℎ1 from the experiments on nickel with 1350nm and
850nm grain sizes (ℎ1 = 23nm and ℎ1 = 9.51nm respectively), the corresponding 𝛿5 = 12.146 and
𝛿6 = 160.28 are evaluated from Eq.(19). In this regard the value for ℎ1 for nickel with 80μm of grain size
is ℎ1 = 18500𝑛𝑚.
Figure 3.10 (a) shows the comparison of the physically-based model with the nano hardness
experiments provided by Yang and Vehoff, 2007. It can be seen from this figure that for smaller grain
sizes, the local hardening is successfully captured by the physically based model. In the coarse grain size
(d = 80μm), the hardness decreases with the indentation depth. It is also inferred from this figure that the
proposed model provides a good description of the TRISE for different grain sizes. Furthermore, with
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inclusion of the grain boundary effect, it is able to capture the hardening/softening effect for smaller grain
sizes.

(a)
(b)
Figure 3.10. (a) Comparison of the proposed TRISE model with the experimental results for nickel at
various grain sizes (experimental data taken from Yang and Vehoff, 2007); (b) Variation of material
length scale with equivalent plastic strain for polycrystalline nickel using the physically based model.
Using the assumed value for the Nye factor ( 𝑟̅ = 1.9 ), the material length scale can be obtained using
the physically-based expression of the length scale (Eq. (10)) for the polycrystalline nickel as shown in
Figure 3.10 (b) with reference to the equivalent plastic strain (p). It can be seen from this figure that the
intrinsic material length scale decreases from an initial value at yield to a final value of ℓ → 0 for very
high values of accumulated plastic strains corresponding to the classical, local plasticity limit. Moreover,
it can be inferred that the difference in grain size affects the value of the length scale obtained from
Eq.(10) for lower plastic strains while for the higher strains, the value of the length scale is the same for
various grain sizes.

3.4.4. Niobium (Nb)
Niobium is a BCC metal with a melting point of 2741 K that is used as an alloying agent in carbon and
alloy steels and in non-ferrous metals, as it improves the strength of the alloy. Wang and Ngan, 2004
conducted a sequence of nanoindentation tests on cylindrical specimens with a 6.35 mm diameter and 5
mm length of niobium with 99.99% purity made by an electronbeam melting method. These specimens
were then annealed for 20 days at a temperature of 1200 °C in a vacuum of approximately 10−5 Torr,
followed by furnace cooling to room temperature. The resultant grain size was 500 ± 200 μm. To reveal
the grain boundary, the samples were etched in an etchant containing 60 ml HF (48% concentration), 40
ml H2 O2 (30% concentration), and 0.55 g NaF, for about 10–20 s. A Berkovich indenter was used for
making indents along selected grain boundaries on the Nb sample. Since grains with sectional dimensions
of larger than 300 μm were always selected for indentation, and the Berkovich indenter is in fact a very
blunt indenter with an apex angle of 140.6°, the grain boundaries were highly unlikely to develop sharp
curvatures within a depth of only about 1 μm below the surface and to be intersected by the indenter
below the surface
Nano-hardness experiments results at the distance of 3.82μm and 6.81μm from grain boundary are
used here to examine the validity of the proposed formulation for niobium. An extensive approach to
obtain the different material constants needed for the proposed micro-structural based constitutive model
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is presented here. True stress-strain curves of niobium at temperatures ranging from 77 to 800 K and for
various strain rates (0.001-8000/s) obtained by Nemat-Nasser and Guo, 2000 are used in this case.
Material parameters are obtained through a three step procedure. The first step is to acquire the initial
threshold stress 𝑌𝑎 . This is done by plotting the change in yield stress with the change in temperature. The
yield stress decreases with increasing temperature up to a point where it becomes almost constant, which
is the initial threshold stress, 𝑌𝑎 . The next step is to use a stress-strain curve at a temperature higher than
650 K (where there is no thermal stress) in order to determine the plastic strain related parameters.
According to Kocks, 2001, the typical values of the exponent 𝑞1 are 3/2 and 2 that is equivalent to the
triangle obstacle profile near the top of the obstacle profile for the flow stress. On the other hand, the
typical values of the exponent 𝑞2 are less than 1 and it is chosen here to be 1/2 which characterizes the
tail of the obstacle. Once these exponents are determined for a particular mechanism, they are used as
material constants.
The p(h) results obtained from the conducted finite element analysis by means of the aforementioned
parameters for the constitutive model is used in the TRISE model for polycrystallines to compare with the
nanoindentation experiments provided by Wang and Ngan, 2004. As previously mentioned, the parameter
d in the equation is assumed to be equal to the distance between indenter and the grain boundary. Figure
3.11 shows the comparisons of hardness with reference to indentation depth at the distance of 3.82μm and
6.81μm from the grain boundary. Comparison of the experimental data and simulations in Figure 3.11 (a)
show that the proposed models of TRISE for polycrystalline materials agree well with the response of the
metals at various distances from the grain boundary. The backscattered SEM images from the performed
indentation near the grain boundary are also presented in this figure. In this figure, the regions with
brighter contrast encircled by dotted lines near the grain boundary show the extent of lattice rotation
around the indents (Wang and Ngan, 2004). The material intrinsic length scales obtained using the
calibrated parameters are presented in Figure 3.11(b).

(a)
(b)
Figure 3.11. (a) Comparison of the proposed TRISE model with the experimental results for niobium
at various distances from the grain boundary (experimental data taken from Wang and Ngan, 2004); (b)
Variation of material length scale with equivalent plastic strain for polycrystalline niobium using the
physically based model.
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3.4.5. Tungsten (W)
Tungsten is a steel-gray BCC metal that is used by forging, drawing, extruding or sintering. Of all the
metals in pure form, tungsten has the highest melting point (3422 °C), the lowest vapor pressure, and (at
temperatures above 1,650 °C) the highest tensile strength. The low thermal expansion and high melting
point and strength of tungsten are due to strong covalent bonds formed between tungsten atoms by the 5d
electrons (Lassner, 1999). Alloying small quantities of tungsten with steel greatly increases its toughness.
Tungsten is mainly used in the production of hard materials based on tungsten carbide, one of the
hardest carbides, with a melting point of 2770 °C. The WC is an efficient electrical conductor, but W2C is
less therefore WC is used to make wear-resistant abrasives and cutters and knives for drills, circular saws,
milling and turning tools used by the metalworking, woodworking, mining, petroleum and construction
industries (Lassner, 1999). Tungsten's high melting point makes tungsten a good material for applications
like rocket nozzles, for example in the UGM-27 Polaris Submarine-launched ballistic missile
(Ramakrishnan, 1986). Superalloys containing tungsten, such as Hastelloy and Stellite, are used in turbine
blades and wear-resistant parts and coatings.
Vadalakonda et al., 2006 provided load–displacement curves of nanoindentation tests on
polycrystalline tungsten in various strain rates. The samples were foils with 1.5mm thickness, <99.9%
purity, and grain sizes of 6μm. These samples were mechanically polished and the nanoindentation
experiments were carried out in an MTS Nanoindeter XP instrument. The reason for polishing is to
reduce the friction effect of the surface and indenter in the obtained results. On the other hand, the density
of dislocations will be affected by polishing and if the density is higher, the amount of dislocations in the
pileup required to generate the critical shear stress will be reached earlier during the loading cycle
(Aifantis et al., 2006). Tests were conducted with different strain rates, ranging from 0.003–0.1/s in the
displacement control mode using the XP Basic Hardness, Modulus method (standard method prescribed
for the Nanoindenter XP instrument).
The experimental results using the Berkovich indenter are used in this section to verify the capability
of the proposed physically based model for size effects and length scales at various rates of strain. These
experiments are performed at 0.003/s, 0.01/s, and 0.1/s of strain rate and at room temperature. Standard
method proposed by Oliver and Pharr, 1992 is used in order to determine the hardness-indentation depth
curves from the provided load-depth.
In order to obtain the equivalent plastic strain as a function of indentation depth, p(h), the constitutive
model parameters of Tungsten reported by Wei et al., 2006 and Dummer et al., 1998 are taken into
account. By obtaining the p(h) from the finite element analysis and 𝐻0 from the physically based
equation, one is able to compare the developed TRISE model with the experimental data. Figure 3.12 (a)
compares the proposed model with the hardness experimental data in the case of Tungsten. The macro
readings are obtained discretely at millimeter scale, in contrast to the results of indentations obtained by
the nanoindenter, which mostly start at about 7–10 nm up to a few micrometers. Increase in hardness due
to increase in strain rate can be also seen in Figure 3.12 (a). Moreover, Strong hardening/softening effects
are noticed from the experimental results. The experimental data for hardness versus depth at 0.1/s of
strain rate are also shown in this figure.
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(a)
(b)
Figure 3.12. (a) Comparison of the proposed TRISE model with the experimental results for tungsten at
various strain rates (experimental data taken from Vadalakonda et al., 2006) (b) Variation of material
length scale with equivalent plastic strain for polycrystalline tungsten using the physically based model.
From the comparison of the model with the experiments in Figure 3.12(a), it can be concluded that the
proposed model is adequate in describing the TRISE for different low strain rates. Furthermore, it is able
to capture the local hardening even when a strong hardening/softening effect is exhibited. It is also
observed in this figure that the physically based model for predicting the macro hardness proposed in the
previous section gives relatively accurate predictions of 𝐻0 at different strain rates.
The physically based model parameters are used in obtaining 𝐻0 . The material parameters obtained
through curve fitting in Figure 3.12(a) are used along with Eq. (10) in order to obtain the material intrinsic
length scale, which is shown in Figure 3.12(b). As indicated in Figure 3. 12(b), the length scale increases
with an increase in the strain rate.

3.4.6. Gold thin film (Au)
Volinsky et al., 2004 performed high temperature nano-hardness experiments using a local heating
approach on 2.7μm gold film sputter-deposited onto polished <100> silicon substrate. A series of
increasing temperature indentations were conducted followed by room temperature experiments. Since
both load-depth curves performed at room temperature before and after heating were identical, one can
ensure that there were no annealing effects.
The temperature effect is more pronounced for the nanocrystalline and also it shows more strength
compared to the bulk material. In order to determine the constitutive model (for FCC metals) parameters
used in the finite element simulation of the indentation test, the yield stress-temperature curves obtained
by Volinsky et al., 2004 for the thin film as well as the stress-strain curves of the gold micro wire at
different strain rates Abdullah et al., 2009 are used. This allows one to obtain the values of p(h) that are
closer to the real behavior of the thin film gold.
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(a)
(b)
Figure 3.13. (a) Comparison of the proposed TRISE model with the experimental results for gold thin
film at various temperatures (experimental data taken from Volinsky et al., 2004); (b) Variation of
material length scale with equivalent plastic strain for polycrystalline gold using the physically based
model.
The results of hardness as a function of indentation depth, as well as the curves obtained from the
physically based model, are shown in Figure 3.13 Volinsky et al., 2004 indicated that the effect of
substrate became apparent at about 200 nm of indentation depth, and therefore the experimental data
points after this depth are not considered in the curve fitting process in Figure 3. 13(a). Also, the value of
200nm is also used as the grain size in the proposed expressions of TRISE and length scales.
It can be inferred from this figure that both experiments and proposed physically based models for
TRISE and macro hardness show a decrease in hardness with increase in temperature.
The physically based model parameters are used in obtaining 𝐻0 . The calibrated material constants
𝛿1 , 𝛿2 , 𝛿3 are used to obtain the variable material length scale for the thin film gold. The variation of the
intrinsic material length scale with equivalent plastic strain (p) is shown in Figure 3.13(b) It is observed
that higher temperatures result in higher length scales.

3.4.7. Single crystal platinum (Pt)
In order to investigate the capability of the proposed approach in determining the length scale for
single crystal materials at different temperatures using Eqs. (9) and (16), the nano-indentation
experiments conducted by Lund et al., 2004 are taken into account.
The experiments were conducted on a (100)-oriented single crystal platinum of 99.999% purity and
the tests were performed at 20°C, 100°C and 200°C. Prior to the indentation experiments, the Berkovich
geometry diamond indenter tip was brought into contact with the platinum specimen surface at a very
light load (~2𝜇𝑁) and the whole system was allowed to thermally equilibrate for more than an hour.
Lund et al., 2004 presented the load-depth (P-h) curves for three different temperatures obtained from
indentations under a 103 𝜇𝑁/𝑠 loading rate.
In order to find the variation of hardness with indentation depth, the standard method proposed by
Oliver and Pharr, 1992 is used. This consists of dividing the load (P) by the area of the indenter (𝐴𝑐 ). In
this work, the area function of an ideal Berkovich indent and without tip bluntness (𝐴𝑐 = 24.56ℎ2 ) is
used in order to find the Hardness-depth from the p-h curves presented by Lund et al., 2004.
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(a)
(b)
Figure 3. 14. (a) Comparison of the proposed TRISE model with the experimental results for single
crystal platinum at various temperatures (experimental data taken from Lund et al., 2004); (b) Variation
of material length scale with equivalent plastic strain for single crystal platinum using the physically
based model.
The experimental strain – stress curves of Weiland et al., 2006 at temperatures in the range of 1873K
to 2273K, and Jonnalagadda and Chasiotis, 2007 at strain rates in the range of 0.006/s to 10/s, are
considered here in order to determine the different material constants needed for the proposed microstructural based constitutive model of platinum using Eqs. (21)-(23) . After determining the constitutive
model parameters, the numerical simulation of the indentation problem for platinum is performed in order
to find the variation of the equivalent plastic strain with indentation depth for the TRISE model.
The comparison between the proposed model, Eq. (16), and the experimental hardness for singlecrystal platinum is shown in Figure 3.14. It is shown in this figure that no hardening/softening effects are
encountered in the experiment. As it is mentioned in the introduction, this mainly occurs because in single
crystal materials, there is no dominant barrier (grain boundary) to the motion of the dislocations and the
spreading of the plastic zone. Moreover, Figure 3.14 shows that the proposed model of TRISE for singlecrystal material and the macro hardness 𝐻0 (Eqs. (16) and (20) respectively) are able to capture the
hardness behavior of the material at elevated temperatures.

3.5. Conclusion
Through the use of gradient plasticity, the behavior of the microstructure is incorporated into the
classical continuum theory in order to address problems involving strain localizations and instabilities. As
the associated local deformation gradients become sufficiently large in comparison with the characteristic
dimension of the system, one needs to introduce these refined continuum theories with their associated
length scales. It follows that experiments are needed to quantify such length scales. Such experiments
may be difficult to design and interpret. The work presented here provides an extensive effort in
calibration of the strain gradient plasticity theory and size effects. Physically based models to predict
simultaneously the Temperature and Rate Indentation Size Effect (TRISE) and length scale from
nanoindentation experiments are proposed here for both single and polycrystalline materials. This model
is based on the evolution of geometrically necessary dislocations (GNDs) beneath the indenter which is
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nonlinearly coupled to the evolution of statistically stored dislocations (SSDs) through the Taylor
hardening law. The hardening/softening effect observed in polycrystalline materials is included in the
model by involving the effect of grain boundaries as barriers to the spreading of the plastic zone. In
general, there are three factors contributing to the resistance to slip transfer leading to local hardening: (i)
Geometric condition: the angle between the lines of interaction of the incoming and outgoing slip planes
with the grain boundary; (ii) Resolved shear stress condition; and (iii) Residual grain boundary
dislocation condition. The Burgers vector of the residual dislocation is determined from the difference
between the Burgers vectors of incoming and outgoing dislocations (Lee et al., 1989). The higher
magnitude of the Burgers vector of this residual dislocation leads to a stronger hardening/softening effect.
This and the resolved shear stress condition determine the active slip direction. The aforementioned
factors which are supported by both experimental and theoretical studies (Clark et al., 1992; De Koning et
al., 2003; Zhang and Tong, 2004) are considered in the proposed TRISE model through contributing the
material constants.
Moreover, based on the aforementioned theory, a relation between grain size (or distance from grain
boundary in course grained metals) (d) and the indentation depth regarding to initiation of the local
hardening (ℎ1 ) is obtained.
The nanoindentation experiments on the various FCC and BCC metals are used to evaluate the
capability of the proposed model for different low strain rates. The equivalent plastic strain is determined
using the finite element simulation for the nanoindentation problem along with a microstructural
physically based viscoplastic (rate and temperature dependent) constitutive model implemented into
ABAQUS/Explicit ABAQUS, 2008 as a user subroutine in VUMAT. It is worth noting that making use
of a gradient dependent material model results in more accurate results. However, as it is explained
before, the strain gradient is included in the formulation through the GNDs evolution under the indenter
and in order to account for rate and temperature effects the proposed temperature and rate dependent
constitutive model is considered. Furthermore, the micromechanical based model based on the behavior
of dislocation densities developed by Almasri and Voyiadjis, 2007 is used to acquire the macro hardness
for different strain rates.
The proposed framework is then investigated using experimental results in order to capture the
behavior of the materials for different accumulated plastic strains, rates of strain, distance from the grain
boundary, and various temperatures. Comparison of the experimental results and the proposed models
show that one can capture the TRISE at different strain rates, temperatures, and various grain sizes. In
addition, it can be concluded that the effect of the grain boundaries play the major role in the
hardening/softening effect since no major local hardening effect is captured in the single crystal materials,
as previously discussed by Voyiadjis et al., 2011. Also, combining the relation between the grain size and
ℎ1 with the TRISE model for polycrystalline metals leads to the vanishing of the hardening/softening
effect for coarse grain sizes (i.e. larger distances between indenter and the grain boundary) in this model.
Material length scales for the tested materials at different strain rates, distance from grain boundary
and elevated temperatures are determined. The physically based model is calibrated using the
nanoindentation test. This model is defined in terms of the Nye factor (characterizes the microstructure
dimension), Schmidt’s orientation factor (characterizes the lattice rotation), the Burgers vector
(characterizes the displacement carried out by each dislocation), and the empirical constant α
(characterizes the deviation from regular spatial arrangement of the SSDs or GNDs population). The
proposed physically based model introduces strain rate and temperature dependency in a coupled form
through the expression of the average distance between SSDs. The obtained length scales from this model
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vary with the accumulated plastic strain, strain rate, temperature and grain size (or distance from grain
boundary).
The proposed physically based model gives good predictions for the length scales in both single- and
polycrystalline materials. These models are used within a wide range of accumulated plastic strains. The
proposed length scale is shown to decrease significantly with the accumulated plastic strain. At high
strains the length scale tends to zero, corresponding to the local plasticity theory. It is noted also that the
length scale increases with the increase in temperature and grain size (distance from grain boundary) and
decreases with the increase in strain rate. In general, it can be concluded that the harder materials have
smaller values of length scales, since materials with smaller length scales require greater loads in order to
create the same contact area, which states that the additional amount of hardening during deformation
increases as ℓ increases. Therefore, the indentation size effect is expected to be affected by both prior
dislocations and additional work hardening that takes place during indentation. Also, it has been shown
that in small amounts of equivalent plastic strain, higher distances from the grain boundaries lead to
higher values of the length scale. However, when the plastic strain increases, the length scale for various
distances merges to the same value. This indicates that the effect of the grain boundary is only prominent
in the first stage of loading, where the boundary can obstruct the movement of GNDs. After overcoming
this barrier, the length scale will be the same at higher plastic strains.
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CHAPTER 4

COUPLED THERMO-MECHANICAL MODELING OF SMALL VOLUME
FCC AND BCC METALS UNDER A FAST-TRANSIENT PROCESS
4.1. Introduction
The classical continuum theory of plasticity and heat transfer fail in predicting the microscale
responses of metals in both space and time. The evidence can be found in the size dependency of
materials over a scale that ranges from a fraction of a micron to a hundred microns under inhomogeneous
plastic flow (e.g., Chen et al., 2007; Espinosa et al., 2004; Vlassak et al., 2005) and the heat transport
responses under both short time and spatial scales such as very high transient thermal loads on
microelectronic devices and pulsed-laser processing of materials (e.g., Narayan et al., 1991; Sze and Ng,
2007).
It is generally agreed that the observed size effect is associated with the interaction between density of
the statistically stored dislocation (SSDs) which rises with the plastic strain and the excess dislocations
that are produced by gradients of plastic strain. The presence of such extra dislocations which are referred
to as geometrically necessary dislocations (GNDs), causes additional storage of defects and increases the
deformation resistance by acting as obstacles to the SSDs, when the specimen size decreases (e.g.,
Arsenlis and Parks, 1999). However, over the aforementioned size scale range the number of dislocations
is commonly so large that a continuum formulation is required to describe deformation in an effective and
computationally robust manner (Niordson and Hutchinson, 2003). Therefore, one needs to advance the
theory of continuum plasticity by including the effect of the microstructure and its evolution in the course
of plasticity deformation.
Another issue which is of vital importance in nano and micro devices is the presence of both space and
time microscale heat transport responses in the metals. In these cases, the continuum theories (such as
Fourier law restore to the concept of local thermodynamic equilibrium) break down and new laws based
on the non-equilibrium thermodynamics needs to be developed.
When the phonon mean free path is of the order of or larger than the medium size, the heat transport is
not purely diffusive (as opposed to the Fourier law) and is partly ballistic. This is caused by the activation
of microstructural effects due to the small depth of the heat-affected zone or the smallness of the
structures (e.g., Joshi and Majumdar, 1993; Torii and Yang, 2005; Tzou, 1995a). Therefore, transport in
this regime of length scales (which is larger than the wavelength of the energy carrier) deals with
scattering of energy carriers (phonons, photons, electrons) and it is nonlocal since the local
thermodynamic equilibrium cannot be defined.
On the other hand, if the response time in the small volume components reduces to the range
comparable to the thermalization time (the time needed for the metal lattice to achieve thermodynamic
equilibrium) and the relaxation time (the characteristic time for the activation of the ballistic behavior in
the electron gas), it leads to nonequilibrium transition of thermodynamics between electrons and phonons
due to the shorter response time of electrons in metals than that of the crystal vibration or phonons (e.g.,
Fujimoto et al., 1984; Brorson et al., 1990; Elsayed-Ali et al., 1991; Groeneveld et al., 1990).Therefore,
the validity of the Fourier law can be questioned in such situations since it represents only diffusive
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transport and yields an infinite speed for heat waves and the hyperbolic heat equation involving a finite
heat wave speed would be more appropriate (Joshi and Majumdar, 1993).
In addition to the individual effect of plastic flow and heat transfer, one knows that the motion of a
dislocation through the lattice or past an obstacle requires the overcoming of an energy barrier by a
combination of applied stress and thermal activation. That is the effective shear stress required to generate
an overall plastic strain is closely tied to the temperature at which the deformation occurs. Moreover, the
heat generated through the medium due to the plastic work and the resultant thermal softening verifies the
importance of the coupling of the thermal activation energy along with the dislocation interactions
mechanism, particularly in the development of material models. These issues provided the motivation of
the current research to develop a nonlocal theory to address the thermo-mechanical behavior of FCC
metals in small scales during fast transient process. A thermodynamically consistent framework of strain
and temperature gradient is proposed here that fulfills the entropy production inequalities. For this
propose VA-FCC and VA-BCC microstructural based constitutive relations proposed by Voyiadjis and
Abed (e.g., Voyiadjis and Abed, 2005a, 2005b, 2006b, 2007; Abed and Voyiadjis, 2005, 2007b;
Voyiadjis and Abed, 2006a and Abed and Voyiadjis, 2007a) are used here that incorporates a flow rule
characterizing the deformation behavior of face centered cubic (FCC) and body centered cubic (BCC)
metals under different strain rates and temperatures. Moreover, following the second law of
thermodynamics, a nonlocal relation for the temperature evolution due to conversion of plastic work into
heat and the partial dissipation of heat due to fast transient time is proposed. The rate and size effects
under small time and spatial scales are extensively investigated by solving a thin film-substrate problem
using the developed formulation.

4.2. The Thermodynamic Formulation with Higher Order Gradients of Stress and
Temperature
4.2.1. Internal and external expenditures of power: Macroscopic and microscopic force balances
The principle of virtual power is used to derive the governing micro-force balance equation. It is
assumed here that the accumulated plastic strain, 𝑝, and temperature, 𝑇, and their respective gradients
contribute to the internal virtual power, 𝒫𝑖𝑛𝑡 . The structure of the internal virtual power is, therefore,
expressed in terms of the energy contribution in the volume, 𝑉, as shown in the expression below:
𝑒
𝒫𝑖𝑛𝑡 = � �𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ ℛ𝑝̇ + 𝒬𝑘 𝑝̇ ,𝑘 + 𝒜𝑇̇ + ℬ𝑖 𝑇,𝚤̇ � 𝑑𝑉

(1)

𝑉

by introducing the work-conjugate quantities of the symmetric Cauchy stress 𝜎𝑖𝑗 and ℛ, 𝒬𝑘 , 𝒜, and ℬ𝑖
within the bulk. Integration by parts is used on some terms of the integral in Eq. (1) along with the
divergence theorem and unit direction of the plastic strain tensor, 𝑁𝑖𝑗 , such that
𝒫𝑖𝑛𝑡 = � 𝜎𝑖𝑗 𝑣𝑖 𝑛𝑗 𝑑𝑆 + � 𝜎𝑖𝑗,𝑗 𝑣𝑖 𝑑𝑉 + � 𝒬𝑘 𝑝̇ 𝑛𝑘 𝑑𝑆 − � � 𝜏𝑖𝑗 − �ℛ − 𝒬𝑘,𝑘 �𝑁𝑖𝑗 �𝑝̇ 𝑑𝑉
𝑆

𝑉

− � �ℬ𝑖,𝑖 − 𝒜�𝑇̇ 𝑑𝑉

𝑆

𝑉

𝑉
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(2)

The external virtual power is expressed as follows:
𝒫𝑒𝑥𝑡 = � � 𝑡𝑖 𝑣̇ 𝑖 + 𝓂𝑝̇ + 𝓇𝑇̇� 𝑑𝑆

(3)

𝜎𝑖𝑗,𝑗 = 0 ; 𝜏𝑖𝑗 − �ℛ − 𝒬𝑘,𝑘 �𝑁𝑖𝑗 = 0 ; 𝒜 − ℬ𝑖,𝑖 = 0

(4)

𝑡𝑗 = 𝜎𝑖𝑗 𝑛𝑖 ; 𝓂 = 𝒬𝑘 𝑛𝑘 ; 𝓇 = ℬ𝑖 𝑛𝑖

(5)

𝑆

such that external traction 𝑡𝑖 is work-conjugate to the displacement increment, and 𝓂 and 𝓇 are workconjugate to the accumulative plastic strain rate and temperature rate respectively. By equating the
principle of external power to the principle of internal power (i.e. 𝒫𝑒𝑥𝑡 = 𝒫𝑖𝑛𝑡 ) and factoring the common
terms, the following relation for local equilibrium and nonlocal microforce balance can be expressed
respectively for volume , 𝑉, as follows:
The higher-order boundary conditions are required at the external boundary of a region in which
plastic and heat flow occurs as well as at the internal boundary of the plastic region. On the external
surface, 𝑆, the equations for local traction force and nonlocal microtraction conditions can be given as
follows:

where 𝑛𝑘 denotes the outward unit normal to 𝑆. The microscopic boundary conditions in Eq. (5) 2 are
related to the interfacial energy at the free surfaces (e.g. the surface of a freestanding thin film, the free
surface of a void) or interfaces (e.g. the film–substrate interface, grain boundaries, inclusion interface).
This interfacial energy introduces an interfacial resistance against dislocation emission/transmission.
The simple class of boundary conditions for these fields on a prescribed subsurface 𝑆 are: (i) microfree
conditions where dislocations are free in movement across the boundary 𝓂 = 0 and (ii) microclamped
conditions where dislocations are completely blocked at the boundary 𝑝𝐼 = 0. According to the notion of
Gurtin (e.g., Gurtin, 2003), satisfying the insulation condition implies either a micro-free boundary
condition imposed at external free surfaces or a micro-clamped boundary condition imposed on the
internal boundaries. However, those null boundary conditions of a microscopically rigid interface or a
microscopically free surface are very difficult to be satisfied in reality, particularly, for large surface-tovolume ratios. Therefore, the internal interface conditions at the internal surface, may be identified. These
conditions usually do not vary at a given interface with the mechanical loading, and are motivated from
the physical understanding of the dislocation mechanics at the interface between the two phases.
Moreover, the microscopic boundary conditions in Eq. (5) 3 are related to the heat flow through the
surfaces. Although an intermediate boundary condition might be more realistic specially at the interface
between the two phases, in the current research, however, the discussion is limited to two extreme
boundary conditions in the absence of external heat source for the free surfaces and interfaces: (i)
Thermalizing black boundary condition at fixed temperature: corresponding to phonons are free to
transport through the surface, 𝑇 𝐼 = 𝑐𝑜𝑛𝑠𝑡. and (ii) Thermalizing isolate boundary condition:
corresponding to energy blockage at the surface, 𝓇 = 0. More details about the choice of thermal
boundary conditions are given in the numerical example in Section 4.
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4.2.2. Thermodynamic formulation with higher order gradients of stress and temperature
In order to include the micromechanical evolution, for the mechanical part, the enhanced strain
gradient theory is considered, however, a micromorphic model (following the work of Forest and his coworkers (Forest, 2009; Forest and Aifantis, 2010; Forest and Amestoy, 2008; Forest and Sievert, 2003) is
taken into account for the thermal counterpart of the formulation. For this purpose the two principles of
thermodynamics for the bulk is postulated as follows:
Conservation of energy:
𝑝
𝑝
𝑒
𝜌℮̇ = 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ 𝛸𝑖𝑗 𝜀̇𝑖𝑗 +𝑅𝑝̇ + 𝑆𝑖𝑗𝑘 𝜀̇𝑖𝑗,𝑘 + 𝑄𝑘 𝑝̇ ,𝑘 + 𝒜𝑇̇ + ℬ𝑖 𝑇̇,𝑖 − 𝑞𝑖,𝑖

(6)

Entropy production inequalities are given as follows for the bulk and interface respectively:
𝑝
𝑝
𝑒
−𝜌℮̇ + 𝜌𝓈̇ 𝑇 + 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ 𝛸𝑖𝑗 𝜀̇𝑖𝑗 +𝑅𝑝̇ + 𝑆𝑖𝑗𝑘 𝜀̇𝑖𝑗,𝑘 + 𝑄𝑘 𝑝̇ ,𝑘 − 𝑞𝑖

𝑇,𝑖
+ 𝒜𝑇̇ + ℬ𝑖 𝑇̇,𝑖 ≥ 0
𝑇

(7)

where 𝜌 is the mass density and ℮ is the specific internal energy. The term 𝓈 is the specific entropy
and 𝑞𝑖 is the heat flux vectors of the bulk and the interface respectively.

4.2.3. Constitutive model

The second law of thermodynamics requires that the free-energy increases at a rate not greater than the
rate at which work is performed. Letting Ψ = ℮ − 𝑇𝓈 denotes the free energy per unit volume, this leads
to a local free-energy (i.e. Clausius-Duhem) inequality for the bulk which is obtained as follows:
𝑒
𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ ℛ𝑝̇ + 𝒬𝑘 𝑝̇ 𝑘 + 𝒜𝑇̇ + ℬ𝑖 𝑇̇,𝑖 − 𝜌𝛹̇ − 𝜌𝓈𝑇̇ − (𝑞𝑖

𝑇,𝑖
)≥0
𝑇

(8)

where the term 𝓈 is the specific entropy.
Guided by the inequality of Eq. (8), it is further assumed that the microstress 𝒬𝑘 admits the
decomposition into energetic and dissipative components such as:
𝒬𝑘 = 𝒬𝑘𝑒𝑛 + 𝒬𝑘𝑑𝑖𝑠

(9)

to account for the effect of nonuniform distribution of microdefects with temperature on the
homogenized response of the material. The functional forms of the Helmholtz free energy can be defined
as:
𝑒
𝛹 = 𝛹(𝜀𝑖𝑗
, 𝑝, 𝑝,𝑘 , 𝑇, 𝑇,𝑖 )
(10)

where 𝛹 is assumed to be a smooth function convex with respect to 𝑝. One can then retrieve the
definitions of the energetic part of the thermodynamic forces as follows:
𝜎𝑖𝑗 = 𝜌

𝜕𝛹
𝜕𝛹
𝑒 ; 𝓈 =−
𝜕𝜀𝑖𝑗
𝜕𝑇
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(11)

𝒬𝑘𝑒𝑛 = 𝜌

𝜕𝛹
𝜕𝛹
; ℬ𝑖 = 𝜌
𝜕𝑝,𝑘
𝜕𝑇,𝑖

(12)

From these relations, along with Eq. (8), the residual respective dissipation is then obtained such as:
ℛ𝑝̇ + 𝒬𝑘𝑑𝑖𝑠 𝑝̇,𝑘 + 𝒜𝑇̇ −

𝑞𝑖
𝑇 ≥0
𝑇 ,𝑖

(13)

Eq. (13) is usually referred to as the plastic-flow imbalance and used as a basis for deriving the
thermodynamic consistent formulations by providing suitable constitutive relations for the dissipative
microstresses ℛ and 𝒬𝑘𝑑𝑖𝑠 (Gurtin and Reddy, 2009).
The definition of the dissipative thermodynamic forces can be obtained from the complementary part
of the dissipation potentials, 𝒟(𝑝̇ , 𝑝̇ ,𝑘 , 𝒜, 𝑇,𝑖 ) such as:
ℛ=

𝜕𝒟
𝜕𝒟
𝜕𝒟
𝑞𝑖 𝜕𝒟
; 𝒬𝑘𝑑𝑖𝑠 =
; 𝑇̇ =
;−
=
𝜕𝑝̇
𝜕𝑝̇,𝑘
𝜕𝒜
𝑇 𝜕𝑇,𝑖

(14)

One now proceeds to develop the constitutive law which is achieved by introducing free energy and
dissipation potentials which relate the plastic strain and temperature rate quantities to their workconjugate generalized stresses. However, before defining the free energy and dissipation functions, one
first needs to explain the choice of the yield function. For both nonlocal and micromorphic models and
corresponding to the hypothesis of maximal dissipation, the yield function can still be treated as the
dissipation potential providing the flow and evolution rules for internal variables as in the classical case.
In this regard, a physically based viscoplastic constitutive relation for FCC and BCC metals (so called
VA-FCC and VA-BCC models) are taken into account here. The basic concept and formulation of this
yield function is explained in the following section. However, the readers are referred to the work of
Voyiadjis and Abed (e.g., Voyiadjis and Abed, 2007; Voyiadjis and Abed, 2006a; Abed and Voyiadjis,
2005) for more details.
4.2.3.1. Conventional VA-FCC and VA-BCC models
The plastic behavior of metals can be determined by investigating the dislocation dynamics of their
crystals, which are generated, moved and stored during the inelastic deformation. In turn, the most
important features that should serve as constituent elements of an appropriate theory of crystal plasticity
are the motion, multiplication and interaction of these dislocations.
A theoretical description of plasticity should aim at relating the macroscopic deformation behavior at
both the intrinsic properties of the deforming material and the externally imposed deformation conditions.
On the microscopic scale, the plastic flow of crystalline materials is controlled by the generation, motion
and interactions between dislocations. Thus, the constitutive description must, in principle, bridge the
entire hierarchy of length scales, starting from the determination of the single dislocation properties on an
atomistic scale and proceeding up to the characterization of the macroscopic material properties. In many
cases, conclusions about the macroscopic deformation behavior can be obtained by investigating the
temperature and strain rate dependence of the flow stress for pure BCC and FCC metals by considering
the properties of single dislocations (Zaiser et al., 1999).
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The dislocations are assumed to move in a periodic potential and the average dislocation velocity 𝜈 is
determined by the thermodynamic probability of achieving sufficient energy temperature 𝑇 to move past
a peak in the potential. In other words, it is determined through thermal activation by overcoming local
obstacles to dislocation motion. Many expressions defining the dislocation speed for thermally activated
dislocation glides may be found in the literature (e.g. Hirth and Nix, 1969). The following general
expression, however, is postulated (Bammann and Aifantis, 1982) as follows:
𝜈 = 𝜈0 exp �−

𝐺𝑎𝑐𝑡
�
𝐾𝑇

(15)

where 𝐾 is the Boltzmann’s constant, and 𝑇 is the absolute temperature. The reference dislocation
velocity 𝜈0 represents the peak value where the temperature reaches or exceeds the melting point. It is
defined by 𝜈0 = 𝑑𝑚 ⁄𝑡𝑤 , where 𝑡𝑤 represents the time that a dislocation waits at an obstacle and 𝑑𝑚 is the
average distance the dislocation moves between the obstacles. The shear stress-dependent free energy of
activation 𝐺𝑎𝑐𝑡 may depend not only on stress but also on the internal structure. Kocks et al., 1975)
suggested the following definition to relate the activation energy 𝐺 to the thermal flow stress 𝜎𝑡ℎ :
𝜎𝑡ℎ 𝑞1 𝑞2
𝐺𝑎𝑐𝑡 = 𝐺𝑎𝑐𝑡 0 exp �1 − � � �
𝜎�

(16)

where 𝐺𝑎𝑐𝑡 0 is the reference Gibbs energy at zero Kelvin temperature, 𝜎� is the threshold stress at
which the dislocations can overcome the barriers without the assistance of thermal activation (𝜎𝑡ℎ = 𝜎�
where 𝐺𝑎𝑐𝑡 = 0.0), and 𝑞1 and 𝑞2 are constants defining the shape of the short-range barriers. According
to Kocks, 2001) the typical values of the constant 𝑞2 are 3/2 and 2 that is equivalent to a triangular
obstacle profile near the top. On the other hand, the typical values of the constant 𝑞1 are 1/2 and 2/3
which characterizes the tail of the obstacle.
In order to understand quantitatively the deformation behavior of metals, a constitutive description is
required. As mentioned earlier, to deform a metal beyond the elastic limit means to activate and move its
dislocations through the crystal. Once the dislocations start moving through the crystal, two types of
obstacles are encountered that try to prevent dislocation movements through the lattice; long range and
short range barriers. The long-range obstacles are due to the structure of the material and cannot be
overcome by introducing thermal energy through the crystal. Therefore they contribute to the flow stress
𝑌 with a component that is non-thermally activated (athermal stress). On the other hand, the short-range
barriers can be overcome by thermal energy. Therefore, the flow stress of a material can be additionally
decomposed into equivalent athermal stress 𝜎a and equivalent thermal stress 𝜎th as follows:
𝜎𝑌 = 𝜎𝑡ℎ + 𝜎𝑎

(17)

The above assumption of additional decomposition for the formulation of the flow stress has been
proven experimentally and is used by several authors (e.g., Zerilli and Armstrong, 1987;Nemat-Nasser
and Li, 1998; Nemat-Nasser et al., 1998).
In the case of FCC metals, the emergence and evolution of a heterogeneous microstructure of
dislocations as well as the long-range intersections between dislocations dominates and controls the
mechanisms of thermal activation analysis behavior. Thus, the thermal activation is strongly dependent on
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the plastic strain. That is, the increase in the yield point with a decrease in temperature is highly
dependent on the strain-hardened states for FCC metals.
However, the behavior of BCC metals shows a strong dependence of the thermal yield stress on the
strain rate and temperature. The thermal stress is attributed to the resistance of the dislocation motion by
the Peierls barriers (short-range barriers) provided by the lattice itself. Moreover, the plastic hardening of
most BCC metals, like pure iron, tantalum, molybdenum, and niobium, is hardly influenced by both strain
rate and temperature and therefore, it contributes to the athermal part of the flow stress besides the small
percentage of the yield stress.
The difference of the mechanical behavior of BCC metals to FCC metals may be ascribed to the
dislocation size and the corresponding concentration of Cottrell’s atmosphere. During their movement,
dislocations displaced across the lattice and accordingly their atmosphere of interstitial atoms will be
moved. Atoms movement results in a drag force that opposes these atom clouds. Drag-force increases as
the concentration mismatch between the Cottrel’s atmosphere and the solute atoms in the lattice increases
and therefore, the thermal yield stress increases. The yield strength produced by these effects depends on
both temperature and strain rate since the solute atoms concentration does so.
Equating Eqs. (15) and (16), the thermal stress is obtained as follows:
𝜎𝑡ℎ = 𝜎�𝒢(𝑇, 𝑝̇ )

where 𝜎� in this case is threshold strain hardening and

(18)

1/𝑞2

𝑝̇ 1/𝑞1
𝒢(𝑇, 𝑝̇ ) = �1 − �𝛽1 𝑇 − 𝛽2 𝑇 𝑙𝑛 �
�
𝑝̇0

(19)

The constants 1 < 𝑞1 < 2 and 0 < 𝑞2 < 1 define the shape of the short-range barriers. In Eq. (19), the
material parameters 𝛽1 and 𝛽2 are defined in terms of the microstructure physical quantities such that:
𝛽1 =

𝐾

𝐺𝑎𝑐𝑡0

ln(𝑝̇ 0 ⁄𝑝̇𝑠 )

𝛽2 =

𝐾
𝐺0

(20)
(21)

where 𝑝̇𝑠 is a very low (static) strain rate (≈ 10−5 𝑠 −1), and 𝑝̇0 is the reference equivalent plastic strain
rate in its initial stage while related to the initial mobile dislocations. Its order of magnitude can, however,
be anywhere between 106 and 109 𝑠 −1 which characterizes the highest rate value a material may reach as
related to the reference (highest) dislocation velocity 𝜈0 . By making use of the Schmidt orientation tensor
to relate the plastic shear strain rate at the microscale (following Orowan’s equation (Orowan, 1934) to
the plastic strain rate tensor at the macroscale, the following definition of the reference strain rate in terms
of the microstructure physical quantities is derived by Voyiadjis and Abed, 2006b):
𝑑
𝑝̇0 = 𝑚𝑠𝑐ℎ 𝑏𝜌𝑚𝑖
𝜈0
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(22)

𝑑
where 𝜌𝑚𝑖
is the initial mobile dislocation density, 𝑏 is the Burgers vector and 𝑚𝑠𝑐ℎ can be interpreted
as the Schmidt orientation factor.
Abed and Voyiadjis, 2007b) also derived a physically based definition of threshold strain hardening, 𝜎�
after considering the plastic strain evolution of the forest dislocation density. The accumulation process of
the material dislocation density during the plastic deformation was investigated extensively by many
authors (e.g. Barlat et al., 2002; Klepaczko, 1988; Kubin and Estrin, 1990) who showed that the growth of
dislocation density is nearly linear with regard to the deformation in the first steps of the hardening
process, independently of the temperature. This is followed by a recombination of the dislocations that is
assumed to be proportional with the probability of dislocation meeting that is to say of the dislocation
density. Based on this hypothesis, the following simple relation for the evolution of the total dislocation
density, 𝜌𝑑 , was presented (Klepaczko, 1987):

𝑑𝜌𝑑
= 𝑀𝑚 − 𝑘𝑎 (𝜌𝑑 − 𝜌𝑖𝑑 )
𝑑𝜀𝑝

(23)

where 𝑀𝑚 = 1⁄𝑏𝑙 is the multiplication factor, 𝑙 is the dislocation mean free path, 𝜌𝑖𝑑 is the initial
dislocation density encountered in the material due to the manufacture process or by nature, and 𝑘𝑎 is the
dislocation annihilation factor which may depend on both the temperature and strain rate. The plastic
strain evolution of the effective total dislocation density can be defined, after solving the differential
equation Eq. (23), in terms of the internal physical quantities as follows:
𝜌𝑑 =

𝑀𝑚
(1 − 𝑒 −𝑘𝑎𝑝 )
𝑘𝑎

(24)

Making use of Taylor shear flow Taylor, 1938) and substituting 𝜌𝑑 defined by Eq. (24), the expression
of threshold strain hardening can be obtained as follows:
𝜎� = 𝐵(1 − 𝑒 −𝑘𝑎𝑝 )1/2

(25)

𝐵 = 𝑚𝑠𝑐ℎ 𝛼𝑠ℎ 𝜇𝑎𝑐𝑡 𝑏(𝑀𝑚 /𝑘𝑎 )1/2

(26)

The parameter 𝐵 is defined in terms of the microstructure quantities as follows:

where 𝑚𝑠𝑐ℎ is the orientation factor that relates the shear stress to the normal stress, 𝜎 = 𝑚𝑠𝑐ℎ 𝜏 ,
(𝑚𝑠𝑐ℎ = √3) for the case of the von Mises flow rule, 𝛼𝑠ℎ is a constant which represents the portion of the
shear modulus, and 𝜇𝑎𝑐𝑡 , is contributing to the activation energy with both being at zero temperature.
From the above equation one can write the conventional flow stress of VA-FCC and VA-BCC models
as follows:
VA-FCC
(27)
𝜎𝑌 = 𝑌𝑎 + 𝐵(1 − 𝑒 −𝑘𝑎𝑝 )1/2 𝒢(𝑇, 𝑝̇ )
VA-FCC
(28)
𝜎𝑌 = 𝑌𝑎 + 𝑌�𝒢(𝑇, 𝑝̇ ) + 𝐵(1 − 𝑒 −𝑘𝑎𝑝 )1/2
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� is the threshold yield stress at which the dislocations
where 𝑌𝑎 denotes the athermal yield stress and 𝑌
can overcome the barriers without the assistance of thermal activation.
4.2.3.2. Definition of the functional form of free energy and dissipation potentials
After defining the choices of the flow stress for the bulk, one proceeds to derive the constitutive
equation by defining the free energy and dissipation potential to obtain the energetic and dissipative
stresses. The complexity of any model is directly determined by the form of the Helmholtz free energy
and by the number of conjugate pair of variables. In this work, however, one postulates the following
general definition of energy for both FCC and BCC metals:
In this work, one postulates the following general definition of energy:

𝛹=

1 𝑒
1
1 𝑐𝜀
1
𝑒
𝜀𝑖𝑗 𝐸𝑖𝑗𝑘𝑙 𝜀𝑘𝑙
+
(𝑇 − 𝑇𝑟 )2 +
𝒶𝑇 𝑇
�𝑎1 𝑝,𝑘 𝑝,𝑘 � −
2𝜌
2𝜌
2 𝑇𝑟
2𝜌 ,𝑖 ,𝑖

(29)

In Eq. (29) 𝑐𝜀 is the specific heat coefficient at constant stress, 𝒶 is an additional material parameter
for isotropic heat conduction and 𝑇𝑟 is the reference temperature (Forest and Aifantis, 2010). As far as the
hardening response concerns, in the strain gradient plasticity, GNDs behave in a same manner as SSDs.
The defect energy 𝛹 characterizes the interactions between coupling dislocations moving on close slip
planes, the so called core energy of GNDs. In this regards, one may assume 𝑎1 = 𝐺ℓ2𝑒𝑛 accounting for the
energetic hardening, where 𝐺 is the shear modulus, and ℓ𝑒𝑛 is the energetic length scale for bulk materials
associated with the dependence of the free energy on the plastic strain gradient.
From Eq. (12) along with the functional forms of the free energies, the definitions of the energetic part
of the thermodynamic forces can be retrieved as follows:
𝒬𝑘𝑒𝑛 �𝑝,𝑘 � = 𝐺ℓ2𝑒𝑛 𝑝,𝑘 ; ℬ𝑖 = 𝒶𝑇,𝑖

(30)

In this proposed work, treating the flow function of the VA-FCC and VA-BCC models for bulk (as
explained in Section 2.2.1) as the potential providing the flow and evolution rules for internal variables,
one can then postulate the following functional form for the dissipation potential:
𝑌𝑝̇ 2 + ℓ2𝑑𝑖𝑠 𝑌�𝑝̇,𝑘 𝑝̇,𝑘 �
1 2 1𝑘
𝒟=
+
𝒜 −
𝑇 𝑇 ≥0
2𝓅̇
2𝒷
2 𝑇 ,𝑖 ,𝑖

(31)

where 𝒷 is a material parameter (Forest, 2009) and the yield stress for FCC metals: 𝑌 = 𝑌0 while for
BCC metals: 𝑌 = 𝑌𝑎 + 𝑌�𝒢(𝑇, 𝑝̇ ). The effective nonlocal flow rate, 𝓅̇ , is defined as a function of plastic
strain rate and its gradient as well as the dissipative length scale ℓ𝑑𝑖𝑠 (i.e. corresponding to dissipative
effects associated with the gradient of the strain rate) as follows:
𝓅̇ = �𝑝̇ 2 + ℓ2𝑑𝑖𝑠 𝑝̇,𝑘 𝑝̇ ,𝑘
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(32)

Using the above dissipation potentials along with Eq. (14), the following constitutive relations are then
obtained for the dissipative microstresses:
𝑇̇ =

FCC:
ℛ = �𝑌𝑎 + 𝐵�1 − 𝑒

1
𝒜 ; 𝑞𝑖 = −𝑘. 𝑇,𝑖
𝒷

−𝑘𝑝 1/2

�

1/𝑞2

𝑝̇ 1/𝑞1
�1 − �𝛽1 𝑇 − 𝛽2 𝑇 𝑙𝑛 �
�
𝑝̇ 0

𝒬𝑘𝑑𝑖𝑠 = ℓ2𝑑𝑖𝑠 𝑌𝑎

BCC:

ℛ = �𝑌𝑎 + 𝑌� �1 − �𝛽1 𝑇 − 𝛽2 𝑇 𝑙𝑛
𝒬𝑘𝑑𝑖𝑠

=

(33)

𝑝̇ ,𝑘
𝓅̇

1/𝑞2

𝑝̇ 1/𝑞1
�
�
𝑝̇0

𝑝̇
𝓅̇

(34)

(35)

1/2

+ 𝐵�1 − 𝑒 −𝑘𝑝 �
1/𝑞2

𝑝̇ 1/𝑞1
+ 𝑌� �1 − �𝛽1 𝑇 − 𝛽2 𝑇 𝑙𝑛 �
�
𝑝̇0

ℓ2𝑑𝑖𝑠 �𝑌𝑎

�

�

𝑝̇,𝑘
𝓅̇

�

𝑝̇
𝓅̇

(36)

(37)

Substituting the microstresses constitutive relations of Eqs. (30) and (33) - (37) into the nonlocal
microforce balance, Eq. (4) 2 , one can then obtain:
FCC:
1/2

𝜏𝑖𝑗 − ��𝑌𝑎 + 𝐵�1 − 𝑒 −𝑘𝑝 �

𝒢(𝑇, 𝓅̇ )�

BCC:
𝜏𝑖𝑗 − ��𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ ) + 𝐵(1 − 𝑒 −𝑘𝑝 )1/2 �

𝑝̇
𝜕
𝑝̇,𝑘
−
�𝐺ℓ2𝑒𝑛 𝑝,𝑘 + ℓ2𝑑𝑖𝑠 𝑌𝑎 �� 𝑁𝑖𝑗 = 0
𝓅̇ 𝜕𝑥𝑘
𝓅̇

𝑝̇
𝜕
𝑝̇ ,𝑘
−
�𝐺ℓ2𝑒𝑛 𝑝,𝑘 + ℓ2𝑑𝑖𝑠 �𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ )� �� 𝑁𝑖𝑗 = 0
𝓅̇ 𝜕𝑥𝑘
𝓅̇

(38)

(39)

4.2.4. Evolution equation of temperature:
The evolution of temperature such as conversion of plastic work into heat, heat transfer and dissipation
through the boundaries are addressed in this section for the case of small scale metallic compounds during
fast transient processes. From the first law of thermodynamics, after taking the time derivative of the free
energy, the following energy balance relation is obtained:
ℛ𝑝̇ + 𝒬𝑘𝑑𝑖𝑠 𝑝̇ ,𝑘 + 𝒜𝑇̇ − 𝑞𝑖,𝑖 = 𝜌𝓈̇ 𝑇
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(40)

By solving for the entropy rate and substituting into Eq. (40) the following linearized generalized heat
equation can be obtained. It should be noted that the contribution 𝒜𝑇̇ is nonlinear in 𝑇̇ so that it can be
neglected as suggested by Forest, 2009:
𝜌𝑐𝜀 𝑇̇ = ℛ𝑝̇ + 𝒬𝑘𝑑𝑖𝑠 𝑝̇,𝑘 + 𝑘𝑇,𝑖𝑖 − 𝑇𝑟 𝒶𝑇̇,𝑖𝑖 + 𝑇𝑟 𝒷𝑇̈

(41)

In the above relation, 𝑐𝜀 is the specific heat coefficient at a constant stress. Moreover, following the
dual-phase-lag heat transfer equation (e.g., Tzou, 1995a), the following terms can be substituted in the
above equation:
𝑘
(42)
𝛼=
; −𝑇𝑟 𝒶 = 𝑘𝜏 𝑇 ; 𝑇𝑟 𝒷 = 𝜌𝑐𝜀 𝜏𝑞
𝜌𝑐𝜀

where 𝛼 is the effective thermal diffusivity in the phonon-electron or pure-phonon system and 𝜏 𝑇 and
𝜏𝑞 are called microstructural and transient time scales. These two positive intrinsic time scales
characterize the effect of the small special and time scale response respectively. It should be noted that
concavity of the thermal component of potential 𝛹 in Eq. (29) requires that 𝒶 < 0 which leads to 𝜏 𝑇 > 0
in Eq. (42). It is worth mentioning that if the tangent specific heat capacity at constant pressure ( 𝑐𝑝 ) is
used to approximate the specific heat capacity at constant stress ( 𝑐𝜀 ), then the macro-scale thermal
diffusivity in the classical heat transfer is retrieved from Eq. (42) 1 .
Consequently, the thermodynamic heat balance equation which accounts for the effect of
microstructural interaction (microscale in space) in fast-transient (microscale in time) can be obtained as
follows:
𝑇̇ =

1
̇
̈
�ℛ𝑝̇ + 𝒬𝑘𝑑𝑖𝑠 𝑝̇,𝑘 � + �𝛼𝑇
,𝑖𝑖 + 𝛼𝜏 𝑇 𝑇,𝑖𝑖 − 𝜏𝑞 𝑇 �
���������������
𝜌𝑐
𝑝
�������������
̇ :
𝑇𝑝𝑤
ℎ𝑒𝑎𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑑𝑢𝑒
𝑡𝑜 𝑝𝑙𝑎𝑠𝑡𝑖𝑐 𝑤𝑜𝑟𝑘

𝑇̇𝑔ℎ𝑒 :
𝐺𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 ℎ𝑒𝑎𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛

(43)

In Eq. (43), subscripts 𝑇, 𝑝, 𝑞, 𝑝𝑤 and 𝑔ℎ𝑒 do not express tensorial quantities.
The above equation clearly shows the two counterparts participating in the evolution of temperature
̇
during the inelastic deformation. 𝑇𝑝𝑤
indicates the temperature increase in the medium due to the
conversion of plastic work into heat. It can be seen from the above equation that only the dissipative
̇
which agrees with the experimental and
counterpart of the thermodynamic forces affect the 𝑇𝑝𝑤
theoretical work of Amiri and Khonsari, 2010a, 2010b; Amiri and Khonsari, 2011; Naderi et al., 2009 on
̇ , is called the
the evolution of temperature during visco-inelastic work. The second counterpart, 𝑇𝑔ℎ𝑒
generalized heat equation which accounts for the microstructural interactions (i.e. scattering of phonons
by the lattice and temperature gradient) as well as fast transient processes through incorporation of time
scales. More details regarding this equation and the micromechanical descriptions of the time scales are
provided in the next section.
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4.3. Remarks on the Material Properties and Description for Experimental Assessment
4.3.1. Generalized heat equation
In order to address the non-equilibrium microscale heat transfer, the generalized heat equation is taken
into account in the present research work. This equation advances a macroscopic model with using two
additional time scales (𝜏 𝑇 and 𝜏𝑞 ) bridging the gap between macro and micro scale (in both spatial and
time) heat transfer. This is also called the dual-phase- lag model ( e.g., Tzou, 1995a) and the mathematical
expression is as follows:
𝜏𝑞
1
(44)
𝑇,𝑖𝑖 + 𝜏 𝑇 𝑇̇,𝑖𝑖 = 𝑇̇ + 𝑇̈
𝛼
𝛼

In Eq. (44), the third-order mixed derivative term (𝜏 𝑇 𝑇̇,𝑖𝑖 ) introduces the microstructural interaction
(e.g. scattering of phonons by lattice and temperature gradient) into the classical heat equation. This term
distinguishes the above equation from the diffusion heat transport in order to address the microscale
responses in space when the phonon mean free path is of the order of or larger than the medium size. On
the other hand, the wave term, the second-order derivative with respect to time (𝜏𝑞 𝑇̈), includes a strong
wave behavior in heat propagation where 𝜏𝑞 is the effective relaxation time given by dividing the
effective mean free path by the velocity of phonons. Therefore, one can realize that Eq. (44) displays a
new-type of energy equation absorbing the microstructural interaction effect (microscale response in
space) in the fast transient process (microscale response in time) which covers much wider scales in space
and time for physical observations comparing to the classical diffusion model (macroscopic in both space
and time) and the thermal wave model (microscopic in time but macroscopic in space).
4.3.1.1. Time scales
From the microscopic point of view, the energy exchange between electrons and phonons results in a
phenomenological two-step model (Anisimov et al., 1974) describing the temperatures of the electron gas
and the metal lattice (Brorson et al., 1987; Brorson et al., 1990; Elsayed-Ali et al., 1991; Elsayed-Ali et
al., 1987; Fujimoto et al., 1984; Groeneveld et al., 1990). The phonon-electron coupling factor in the twostep model has been successfully measured for several metals by employing ultrafast lasers. The
expression of the phonon-electron coupling factor depends on either the electron mean free time between
collisions (Kaganov et al., 1956) or thermal conductivity (Qiu and Tien, 1992). However, Qiu and Tien,
1993) derived the phonon-electron coupling from the solution of the Boltzmann equation. In contrast to
the classical approach, the general derivation by Qiu and Tien, 1993) reveals the hyperbolic nature of
energy transport by electrons in metals. The governing equation of the hyperbolic two step model for
conductive heat transfer includes both the microstructural effects and the fast-transient response.
However, derivation of this equation requires profound knowledge of quantum mechanics and the elastic
and inelastic phononelectron scattering processes in energy transport (Qiu and Tien, 1992, 1993).
The interactions on the microscopic level such as the phonon-electron interactions in metal films and
pure phonon scattering in dielectric media, are viewed as retarding sources causing a delayed response on
the macroscopic scale in this model. Tzou, 1995b) and Tzou and Zhang, 1995) made this link and
suggested the following equations for the time scales based on micromechanical quantities:
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𝜏𝑇 =

𝑐𝑙
Ξ

(45)

1 1 1 −1
𝜏𝑞 = 𝜏𝐹 + � + �
Ξ 𝑐𝑒 𝑐𝑙

(46)

𝑇� = 𝑇 + ℓ2𝑇 ∇2 T

(47)

where Ξ is termed the electron-phonon coupling factor which describes the energy exchange between
phonons and electrons, 𝜏𝐹 is the relaxation time evaluated at the Fermi surface, and 𝑐𝑒 and 𝑐𝑙 are
volumetric heat capacity of the gas and metal lattice respectively. It is worth mentioning that Ξ depends
on the number density of free electrons per unit volume, the Boltzmann and Planck constants, and the
Deby temperature. In the case that the number densities of free electrons approach infinity, the coupling
factor Ξ approaches infinity. Consequently, the equivalent thermal wave speed approaches infinity and
Eq. (44) reduces to the classical diffusion equation in this case. A finite value of G results in the
coexistence of the wave term (reflecting the fast-transient effect) and the mixed-derivative term (the
microstructural interaction effect).
In Eqs. (45) and (46), 𝑐𝑒 and 𝑐𝑙 are, respectively, functions of the electron temperature (𝑇𝑒 ) and the
lattice temperature (𝑇𝑙 ). For more information one may refer to Qiu and Tien, 1993).
It should be noted that, some researchers (e.g., Damhof et al., 2008, 2011; Geers et al., 2010;
Voyiadjis and Deliktas, 2009a) included the phenomenological nonlocal temperature in their gradient
formulation in order to account for the temperature gradient without physical justification. The nonlocal
temperature is expressed as:

where ℓ 𝑇 is the thermal length scale. Therefore, substituting in the classical heat equation for T the
nonlocal temperature and comparing the results with the dual-phase-lag heat transfer equation, one
obtains after neglecting the terms 𝜏𝑞 𝑇̈ and ℓ2𝑇 ∇4 T the following expression for the thermal length scale in
terms of the microscopic and macroscopic quantities:
1

1
2
𝑘
ℓ𝑇 = �
𝜏 𝑇 � ≈ (𝛼𝜏 𝑇 )2
𝜌(𝑐𝑒 + 𝑐𝑙 )

(48)

This variable implies the real scale of picoseconds in time which is equivalent to nanometers in space.

4.3.2. Strain gradient plasticity
4.3.2.1. Energetic and dissipative stresses
The framework presented in this chapter is based on decomposition of the thermodynamic forces into
energetic and dissipative counterparts. The plastic deformation has been treated as a dissipative
thermodynamic process in the literature by a number of authors (e.g. Hansen and Schreyer,
1994;Lemaitre, 1985; Naderi and Khonsari, 2010a, 2010b). However, according to Rajagopal and
Srinivasa, 2004a, 2004b), different invariances are feasible regarding the rate of entropy production and
the stored energy, leading to different balance with regard to the non-dissipative and dissipative
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responses. The discussion on the energetic and dissipative nature of the additional strengthening due to
the GNDs is a critical issue in the recent strain gradient plasticity phenomena (e.g., Gurtin and Anand,
2009; Fleck and Willis, 2009a, 2009b; Gurtin and Reddy, 2009).
The source of dissipation process can be attributed to the movement of the mobile dislocations which
yields the dissipation of the energy and results in resistance to the dislocation motion and increases in the
yield strength due to size effects. On the other hand, the source of energetic processes can be attributed to
the dislocation networks such as dislocation distribution and misorientation of the cells (Rao and
Rajagopal, 2000). This, in turn, allows one to describe the increase in strain hardening and the effects of
the boundary layer (Anand et al., 2005; Bardella, 2007; Reddy et al., 2008; Shu et al., 2001).
Gurtin, 2003 argued that the density of GNDs is quantified by the Nye’s tensor that leads to increase
in the free energy. However, Fleck and Willis, 2009a) assumed that the core energy of dislocations stored
during plastic deformation is much smaller than the plastic work dissipated during dislocation motion.
Based on this observation they concluded that both statistically stored and geometrically necessary
dislocations contribute more to the plastic dissipation than to a change in energy. Bardella and co-workers
(Bardella, 2006, 2007; Bardella and Giacomini, 2008) also pointed out that modeling involving only
energetic material length scales may not be sufficient to describe the strengthening effect exhibited in
metals and at least one dissipative length scale is required for this purpose. Therefore, it is important to
incorporate more than one description of the thermodynamic processes into the modeling in order to have
a better understanding of the hardening and strengthening mechanisms for micro/nano structured
materials.
The proposed gradient theory in the research presented here is based on this deficiency. Both free
energy and dissipation functions are used to derive the constitutive model. In this regard, the state
variables that are used in the free energy or enthalpy functions, represent the energy portion associated
with elasto-plastic deformation (stored energy) while the variables included in the dissipation function
expressed in terms of the dissipative stresses correspond to the plastic dissipation dependent on internal
configuration.
Moreover, in the presented model, the effect of dissipation on the balance of energy in considered by
allowing the thermal variation as well as gradient of temperature. As it is pointed out by Voyiadjis and
Faghihi, 2011a), temperature and its corresponding gradient can affect both energetic and dissipative
counter parts.
From the proposed formulation, one can realize that 𝑞𝑖 , the conjugate to the temperature gradient is
considered as dissipative corresponding to the energy (heat) flux. On the other hand, the generalized force
ℬ𝑖 which leads to the presence of 𝜏 𝑇 is considered as energetic, since this time scale applies a lagging
time in the heat establishment of the material volume.
4.3.2.2. Bulk material parameters
One of the key aspects in developing the strain gradient theory is the definition and magnitude of the
intrinsic length scale. As it is pointed out by many researchers, the material intrinsic length scale is
proportional to the mean free path of dislocations (e.g., Nix and Gao, 1998; Swadener et al., 2002; Abu
Al-Rub and Voyiadjis, 2004; and Voyiadjis and Abu Al-Rub, 2005; Kysar et al., 2010). This suggests that
the material length scale is not a fixed material parameter but changes with the deformation of the microstructure because of the variation of the mean free path with dislocation evolution, temperature and rate
effects. Voyiadjis and co-workers (e.g.,Voyiadjis and Faghihi, 2011b; Faghihi and Voyiadjis, 2012)
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proposed a micromechanical based model of the variable material length scale parameter ℓ which is
temperature and rate dependent and varies with the plastic strain.
However, the material length scales (ℓ𝑒𝑛 and ℓ𝑑𝑖𝑠 ) incorporated in the current theory are not directly
related to the aforementioned micro-structural length scale. Instead, they are used in the formulation to
account for the energetic and dissipative nature of the dislocation network. Anand et al., 2005) suggested
that a first presumption for these parameters can be obtained by fitting the flow rule expression to the
backstress and yield strength experimental data under the assumption of ℓ𝑑𝑖𝑠 = 0 and ℓ𝑑𝑖𝑠 = 0 at each
case respectively. However, information from micro-mechanical based tests is needed to determine these
two parameters. Apart from the material length scales, using the macroscopic yield strength and
hardening parameters in the proposed higher-order gradient plasticity theory is reasonable for the thin
film-substrate problem and shear band. However, for the case of a bicrystal (i.e. in general solving a
polycrystal including the distinct behavior of grain, grain boundary, and triple junction) these parameters
need to be determined by experiments using a coarse grain sample that is sufficiently large and the
gradient effect becomes insignificant.
4.3.3. Interface (grain boundary) effect
The effect of the material microstructural interfaces on the thermal and mechanical response of
materials increases as the surface-to-volume ratio increases. Also, in the implementation of the higherorder gradient theories, and from the mathematical point of view, nonstandard boundary conditions are
required at the external boundary of a region and in this way the governing equation is well-posed. The
following are the remarks regarding the micromechanical descriptions of both mechanical and thermal
behaviors of the free surfaces and interface (grain boundary). The effect of each counterpart is discussed
numerically in the following section.
4.3.3.1. Interfacial mechanical resistance
Plastic deformation in small scale metals is strongly affected by free surfaces and interfaces depending
on the level of surface/interfacial energy in hindering the dislocation transmission and creating pile-ups.
Free surfaces can be sources for defects development and its propagation towards the interior while
interface dislocations’ blocking give rise to strain gradients to accommodate the GNDs and generally
make the material stronger. In this regard, careful modeling of the interface will supply critical
information in the continued development of strain gradient plasticity theories.
Gudmundson and co-workers (Gudmundson, 2004; Fredriksson and Gudmundson, 2007) addressed
the interface between a thin film and a substrate behavior within the framework of strain gradient
plasticity. The results of their numerical analysis from these studies reveal that boundary layer is
developed in the thin film giving rise to size effects. These size effects are strongly connected to the
buildup of surface energy at the interface. Their model can be considered in the same class of the existing
interface models proposed by Gurtin and co-workers (Cermelli and Gurtin, 2002; Gurtin and Needleman,
2005; Gurtin, 2008) within the crystal plasticity strain gradient. They used dissipative mechanisms to
model the interface (grain boundaries as internal interface) using a viscoplastic model that involved
plastic slip rates as well as conjugate higher order stresses on both sides of the interface.
Willis and co-workers (Aifantis and Willis, 2005, 2006; Fleck and Willis, 2009a, 2009b) modeled the
interface by a surface contribution to the strain energy that depends on the plastic strain at the interface.
They argued that the major local effect of such interface is the dissipation rather than a change in internal
energy. This dissipation causes the macroscopic strengthening where its level is characterized by the jump
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in the plastic strain across the interface while assuming the displacement rate is continuous across the
interface.
Such an interfacial flow rule is derived in the next chapter targeting the grain boundary behavior
observed in the nanoindentation experiment. In the numerical results presented in this chapter, however,
the null boundary conditions of a microscopically rigid interface or a microscopically free surface are
considered
4.3.3.2. Interfacial thermal resistance
An interface (i.e. grain boundary) constitutes an interruption in the regular crystalline lattice on which
energy carriers propagate, and therefore produces a thermal resistance due to the scattering of phonons
and electrons at the interface. The probability of transmission after scattering will depend on the available
energy states on both sides of the interface which is entitled to the phonon mean free path. In this regards,
the applications can be found for both interfaces with low thermal resistance at interfaces and good
thermal isolation.
There are several predictive models to address the partially transparency of the interface to the
phonons such as acoustic-mismatch (AM), diffuse mismatch (DM), and Transition layer (TL) models.
In the AM model, it is assumed that the interface only joins the two grains and has no intrinsic
properties. Consequently a twist grain boundary, in which the normals on the two sides of the GB are
crystallographically identical, would incorrectly be predicted to have the same transmission coefficient.
However, this model gives a better predication for the interface between dissimilar materials, since the
different densities and sound speeds result in a mismatch in the acoustic impedances (Bisson et al., 2007).
By contrast, in the diffuse mismatch (DM) model the probability of the phonons being scattered to one
side of the interface or the other is proportional to the phonon density of states (Cahill et al., 2003).
Therefore, the fraction of energy transmitted is independent of the structure of the interface itself, as in
the AM model (Swartz and Pohl, 1989). In the TL model, it is assumed that there is a transition layer
between the two grains. The large density of dislocations due to orientation misfit produces an amorphous
zone near the grain boundary which is considerably less dense than the crystalline zone. This layer
produces an acoustic impedance mismatch between the grains and the grain boundary layer (Bisson et al.,
2007).
However, in the current research, and for simplicity, two extreme cases are assumed for the thermal
resistance of the interface which will be explained in the following section.

4.4. Numerical Application: One Dimensional Problem
In this section a numerical application for the proposed model is presented in order to capture the
behavior of a small-scale metallic structure under fast transient macroscopically uniform uniaxial strain
with high strain rates. For simplicity the theory is implemented to a problem involving one spatial
dimension, 𝑥 denoting the coordinate in which there is variation in stress, displacement, total strain,
plastic strain, temperature, and their respective gradients. A thin film of thickness 𝐿 constrained on a
thick elastic substrate at 𝑥 = 0 and subjected to uniaxial loading at high strain rates is considered. This
problem can be also interpreted as a single-phase bicrystal under tension or compression where the
interface represents a grain boundary. In this problem it is assumed that the 𝜀 strain is applied over the
characteristic size of the specimen (e.g. the bicrystal grain size or the film thickness) 𝐿 and the interface is
positioned at 𝑥 = 0 and the free surface is at 𝑥 = 𝐿.
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It worth mentioning that in order to realistically describe the behavior of single crystals and bicrystals,
a slip-system based formulation for crystal plasticity theory (e.g., Gurtin, 2003; Voyiadjis and Deliktas,
2009b) would be more appropriate to use. This theory should account for the orientation of the lattice,
misorientation across the boundary, and slip transmission/blockage across the interface. However,
although the concept of slip planes is smeared out in the present model, the crystal plasticity model and
the present model can be compared qualitatively.
4.4.1. Flow rule and generalized heat equation
According to the above realization, one can reduce the nonlocal yield condition in Eq. (38) and (39) to
the following strain control differential equations for each metal type:
FCC
𝑝
𝜀̇,𝑥𝑥
3 𝐸
𝑌𝑎 3 𝐸
𝜀̇ 𝑝
𝑝 1/2
𝑝
𝜀−� +
=0
� 𝜀 𝑝 − 𝐵�1 − 𝑒 −𝑘𝑎𝜀 � 𝒢(𝑇, 𝓅̇ ) + 𝐺ℓ2𝑒𝑛 𝜀,𝑥𝑥 + 𝑌𝑎 ℓ2𝑑𝑖𝑠
2 (1 − 𝜈)
𝓅̇ 2 (1 − 𝜈)
𝓅̇
𝓅̇
BCC
𝑝
3 𝐸
𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ ) 3 𝐸
𝑝 1/2 𝜀̇
𝑝
𝜀−�
+
+ 𝐺ℓ2𝑒𝑛 𝜀,𝑥𝑥
� 𝜀 𝑝 − 𝐵�1 − 𝑒 −𝑘𝑎𝜀 �
2 (1 − 𝜈)
𝓅̇
2 (1 − 𝜈)
𝓅̇
𝑝
𝜀̇,𝑥𝑥
+ �𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ )� ℓ2𝑑𝑖𝑠
=0
𝓅̇

(49)

(50)

Apart from the mechanical response expressed in Eqs. (49) and (50), the thermal effect also needs to
be included in the calculation from Eq. (43). The unique feature of this equation lies in its time structure.
Consideration of a one-dimensional medium (in space) is thus sufficient to study the time history of heat
generation and propagation in the thin film. In this case with assuming uniaxial loading, the evolution of
temperature can be expressed as follows:
FCC
𝑝

1/2

1
𝐵�1 − 𝑒 −𝑘𝜀 � 𝒢(𝑇, 𝓅̇ )(𝜀̇ 𝑝 )2
𝜕2𝑇
𝜕3𝑇
𝜕2𝑇
̇𝑇 = �
− 𝜏𝑞 2 �
� �𝑌𝑎 +
� + �𝛼 2 + 𝛼𝜏 𝑇
𝜌𝑐𝑝
𝓅̇
𝜕𝑥
𝜕𝑡𝜕𝑥 2
𝜕𝑡

(51)

BCC
𝑇̇ = �

𝑝

1/2

1
𝐵�1 − 𝑒 −𝑘𝜀 �
� ��𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ )� +
𝜌𝑐𝑝
𝓅̇

(𝜀̇ 𝑝 )2

� + �𝛼

𝜕2𝑇
𝜕3𝑇
𝜕2𝑇
+
𝛼𝜏
−
𝜏
�
𝑇
𝑞
𝜕𝑥 2
𝜕𝑡𝜕𝑥 2
𝜕𝑡 2

(52)

4.4.1.1. Boundary conditions
In order to solve the above equation numerically, boundary conditions are required at the external
boundary of a region where the plastic and heat flow occur.
𝑝
To solve Eq. (49), the microfree condition is assumed at the free surface (i.e. 𝜀,𝑥 �𝑥=𝐿 = 0)
corresponding to the vanishing of the microtraction stress at this surface. However, it is assumed that the
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interface is completely impenetrable to dislocations corresponding to prescribed micro-clamped condition
at the interface (i.e. 𝜀 𝑝 |𝑥=0 = 0).
To solve Eq. (51), the thermalizing black boundary condition at constant temperature is assumed at the
free surface (i.e. 𝑇 𝐼 |𝑥=0 = 𝑇0 where 𝑇0 is the initial temperature). This corresponds to assuming that the
electron-phonon mean free path of the substrate is much larger than the one of the metallic thin film.
However, two extreme boundary conditions in the absence of external heat source for the case of thin
film-substrate system is assumed: (i) Thermalizing black boundary condition and (ii) Thermalizing isolate
boundary condition or no heat flow through interface (i.e. 𝑇,𝑥𝐼 �𝑥=0 = 0) that corresponds to no heat

dissipation due to very fast transient time.
It is possible to obtain the numerical solution by solving the nonlinear differential equation, Eqs. (49)
and (50), after making appropriate simplifications together with the boundary conditions. This has been
done by making use of a finite difference code that implements the three-stage Lobatto IIIa formula (e.g.,
Shampine, 2003; Kierzenka and Shampine, 2001; Shampine et al., 2000). This code provides a C1continuous solution that is fourth-order accurate along with mesh selection and error control being based
on the residual of the continuous solution. Moreover, a three point fourth order compact finite difference
scheme suggested by Zhang and Zhao, 2001) is taken into account for solving the one-dimensional
generalized heat equation presented in Eq.(51). This scheme is used with a Crank-Nicholson type
integrator and an intermediate (auxiliary) function and it is computationally more efficient and more
accurate than the other existing approaches.
In order to solve Eqs. (49) to (51) using the aforementioned approaches, an algorithm is adapted1
based on discretization of both time and space. This algorithm is designed in a way that the temperature
rise at each time step (or load step) due to the plastic work, is considered as initial temperature for the
subsequent step. The solution scheme for this equation is summarized in the Appendix B.

4.4.2. Numerical results
The results of the analyses are presented in the following section. Since the size effect due to the strain
gradient are identical for the both FCC and BCC metals, the calculations presented in this work are
obtained from solving Eq. (49). In Sec 5 however, the results of Eq. (50) are compared with the
microscale experimental results.
4.4.2.1. Material parameters and results
The material of the thin film is assumed to be copper and the material parameters of VA-FCC model
suggested by Abed and Voyiadjis, 2007b; Voyiadjis and Abed, 2005b, 2006b and Abed and Voyiadjis,
2007b are used here. These parameters along with the other required constants for the proposed nonlocal
framework are listed in Table 4.1. It should be noted that interfacial strength (𝑌 𝐼 ) are assumed in order to
present the intermediate interfacial behavior. Also according to Meyers and Chawla, 2009), 𝑇𝑌 = 0.5𝑇𝑚
is assumed here where 𝑇𝑚 is the melting temperature of the bulk material.
Due to the extremely sharp changes in the solution of Eq. (49), it is more convenient to solve the
differential equation in non-dimensional form. The following non-dimensional variables are used for this
purpose:

1

The computations were performed with the aid of the MATLAB program.
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𝑧=

𝑦
𝑡

where

𝑝
𝑝
𝑝
𝑝
; 𝜀̅𝑝 = 𝜀 𝑝 /𝜀𝑌 ; 𝜀̅ = 𝜀/𝜀𝑌 ; 𝜀̅,𝑧 = (𝐿/𝜀𝑌 )𝜀,3 ; 𝜀̅,𝑧𝑧 = (𝐿2 /𝜀𝑌 )𝜀,33 ; 𝜎� = 𝜎/𝜎𝑌 ; 𝑇� = 𝑇/𝑇𝑚

𝜀𝑌 = 𝜎𝑌 (1 − 𝜐)/𝐸 and 𝜎𝑌 = 𝑌𝑎

(53)

(54)

All the solution results provided in the next section are based on non-dimensional parameters. The size
effect is also investigated by varying the non-dimensional length scales that are introduced as follows:
(55)
𝐿𝑒𝑛 = ℓ𝑒𝑛 /𝐿, 𝐿𝑑𝑖𝑠 = ℓ𝑑𝑖𝑠 /𝐿, 𝐿𝐼𝑒𝑛 = ℓ𝐼𝑒𝑛 /𝐿 and 𝐿𝐼𝑑𝑖𝑠 = ℓ𝐼𝑑𝑖𝑠 /𝐿
where 𝐿 is the film thickness or grain size.

Table 4.1. Parameters of bulk and interface for the proposed model.
General bulk material
constants and the interface
model parameters

VA-FCC model parameters
𝛽1 (𝐾 −1 )
𝛽2 (𝐾 −1 )
𝑌𝑎 (MPa)
𝐵 (MPa)
𝑞1
𝑞2
𝑘𝑎
𝜌 (𝑔/𝑐𝑚3 )
𝑐𝑝 (𝐽/𝑔. 𝐾°)

𝐸 (GPa)
𝑣
𝛼 (𝑚2 /𝑠)
𝑌𝐼
𝐺 (GPa)
𝑇𝑌
𝑛𝐼

0.0006739
0.0000355
60
990
1.5
0.5
0.5
8.96
0.383

𝑝̇0𝐼

115
0.34
110.8 × 10−6
500
42
678.6
0.5
0.1

In this section the effect of different length scales on the distribution of the plastic strain through
thickness and stress strain curves are investigated. Initially the effect of the interface is ignored which
would represent a condition for fully constrained dislocation movement at the interface (i.e. 𝜀 𝑝 |𝑥=0 = 0).
Figure 4.1 shows the plastic strain profile through the thickness and the variation of stress with strain for
different values of 𝐿𝑒𝑛 = ℓ𝑒𝑛 /𝐿 and 𝐿𝑑𝑖𝑠 = ℓ𝑑𝑖𝑠 /𝐿.
Figure 4.1 (a) and (b) shows the dependence of the solution, in terms of the variation of the plastic
strain through normalized film thickness and average stress versus applied strain, on the size ratios 𝐿𝑒𝑛
and 𝐿𝑑𝑖𝑠 for the case of constant temperature at the interface. The results of the no heat flow at the
interface also shows the same trend in this figure with higher values of plastic strain. The curves clearly
show that the base line case of no energetic hardening and dissipative gradient strengthening (i.e.
𝐿𝑒𝑛 = 𝐿𝑑𝑖𝑠 = 0) gives the uniform plastic strain distribution through the thickness of the film
corresponding to classical, local plasticity. The results of the isothermal analyses Figure 4.1 (a) and (b)
show that the values of both 𝐿𝑒𝑛 and 𝐿𝑑𝑖𝑠 have pronounced effect on the formation of the boundary layer
in which the plastic strain distribution develops a sharp boundary layer for the small value of length
scales, and that the profile becomes quadratic only as ℓ𝑒𝑛 or ℓ𝑑𝑖𝑠 increases further. If ℓ𝑒𝑛 and ℓ𝑑𝑖𝑠 is
assumed to be constant, increasing the ratio of 𝐿𝑒𝑛 and 𝐿𝑑𝑖𝑠 is equivalent to decrease in the specimen size.
This figure clearly shows that the variation of dissipative length scale has pronounced effect on the
boundary layer thickness (i.e. the region with the plastic gradients) while prominent size effect at the free
surface is captured for different energetic length scales.
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The stress-strain curves of Figure 4.1 (c) and (d) indicate that ℓ𝑒𝑛 gives rise to the strain hardening.
However, addition of dissipative gradient (i.e. increasing the dissipative length scale ) introduces
strengthening (increase the yield stress), which agrees with the other strain gradient formulations (e.g.,
Anand et al., 2005; Bardella, 2006).

(a)

(b)

(c)

(d)

Figure 4.1. [(a) and (b)] Distribution of the normalized plastic strain across the normalized film
thickness and [(c) and (d)] normalized stress versus the applied strain. Size effects due to the bulk length
scales are described for the case of [(a) and (c)] for different values of 𝐿𝑒𝑛 while 𝐿𝑑𝑖𝑠 = 0.0 and [(b) and
(d)] for different values of 𝐿𝑑𝑖𝑠 while 𝐿𝑒𝑛 = 0.0. In all curves 𝑇0 = 296𝐾 and the 𝑇 𝐼 = 𝑇0 thermalizing
boundary condition is assumed for the generalized heat equation.
The effect of various thermal boundary conditions on the temperature distribution through the bulk is
investigated in Figure 4. 2. It should be noted that the generalized heat equation has been used by other
researchers for the case of fast transient processes in order to study the thermal behavior of metallic films
with ultrafast laser applications (operating in several picoseconds). Although one may add an external
thermal source to this equation, an attempt is made here to focus only on investigating the effect of
different components of the formulation on the pure mechanical loading (straining) in which the fast
transient at the aforementioned rate (in the order of picoseconds) is not applicable for this case. On the
other hand it is obvious that, since the thickness of the medium is so small, for very long loading time, the
temperature in the film will be balanced with the environment and the heat equation will no longer affect
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the temperature profile in the film. In this regard, the total time of the applied load is assumed to be 10𝜇𝑠
to address an intermediate state.
The initial temperature of the film and substrate is assumed to be 𝑇0 = 296𝐾 and the values of
𝜏 𝑇 = 100(𝑝𝑠), and 𝜏𝑞 = 1(𝑝𝑠) are taken into account 1 for the time scales which are in the order of the
ones reported by Tzou, 1995a) based on experimental data for the heat capacity and the phonon-electron
coupling factors of metallic thin films (Elsayed-Ali et al., 1991; Elsayed-Ali et al., 1987).
In Figure 4.2 the thermal boundary conditions at 𝑥 = 𝐿, is considered to be the no heat flow condition
(𝑇,𝑥 �𝑥=𝐿 = 0) with assuming that there is no heat loss due to the convection in a very short time period at

the free surface of the thin film. However, it is not known to the authors which boundary condition is
consistent with this range of loading rate (i.e. loading time of 10𝜇𝑠) at the film-substrate interface
(𝑥 = 0). In this regard, two different cases are examined in this work, which are: (i) constant temperature
𝑇 𝐼 |𝑥=0 = 𝑇0 = 296𝐾 that corresponds to assuming the loading time is large enough and the temperature
at the interface is balanced with the initial temperature of the film, substrate and the surrounding
environment and (ii) 𝑇,𝑥𝐼 �𝑥=0 = 0 that corresponds to no heat dissipation due to very fast transient time.

Variation of the temperature through the film thickness is presented in Figure 4.2 for different values of
𝐿𝑒𝑛 and 𝐿𝑑𝑖𝑠 and the two various thermalizing boundary conditions at the interface. The variation of
temperature at the interface and free surface with the sample size is also shown in Figure 4.3.
These curves indicate that increasing the ratio of energetic length scales leads to decrease in the amount
of temperature that remains in the thin film which agrees with the fact that temperature dissipates faster
from a smaller size medium. Also as it is shown in Figure 4.2 (c), in both types of interface thermal
boundary conditions (i.e. fixed temperature and no heat flow at the interface), higher temperature is
observed at the free surface than at the interface due to higher plastic strain at this surface.
However, the response is different for the dissipative length scale variations since the value of ℓ𝑑𝑖𝑠 affects
the amount of heat generated in the medium. Figure 4.2(d) and Figure 4.3(a) indicate that for larger
samples temperature increases with dissipative length scale while the reduction in temperature is observed
for the smaller size. For the case of no heat flow at interface, the amount of temperature at free surface is
less than the one at the interface as it is shown in Figure 4.3(b).
The effect of different values of time scales on the temperature profile is investigated in Figure 4.4.
For this figure thermalizing black boundaries at fixed temperatures (i.e. 𝑇 𝐼 |𝑥=0 = 𝑇0 ) is considered at the
interface corresponding to the assumption that electron-phonon mean free path in substrate is much
smaller than the one in the metallic thin film. As it is previously discussed, the effect of the
microstructural interactions is largely absorbed in the phase lag of the temperature gradient (𝜏 𝑇 ) while the
effect of transients is absorbed in the phase lag of the heat flux vector (𝜏𝑞 ). Figure 4.4 shows that with
decreasing the microstructural effect (higher value of 𝜏 𝑇 /𝑡) in the heat transport, the distribution curve of
temperature displays a monotonically decaying behavior. This corresponds to increasing the total time of
the loading which results in lower values of temperature in the medium. On the other hand, higher
temperature gradient is observed when 𝜏 𝑇 increases. Figure 4.4 (a) shows the effect of the variation of
𝜏𝑞 /𝑡 on the temperature profile in the absence of mixed derivation term (i.e. 𝜏 𝑇 /𝑡 = 0) in the heat
transport. The results of this case which correspond to considering the hyperbolic heat equation
(microscopic in time and macroscopic in scale), predicts a temperature discontinuity as an attenuating
wave across the film thickness.
1

The effect of different values of the time scale and the total time is investigated in Figure 4.
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(a)

(b)

(c)
(d)
Figure 4. 2. –Distribution of the normalized temperature across the normalized film thickness. [(a) and
(b)] Constant temperature at interface (𝑇 𝐼 |𝑥=0 = 𝑇0 ); [(c) and (d)] no heat flow at interface (𝑇,𝑥𝐼 �𝑥=0 = 0).
Size effects due to the bulk length scales are described for the case of [(a) and (c)] for different values of
𝐿𝑒𝑛 while 𝐿𝑑𝑖𝑠 = 0.0 and [(b) and (d)] for different values of 𝐿𝑑𝑖𝑠 while 𝐿𝑒𝑛 = 0.0.

The effect of initial temperature on the behavior of the thin film is investigated in Figure 4.5. In the
case of FCC metals, as discussed earlier, the yield strength is independent of both temperature and strain
rate. Figure 4.5 (a) clearly shows that the proposed model is able to capture this phenomenon, since
changing the temperature only affects the hardening and the yield strength is identical in all the curves.
Moreover, the plastic strain through the film thickness increases with the initial temperature as it is shown
in Figure 4.5 (b).
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(a)
(b)
Figure 4.3 . Size effect on the temperature due to the bulk length scale: (a) variation of the normalized
temperature with different 𝐿𝑒𝑛 and 𝐿𝑑𝑖𝑠 at the free surface for the case of constant temperature at interface
(𝑇 𝐼 |𝑥=0 = 𝑇0 ); (b) variation of the normalized temperature with different 𝐿𝑑𝑖𝑠 at the free surface and
interface for the case of no heat flow at interface (𝑇,𝑥𝐼 �𝑥=0 = 0).

(a)
(b)
Figure 4.4 . Distribution of the normalized temperature across the normalized film thickness for the case
of constant temperature at interface (𝑇 𝐼 |𝑥=0 = 𝑇0 ). Rate effects due to the time scales are described for
the case of (a) different values of 𝜏𝑇 /𝑡 while 𝜏𝑞 /𝑡 = 0 and (b) different values of 𝜏𝑞 /𝑡 while 𝜏 𝑇 /𝑡 = 0.

(a)
(b)
Figure 4.5. Distribution of the normalized temperature across the normalized film thickness for the
case of constant temperature at interface (𝑇 𝐼 |𝑥=0 = 𝑇0 ). Rate effects due to the time scales are described
for the case of (a) different values of 𝜏𝑇 /𝑡 while 𝜏𝑞 /𝑡 = 0 and (b) different values of 𝜏𝑞 /𝑡 while 𝜏 𝑇 /𝑡 =
0.
85

4.5. Comparison with Experimental Data
In addition to modeling the size and rate dependency of metallic compounds (e.g. thin films), attention
is also directed to experimentally characterizing the mechanical (e.g. Espinosa et al., 2004; Xiang and
Vlassak, 2006) and thermal (e.g. Chen and Vlassak, 2001; Elsayed-Ali et al., 1991; Elsayed-Ali et al.,
1987; Espinosa et al., 2004; Xiang and Vlassak, 2006) properties of thin films by a variety of techniques.
In this section, an attempt is made to compare the proposed theory with experimental data in order to
examine the validity of the developed framework in capturing the behavior of small scale metals observed
in the tests.
The existing experiments on thin films are carried out under either mechanical loading or fast transient
heating which does not fulfill all the aspects of the proposed coupled model in this chapter. In this regard,
and in order to examine the outcomes of the developed formulation, the results of the bulge test on
Molybdenum (Mo) thin film at different thicknesses and temperatures reported by Walter et al., 2009) is
addressed. This test belongs to the freestanding category of experimental techniques in testing of thin
films. Techniques in this category require some sample preparation but it is usually straightforward to
extract intrinsic film properties. In the bulge test, a freestanding thin film is deflected by applying a
uniform pressure to the film. As the membrane deflects, the film experiences an in-plane strain. As a
result, the film is subjected to a biaxial, in-plane isotropic applied stress (Gioia and Dai, 2006). The
details of the sample preparation process for the current tests can be found in Walter et al., 2009).
The formulation and solution procedure follow the one expressed in Section 3, except that here
according to the bulge test experimental procedure, the biaxial stress control condition is considered.
Moreover, it is assumed that the wave term in the generalized heat equation vanishes (i.e. 𝜏𝑞 = 0) since
there is no fast transient response in the experiment. No heat flow (𝑇,𝑥𝐼 �𝑥=0 = 0) boundary conditions are

assumed at the top and bottom of the thin film.
The comparison between the computed and experimental stress–strain curves for different film
thicknesses (𝐿 = 170𝑛𝑚 and 200𝑛𝑚) and various initial temperatures (𝑇0 = 27°𝐶 and 100°𝐶) are
shown in Figure 4. 6. In the modeling, all the material parameters are kept constant and it is assumed that
ℓ𝑒𝑛 = ℓ𝑑𝑖𝑠 = 100𝑛𝑚.
In Figure 4.6(a) shows that both computed and experimental stress–strain curves agree quite well and
a good fit is obtained for 𝐿 = 170𝑛𝑚. However, the experimental curves exhibit lower yield (i.e.
strength) and hardening than the model predicted results for 𝐿 = 200𝑛𝑚. This can be due to the larger
grain size of the specimen with 200nm thickness than the one with 𝐿 = 170𝑛𝑚 leading to the slightly
weaker material. However, the results of this figure satisfies one of the main purposes of the current
research work which is the effect of the energetic and dissipative counterparts of length scales on the
hardening and strengthening mechanisms for micro/nano structured materials. As it is mentioned before,
addition of dissipative-gradient strengthening increases the initial yield strength while energetic-gradient
hardening gives rise to the overall strain hardening rate. This figure clearly shows that with keeping both
energetic and dissipative length scales constant, the thinner material exhibits higher yield stress and
hardening due to higher ratio of ℓ𝑑𝑖𝑠 ⁄𝐿 and ℓ𝑒𝑛 ⁄𝐿 respectively. This also agrees well with the test data.
Moreover the mechanical response of thin film in various initial temperatures agrees with the assumption
that the temperature affects the yield stress and it does not affect the hardening. This is shown in Figure 4.
6(b) where the model compares well with the experimental observations.
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(a)

(b)

Figure 4. 6. Comparison between computed average strains versus applied stresses obtained from the
proposed gradient model with the experimental stress–strain data for Mo film with different (a) thickness;
(b) initial temperature (experimental data obtained from Walter et al., 2009).

4.6. Conclusions
A nonlocal thermodynamic consistent framework is proposed in this work to address the coupled
thermal and mechanical responses of small metallic compounds under a transient process. In this regard,
the conventional physically based VA-FCC yield function is extended to the strain gradient plasticity with
decomposition of thermodynamic forces into energetic and dissipative counterpart with the corresponding
dual parameters for energetic and dissipative gradient length scales. The temperature gradient as well as
the non-equilibrium transition of thermodynamics between electrons and phonons due to the shorter
response is addressed through enhancing the Fourier law by two time scales. Therefore, the free energy
and dissipation potentials as functions of both plastic strain and temperature gradient are introduced to
derive the constitutive model. The thermo-mechanical coupling due to the conversion of the plastic work
into heat is also formulated. This indicates that the dissipative components of the thermodynamic stresses
are involved in the heat generation in the medium.
An example of thin films-substrates system (or a bicrystal) under uniaxial loading is investigated by
solving the 1D version the governing nonlinear ordinary differential equations of gradient plasticity and
generalized temperature evolution numerically. In summary, the following physical phenomena are
probed in the current reach work using the proposed formulation: (i) standard energetic hardening
associated with plastic strain and nonlocal energetic hardening associated with plastic strain gradients, (ii)
size dependency of the yield strength which is characterized by the dissipative strengthening associated
with plastic strain gradient rate, (iii) the effect of interfacial yield strength and hardening, (iv) features of
the boundary layer of the plastic strain, (v) the consequences of thermal softening on the mechanical
behavior of small scale systems such as size effect and boundary layer, and (vi) effect of energeticgradient hardening and dissipative-gradient strengthening on the heat generation in the system due to the
plastic work and temperature profile.
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CHAPTER 5

STRAIN-GRADIENT THEORY WITH THERMAL VARIATION
5.1. Introduction
The conventional continuum theories of plasticity fail in predicting the microscale responses of metals
as they usually ignore the effect of the microstructure and its evolution in the course of plastic
deformation. The evidence of such a behavior can be found in the size dependency of materials over a
scale that ranges from a fraction of a micron to a hundred microns under inhomogeneous plastic flow
such as thin wires in micro-torsion (e.g. Fleck et al., 1994), thin beams under micro-bending and microtension (e.g., Chen et al., 2007; Espinosa et al., 2004; Vlassak et al., 2005), and micro- and nanoindentation (Ma and Clarke, 1995;Chen et al., 2011;Chen et al., 2007;Chen and Vlassak, 2001).
Moreover, for microstructural optimization of material properties, plastic deformation mechanisms on the
grain level play a significant role. A similar strengthening effect is also associated with decreasing the
grain size in polycrystalline material due to the increase in yield stress which is referred to as the HallPetch effect (Hall, 1951; Petch, 1953).
It is generally agreed that the observed size effect in small-scale plasticity is associated with the
interaction between density of the statistically stored dislocations (SSDs) which rises with the plastic
strain and the excess dislocations that are produced by the gradients of plastic strain. The presence of such
extra dislocations which are referred to as geometrically necessary dislocations (GNDs), causes additional
storage of defects and increases the deformation resistance by acting as obstacles to the SSDs, when the
specimen size decreases (see e.g., Arsenlis and Parks, 1999). This is referred as glide-control mechanisms
since dislocation glide is constrained by the presence of GNDs (Bittencourt et al., 2003; Nicola et al.,
2003; Aifantis, 1999; Huang et al., 2000) generated by the non-uniform deformation (e.g. Stolken and
Evans, 1998; Fleck et al., 1994) or due to prescribed boundary conditions (e.g. Xiang and Vlassak, 2005;
Xiang and Vlassak, 2006; Needleman et al., 2006). The other mechanism for the observed size effect is
the strengthening due to the insufficiency of dislocations that arises because of a lack of dislocation
sources in small metallic volumes, which usually refers to dislocation starvation mechanism (e.g. Nicola
et al., 2006).
Various theoretical and numerical models have thus been proposed to describe the plastic behavior of
small scale metals, including strain–gradient plasticity theories (e.g. Muhlhaus and Aifantis, 1991; Zbib
and Aifantis, 1992; Fleck and Hutchinson, 1993), crystal plasticity theories (e.g. Bittencourt et al., 2003),
molecular dynamics simulations (e.g. Schiotz et al., 1998), and discrete dislocation dynamics simulations
(e.g. Nicola et al., 2006; Needleman et al., 2006; Zbib et al., 2002; Khraishi and Zbib, 2002). However,
over the aforementioned size scale range the number of dislocations is commonly so large that a
continuum formulation is required to describe deformation in an effective and computationally robust
manner (Niordson and Hutchinson, 2003). Therefore, it is desirable to advance the theory of continuum
plasticity to account for dimensional and microstructural constraints on dislocation activity in the course
of plasticity deformation. The collective term for such plasticity models are strain gradient plasticity
theories, which have been proposed in a number of studies after the work of Aifantis, 1984 in order to
target the aforementioned size effect.
These theories can be classified into two groups based on the strategies for the strain gradient theory
formulations: (i) lower-order theories consist in heuristically introducing the gradient dependence directly
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into the constitutive equations of the local type material (e.g. Acharya and Bassani, 2000; Acharya et al.,
2004; Han et al., 2005a; Han et al., 2005b); (ii) higher-order theories where higher order stresses are
defined as the work conjugate of strain gradient by implying the strain energy potential incorporating the
strain gradients (e.g. Fleck et al., 1994; Gurtin, 2000).
Recently Evans and Hutchinson, 2009 compared the material and mechanical aspects of the two types
of strain gradient (Nix and Gao, 1998 and Fleck and Hutchinson, 2001 as low- and high-order theories
respectively) in the context of simple bending. They indicated that the main distinction between the two
theories arises in the restriction of the low-order theories in term of imposing boundary conditions, which
in turn, excludes the effect of surface passivation in free-standing thin films and grain boundary in
polycrystalline from the theory which are significant factors to model a realistic material behavior as the
surface-to-volume ratio increases. The strong effect of free surfaces and interfaces on the plastic
deformation in small scale metals is proven through the experimental observations which depend on the
level of surface/interfacial energy in hindering the dislocation transmission and creating pile-up. Free
surfaces can be sources for defects development and its propagation towards the interior while internal
interfaces enhance the resistance to plastic flow by blocking the dislocations (e.g., Hirth, 1972; Polcarova
et al., 1998) and giving rise to strain gradients to accommodate the GNDs. Moreover grain boundaries
may also act as sources of dislocations through the transmission of plastic slip to the adjacent grains
(Shen et al., 1988; Clark et al., 1992; Dehosson and Pestman, 1993; Pestman and Dehosson, 1992). Apart
from the aforementioned physical observations, in the implementation of the higher-order gradient
theories, and from mathematical point of view, nonstandard boundary conditions are required at the
external boundary of a region and in this way the governing equation is well-posed. In this regard, careful
modeling of the interface will supply critical information in the continued development of higher –order
strain gradient plasticity theories.
Once the microstructure becomes important, in order to develop a constitutive model, it is inevitable to
make use of an approach that is more in the spirit of thermodynamics to give physical understanding of
material responses (Ziegler and Wehrli, 1987). According to Ziegler’s notion (Ziegler, 1962; Ziegler and
Wehrli, 1987) continuum mechanics allows one to establish constitutive relations, deduced from free
energy and dissipation functions characterizing the reversible and irreversible processes respectively. This
leads to the decomposition of the thermodynamic conjugate forces into energetic and dissipative
counterparts. The energetic forces 1 are entirely determined by the specific free energy while the
dissipative forces - according to orthogonality principle for irreversible processes (Ziegler, 1958, 1981) are orthogonal to the strongly convex dissipative function (Ziegler and Wehrli, 1987). This decomposition
later turned to be the basis for developing several local constitutive models for different materials. These
examples can be found in the plasticity of geotechnical materials (Collins and Houlsby, 1997), gradient
damage constitutive models in metals and concrete materials (e.g. Fremond and Nedjar, 1996; Nedjar,
2001; Voyiadjis and Deliktas, 2000; Voyiadjis et al., 2008; Beheshti and Khonsari, 2010; Lodygowski et
al., 2011; Aghdam et al., 2012), and comprehensive rate dependent damage/plasticity models including
micro-damage healing with application to asphalt concrete (Darabi et al., 2012b Darabi et al., 2012a; Abu
Al-Rub and Darabi, 2012) and polymeric materials (Voyiadjis et al., 2011b, 2012a; Voyiadjis et al.,
2012b). Furthermore, Gurtin and Reddy (2009) provided insight into thermodynamical aspects of the
classical Mises-Hill plasticity. They indicated that: (i) the classical isotropic hardening rule may equally
be characterized via defect energy; and (ii) the conventional form of the flow rule is equivalent to the
formulation in term of dissipation.
1

Referred to quasi-conservative by Ziegler and Wehrli (1987)
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Over the past decade, strain gradient theories are revisited to discuss and elaborate the
thermodynamical consistency of the gradient plasticity theories along with the energetic and dissipative
nature of the GNDs induced strengthening (e.g. Shizawa and Zbib, 1999; Reddy, 2012; Reddy, 2011;
Fleck and Willis, 2009a; Fredriksson and Gudmundson, 2007b; Voyiadjis and Deliktas, 2009 ; Gurtin,
2010). The contribution of Gurtin and his co-workers (Gurtin, 2000, 2002, 2003, 2004, 2008aGurtin,
2006, 2010; Gurtin and Anand, 2005a, 2005bGurtin and Anand, 2007; Gurtin et al., 2007) provided
elaborate details for a thermodynamically consistent – continuum and crystal – gradient plasticity. Gurtin
and Anand (2005a, 2005b) introduced two source of hardening in their study such as dissipative
hardening associated with an increase in slip resistance and energetic hardening associated with an
increase in free energy due to the density of the GNDs. The analytical solution of his theory for a single
crystal (Bittencourt et al., 2003) also revealed that the coupling between the dissipative and energetic
hardening are necessary to capture the features seen in the discrete dislocation results. Recently, Gurtin
and Anand (2009) revisited the gradient theories of Aifantis (1984) and Fleck and Hutchinson (2001) to
discuss their physical nature of the flow rules based on the thermodynamic principles. Their study
revealed that: (i) the flow rule of the Aifantis theory obeys the thermodynamic constraints if the nonlocal
term is energetic; (ii) the flow rule of Fleck and Hutchinson is inconsistent with thermodynamics unless
its nonlocal term is ignored. In the most recent work, Gurtin (2010) and Gurtin and Ohno (2011) derived
the gradient theory of finite and small-deformation from three various energy functions based on the
different sorts of GNDs densities: edge and screw dislocations (e.g. Gurtin, 2006), accumulation of
dislocations (e.g. Ohno and Okumura, 2007; Ohno et al., 2008), and forest dislocations characterizing the
interaction between dislocations. Fleck and Willis (2009a) developed a phenomenological gradient
plasticity theory based on scalar plastic multiplier in which stress measures, work-conjugate to plastic
strain and its gradient, satisfy a yield condition. The stresses are assumed to be dissipative in nature and
attention is paid to ensure that positive plastic work is done. In their subsequent paper, Fleck and Willis
(2009b) extended their theory to isotropic and anisotropic solids by means of tensorial plastic multiplier
along the lines of Gudmundson, (2004). Both energetic and dissipative stresses (i.e. work-conjugate to
plastic strain and its gradient) are considered in order to develop a kinematic hardening theory, which in
the absence of gradient terms reduces to conventional J2 flow theory. The dissipative stress measures
satisfy a yield condition with associated plastic flow while the free energy provides the standard
kinematic hardening.
It is known that the motion of a dislocation through the lattice or past an obstacle requires the
overcoming of an energy barrier by a combination of applied stress and thermal activation. That is the
effective shear stress required to generate an overall plastic strain is closely tied to the temperature at
which the deformation occurs. Moreover, the heat generated through the medium due to the plastic work
and the resultant thermal softening verifies the importance of the coupling of the thermal activation
energy along with the dislocation interactions mechanism, particularly in the development of material
models. However, less attention is directed toward such a coupling in term of gradient theories. Also it is
quoted from Gurtin and Reddy (2009) and Gurtin and Ohno (2011) that “A theory that differentiates
between dissipative and energetic stresses requires a framework that allows for thermal variations,
because within such a framework the energy balance is affected by dissipation, but not by irreversibility
induced by a defect energy”. A thermo-plastic gradient theory can then be used to address the high heat
generated at the localized region leading to the shear band (e.g. Owolabi et al., 2007; Odeshi et al.,
2005;Mason and Worswick, 2001; Mason et al., 1994a), temperature dependence of the plastic properties
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of small metallic compounds (e.g. Kalkman et al., 2003), and the competition between grain and grain
boundary thermal softening in polycrystalls (e.g. Chen et al., 2000).
In line with the above considerations and in order to include the thermal variation into the constitutive
model, special attention needs to be given to provide a more realistic evaluation of dynamic heat
generation and temperature-dependent material behavior. In the conventional continuum, the plastic
deformation of metals has been treated as a dissipative thermodynamic process in the literature by a
number of authors (e.g. Hansen and Schreyer, 1994; Lemaitre, 1985; Nemat-Nasser and Guo, 2000;
Voyiadjis and Abed, 2005; Naderi et al., 2009; Amiri and Khonsari, 2010). The temperature rise during
the plastic deformation is then calculated as a constant fraction (so called Taylor and Quinney, 1934
constant and it is typically in the range 0.8 to 1.0) of the total plastic work. As it is shown by more recent
experiments (Hodowany et al., 2000; Mason et al., 1994b; Zehnder et al., 1998; Jovic et al., 2006;
Oliferuk and Maj, 2009), the assumption of constant fraction results in inaccuracies in predicted strain,
stress and temperature fields, especially in the presence of high-rate adiabatic deformations. In line with
the experiments, a number of authors have also derived models for the evolution of this parameter in the
course of the plastic deformation with either macroscopic point of view (e.g. Rosakis et al., 2000; Rusinek
and Klepaczko, 2009; Stainier and Ortiz, 2010; Mroz and Oliferuk, 2002; Ristinmaa et al., 2007), or
microscopic consideration (e.g. Aravas et al., 1990; Zehnder, 1991; Longère and Dragon, 2008).
The main base of these studies lies on the differentiation between the part of plastic work dissipated as
heat and the one stored in an evolving defect structure (usually termed as “the stored energy of cold
work” 1). Moreover, Benzerga et al. (2005) by means of discrete dislocation simulation and Mollica et al.
(2001) based on dislocation network showed that there is direct connection between the stored energy of
cold work and the Bauschinger effect.
This chapter develops a higher order gradient theory of single-crystal plasticity allowing for the
thermal variation based on a system of microscopic force balances, derived from the principle of virtual
power, and a thermo-mechanical version of the second law that includes, work performed during plastic
flow, and the heat generation due to the plastic work via the energy balance relation. When combined
with thermodynamically consistent constitutive relations the microscopic force balances become nonlocal
flow rules in the form of partial differential equations requiring boundary conditions. A rate and
temperature dependent grain boundary flow rule is also developed which accounts for the energetic state
of a plastically strained boundary along with boundary resistance against the slip transfer.
The free energy and dissipation potentials for the grain and grain boundary are postulated based on
both mechanical and material science point of view. These potentials are then accepted as the primary
function and proposed to derive the stresses. Consequently, the mechanical conjugate forces of grain and
grain boundary are decomposed into energetic and dissipative counterparts which endowed the governing
equations to have both energetic and dissipative gradient length scales. It is further shown that the
backstress and hence kinematic hardening of the bulk and interface naturally arise from the free energy
potential along with the physical justification by means of dislocation mechanisms. In addition by making
the use of the dislocation density evolution, a simple relation is proposed for the stored energy of cold
work due to homogenous plastic deformation. This along with the energetic and dissipative strain gradient
conjugate forces results in a proper form of the heat equation without the need for the ad hoc Taylor and
Quinney (1934) factor.
1

While in the context of strain gradient theory, the stored energy can be due to both homogeneous and nonhomogenous plastic deformation –in spirit of the conventional plasticity – the term “stored energy of cold work”
refers to the stored energy connected with the homogenous plastic deformation in this dissertation.
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5.2. Single-crystal Nonlocal Thermo-Visco-Plasticity Framework
In the following formulation, tensors are represented only by lower case subscripts 𝑖, 𝑗, 𝑘 and 𝑙. All other
subscripts and superscripts do not represent tensors but only identify specific functions or variables.
However, as an example subscripts such as 𝑒𝑛, 𝑑𝑖𝑠, 𝑖𝑛𝑡, 𝑒𝑥, etc. signify specific quantities respectively
such as energetic, dissipative, internal, external, etc.
5.2.1. Kinematics and Nye’s tensor
The classical theory of isotropic plastic solids undergoing small deformations is based on the additive
decomposition of the displacement gradient, 𝑢𝑖,𝑗 , into elastic and plastic parts such that:
𝑝

𝑝

𝑒
𝑢𝑖,𝑗 = 𝑢𝑖,𝑗
+ 𝑢𝑖,𝑗 ,

where

𝑝

𝑢𝑘,𝑘 = 0

(1)

𝑒
𝑒
where the 𝑢𝑖,𝑗
and 𝑢𝑖,𝑗 designate the elastic and plastic components, respectively. The component 𝑢𝑖,𝑗
𝑝

represents the recoverable rotation and stretching of the material structure, while the component 𝑢𝑖,𝑗

represents the plastic distortion and characterizes the evolution of dislocations and other defects in this
structure.
For small-strain formulation in classical continuum theory, the total second-order strain tensor, 𝜀𝑖𝑗 , is
defined by the symmetric part of the displacement gradient which can also be decomposed into elastic and
plastic parts:
𝑝

1

1

𝑝

𝑝

𝑒
𝑒
𝑒
𝜀𝑖𝑗 = 𝜀𝑖𝑗
+ 𝜀𝑖𝑗 = 2 �𝑢𝑖,𝑗
+ 𝑢𝑗,𝑖
� + 2 �𝑢𝑖,𝑗 + 𝑢𝑗,𝑖 �, where

𝑝

𝜀𝑘𝑘 = 0

(2)

𝑝

where the assumption of plastic strain being deviatoric (i.e. 𝜀𝑘𝑘 = 0) is due to the fact the no volume
change is observed by the dislocation glide induced plastic flow (e.g. Gurtin and Anand, 2009). The
plastic rotation is defined as:
1 𝑝
𝑝
𝑝
𝑤𝑖𝑗 = �𝑢𝑖,𝑗 − 𝑢𝑗,𝑖 �
2

(3)

In the classical theory of isotropic plasticity the plastic spin (i.e. spin of material relative to the lattice)
is essentially irrelevant, as it may be absorbed by its elastic counterpart without affecting the resulting
field equations (Gurtin and Anand, 2005b). Therefore the plasticity irrotational assumption is adopted
here:
𝑝

therefore

𝑝

𝑝

𝑤𝑖𝑗 = 0 ������� 𝑢𝑖,𝑗 = 𝜀𝑖𝑗

(4)

Gurtin (2004) developed a general theory that allows for dissipation due to the plastic spin. He argued
that, unless the plastic spin is constrained to be zero, constitutive dependencies on the Burgers tensor
necessarily involve dependencies on the (infinitesimal) plastic rotation. Furthermore, in order to describe
the behavior of a single grain deforming in multi-slip, Bardella (2010) proposed a specific function of
material parameters including length scale for the relative effect of plastic spin in Gurtin’s
phenomenological theory. Unfortunately, such a theory leads to an extremely complex nonlocal flow rule
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(Gurtin and Anand, 2005b), and therefore as most existing gradient plasticity theories the plastic rotation
is ignored in the present theory.
In order to account for strain-gradient effects, one makes use of the GNDs concept. The Nye’s
dislocation density tensor 1 which is a representation of GNDs such that 𝛼𝑖𝑗 is the 𝑖-component of the
resultant Burgers vector related to GNDs of line vector 𝑗 (Nye, 1953; Fleck and Hutchinson, 1997;
Arsenlis and Parks, 1999; Bassani, 2001). By neglecting the interaction among different slip systems (i.e.
latent hardening), the total accumulation of GNDs is obtained as the magnitude of Nye’s dislocation
density tensor such that:
(5)
𝛼 = 𝑏𝜌𝐺
where 𝑏 is the magnitude of the Burgers vector, and 𝜌𝐺 is the total GNDs density.
Non-vanishing 𝛼𝑖𝑗 implies the existence of GNDs in the sense that the excess of dislocations of one
sign (i.e. the net Burgers vector 𝑏𝑖 ) in any region 𝛤 bounded by a closed curve 𝐶, is given by Fleck and
Hutchinson (1997), Arsenlis and Parks (1999), and Bassani (2001):
𝑝

𝑝

𝑏𝑖 = � 𝑢𝑖,𝑝 d𝑥𝑝 = � 𝑒𝑗𝑘𝑙 𝑢𝑖,𝑙𝑘 𝑛𝑗 d𝐴
𝐶

𝛤

(6)

where the Stokes’ theorem is used to obtain the right part, 𝑛𝑗 is the unit normal to the surface 𝛤 whose
boundary is the curve 𝐶, and 𝑒𝑖𝑗𝑘 is the permutation tensor. Thus, by assuming irrotational plastic flow,
Eq. (4), one can express the Nye’s dislocation density tensor 𝛼𝑖𝑗 in terms of the plastic strain gradient
such as (e.g. Fleck and Hutchinson, 1997, Gurtin, 2000):
𝑝

𝑝

𝑇

𝛼𝑖𝑗 = 𝑒𝑖𝑘𝑙 𝑢𝑗,𝑙𝑘 = �curl 𝜀𝑖𝑗 �

(7)

The main goal of the current research work is to develop a continuum gradient plasticity framework
based on the microscopic behavior of metals (i.e. mainly dislocation movement through metal lattice). In
this regard, the plastic strain and its gradient are viewed as a macroscopic measure of dislocation and
inhomogeneity of the microstructure induced by the dislocations respectively. Moreover, the combination
of the thermal energy with the stored and dissipated energies due to the dislocation movements is the
main purpose of developing the current phenomenological gradient theory.
5.2.2. Principle of virtual power: Macroscopic and microscopic force balances
The principle of virtual power is used to determine the associated balance of the forces that contribute
to the power expended within the body as well as the appropriate forms of the first two laws of
thermodynamics. In this regard, with accounting for the gradient of plastic-strain rate, the structure of the
internal virtual power, 𝒫𝑖𝑛𝑡 , is expressed in terms of the energy contribution in the arbitrary subregion of
the body , 𝑉, as shown in the expression below (i.e. Gudmundson, 2004; Gurtin and Anand, 2005a; Fleck
and Willis, 2009b):

1

𝑝

𝑝

𝑒
𝒫𝑖𝑛𝑡 = � � 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ 𝒳𝑖𝑗 𝜀̇𝑖𝑗 +𝒮𝑖𝑗𝑘 𝜀̇𝑖𝑗,𝑘 � 𝑑𝑉
𝑉

Referred as Burgers tensor in the works of Gurtin (e.g. Gurtin, 2004).
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(8)

where 𝜎𝑖𝑗 is the Cauchy stress tensor, and 𝒳𝑖𝑗 and 𝒮𝑖𝑗𝑘 are the microforces conjugate to plastic strain
𝑒
and plastic strain gradient. In the above relation, the term 𝜎𝑖𝑗 𝜀̇𝑖𝑗
accounts for the expenditure associated
𝑝

𝑝

with lattice-stretching while 𝒳𝑖𝑗 𝜀̇𝑖𝑗 +𝒮𝑖𝑗𝑘 𝜀̇𝑖𝑗,𝑘 represens the expenditure associated with the formation and

flow of dislocations which respectively leads to the macro- and micro-force balance. It should be note that
in the generalized nonlocal thermo-mechanical theory of Voyiadjis and Faghihi (2012), temperature and
its gradient are also contributed to the internal power which leads to an additional temperature conjugate
microforces balance.
It is clear that the internal power as it is presented in Eq. (8) results in a flow rule involving the third𝑝
order tensor 𝜀̇𝑖𝑗,𝑘 which is far too complex for the numerical-implementation. To avoid this complication,
𝑝

a theory with the scalar plastic strain (i.e. accumulated plastic strain rate 𝑝̇ = �𝜀𝑖𝑗 �) and plastic strain

gradient rate (𝑝̇,𝑘 ) such as the one developed by Fleck and Hutchinson (2001) and Fleck and Willis
(2009a) is considered in the current work. In this regard, 𝒫𝑖𝑛𝑡 can be expressed by:
𝑒
𝒫𝑖𝑛𝑡 = � � 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ ℛ𝑝̇ + 𝒬𝑘 𝑝̇ ,𝑘 � 𝑑𝑉

(9)

𝑉

Using the co-directionality constraint, Gurtin and Anand (2009) showed that Eq.(9) is considered as the
𝑝
special case of the expression presented in Eq. (8) under the approximate assumption 𝑁𝑖𝑗,𝑘 = 0, where
𝑝
𝑁𝑖𝑗 is the plastic flow direction:
𝑝
𝑁𝑖𝑗

=

𝑝

𝜀̇𝑖𝑗

𝑝
�𝜀̇𝑖𝑗 �

therefore

𝑝

𝑝

𝑝

𝑝

𝑝

������� 𝜀̇𝑖𝑗 = 𝑝̇ 𝑁𝑖𝑗 and 𝜀̇𝑖𝑗,𝑘 = 𝑝̇ ,𝑘 𝑁𝑖𝑗 + 𝑝̇ 𝑁𝑖𝑗,𝑘

(10)

𝑝

According to Lele and Anand (2008), 𝑁𝑖𝑗,𝑘 is not negligible in the conditions when steep gradients

occur in the deformation field such as under the indenter. However, in the subsequent paper Lele and
Anand (2009) made use of the large deformation version of their gradient formulation to simulate the
𝑝
indentation problem using the assumption of 𝑁𝑖𝑗,𝑘 = 0. It seems, this approximation is unavoidable at this

stage of the application to the gradient theories.
The internal power is balanced by the power expended by traction 𝓉𝑖 on the external surface, 𝑆, and an
external body force 𝒷𝑖 acting within 𝑉 to account for the inertia. External virtual power is then expressed
for any virtual velocity 𝑢̇ 𝑖 as:
𝒫𝑒𝑥𝑡 = � � 𝒷𝑖 𝑢̇ 𝑖 � 𝑑𝑉 + � � 𝓉𝑖 𝑢̇ 𝑖 + 𝓂𝑝̇ � 𝑑𝑆
𝑉

𝑆

(11)

In order to account for the microscopic boundary conditions that arise from the strain gradient, it is
further assumed here that the external power is affected by the microtraction 𝓂 that is the conjugate force
of the accumulated plastic strain.
By equating the principle of external power to the principle of internal power (i.e. 𝒫𝑒𝑥𝑡 = 𝒫𝑖𝑛𝑡 ) and
factoring the common terms out, the following relation for local macroforce equilibrium and nonlocal
microforce balance can be expressed respectively for volume 𝑉:
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𝜎𝑖𝑗,𝑗 + 𝒷𝑖 = 0

𝜏𝑖𝑗 − �ℛ −

𝑝
𝒬𝑘,𝑘 �𝑁𝑖𝑗

(12)
=0

(13)

where 𝜏𝑖𝑗 = 𝜎𝑖𝑗 − 𝜎𝑘𝑘 𝛿𝑖𝑗 /3 is the deviatoric component of the Cauchy stress tensor (𝛿𝑖𝑗 is the
Kronecker delta). The higher-order boundary conditions are required at the external boundary of a region
in which plastic flow occurs as well as at the internal boundary of the plastic region. On the external
surface, 𝑆, the equations for local traction force and nonlocal microtraction condition can be given as
follows:
𝓉𝑗 = 𝜎𝑖𝑗 𝑛𝑖
𝓂 = 𝒬𝑘 𝑛𝑘

(14)
(15)

where 𝑛𝑘 denotes the outward unit normal to 𝑆.
The microscopic boundary conditions in Eq. (15) are related to the interfacial energy at the free
surfaces (e.g. the surface of a freestanding thin film, the free surface of a void) or interfaces (e.g. the film–
substrate interface, grain boundaries, inclusion interface). This interfacial energy introduces an interfacial
resistance against dislocation emission/transmission.
The simple class of boundary conditions for these fields on a prescribed subsurface 𝑆 are: (i) microfree
condition where dislocations are free in movement across the boundary 𝓂 = 0 and (ii) microclamped
condition where dislocations are completely blocked at the boundary 𝑝𝐼 = 0. According to the notion of
Gurtin (e.g., Cermelli and Gurtin, 2002), satisfying the insulation condition implies either a micro-free
boundary condition imposed at external free surfaces or a micro-clamped boundary condition imposed on
the internal boundaries. However, those null boundary conditions of a microscopically rigid interface or a
microscopically free surface are very difficult to be satisfied in reality1, particularly, for large surface-tovolume ratios. Therefore, the internal interface (e.g. grain boundary in polycrystals) conditions at the
internal surface, 𝑆 𝐼 , may be identified. These conditions usually do not vary at a given interface with the
mechanical loading, and are motivated from the physical understanding of the dislocation mechanics at
the interface between the two phases. More information regarding the choices of theses intermediate
microscopic boundary conditions along with the thermodynamic formulation are provided in Section 3.
5.2.3. Thermodynamic derivations: Clausius Duhem inequality
In order to develop a thermodynamically consistent formulation accounting for the thermo-viscoplasticity
responses of small scales metallic compounds, the first two laws of thermodynamics for a continuum are
taken into account. As it is mentioned earlier, the presence of GNDs due to the smallness of the structure
leads to a gradient theory, and hence the second law of thermodynamics (i.e. entropy production
inequality) yields a physical basis that accounts for the distribution of GNDs within the body. This law
requires that the free-energy increases at a rate not greater than the rate at which work is performed.
Based on the expression of the internal power, Eq. (9), the following net entropy production per unit
time, 𝒩, can be postulated:
1

The examples of such micro-free and micro-clamped boundary conditions can be found in thin films with
unpassivated and passivated surfaces (e.g. Xiang et al., 2005).
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𝑒
𝒩 = 𝜌𝓈̇ 𝑇 − 𝜌℮̇ + 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ ℛ𝑝̇ + 𝒬𝑘 𝑝̇ ,𝑘 − �𝑞𝑖

𝑇,𝑖
� ≥0
𝑇

(16)

where 𝜌 is the mass density, ℮ is the specific internal energy, 𝑇 is temperature, and 𝓈 is the specific
entropy. The non-negative thermal production is expressed by −𝑞𝑖 𝑇,𝑖 /𝑇 ≥ 0 where 𝑞𝑖 is the heat flux
vector. Moreover, temperature, internal energy, and entropy describing the present state can be attributed
to a thermodynamic potential such as:
𝛹 = ℮ − 𝑇𝓈

(17)

where 𝛹 denotes the Helmholtz free energy per unit volume. Therefore, by substituting the time
derivation of ℮ from Eq. (17) into Eq. (16), the nonlocal free-energy (i.e. Clausius-Duhem) inequality
can be expressed as:
𝑒
𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ ℛ𝑝̇ + 𝒬𝑘 𝑝̇ ,𝑘 − 𝜌𝛹̇ − 𝜌𝓈𝑇̇ − �𝑞𝑖

𝑇,𝑖
�≥0
𝑇

(18)

Guided by the above inequality, it is further assumed that the microstresses ℛ and 𝒬𝑘 admit the
decomposition into energetic and dissipative components such as:
ℛ = ℛ 𝑒𝑛 + ℛ 𝑑𝑖𝑠 ; 𝒬𝑘 = 𝒬𝑘𝑒𝑛 + 𝒬𝑘𝑑𝑖𝑠

(19)

to account for the effect of nonuniform distribution of microdefects with temperature on the
homogenized response of the material, the Helmholtz free energy is supposed to be a smooth function of
𝑒
𝑒
𝜀𝑖𝑗
, 𝑝, 𝑝,𝑘 , and 𝑇 (i.e. 𝛹 = 𝛹�𝜀𝑖𝑗
, 𝑝, 𝑝,𝑘 , 𝑇�). Thus, taking the time derivation of Helmholtz free energy
and substituting into the Clausius-Duhem inequality gives:
�𝜎𝑖𝑗 − 𝜌

𝜕𝛹 𝑒
𝜕𝛹
𝜕𝛹
𝜕𝛹
� 𝑝̇ + �𝒬𝑘 − 𝜌
� 𝑇̇ ≥ 0
� 𝑝̇ ,𝑘 − �𝜌𝑠 + 𝜌
𝑒 � 𝜀̇𝑖𝑗 + �ℛ − 𝜌
𝜕𝜀𝑖𝑗
𝜕𝑝
𝜕𝑝,𝑘
𝜕𝑇

(20)

One can then retrieve the definitions of the energetic part of the thermodynamic forces as follows:
𝜎𝑖𝑗 = 𝜌

𝜕𝛹
𝜕𝛹
𝜕𝛹
𝜕𝛹
; ℛ 𝑒𝑛 = 𝜌
; 𝒬𝑘𝑒𝑛 = 𝜌
𝑒 ; 𝓈 =−
𝜕𝜀𝑖𝑗
𝜕𝑇
𝜕𝑝
𝜕𝑝,𝑘

(21)

Hence the residual respective dissipation is then obtained as:
𝒟 = ℛ 𝑑𝑖𝑠 𝑝̇ + 𝒬𝑘𝑑𝑖𝑠 𝑝̇,𝑘 −

𝑞𝑖
𝑇 ≥0
𝑇 ,𝑖

(22)

where 𝒟 is the dissipation density per unit time.
The definition of the dissipative thermodynamic forces can then be obtained from the complementary
part of dissipation potential, 𝒟(𝑝̇ , 𝑝̇,𝑘 , 𝑇,𝑖 ) such as:
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ℛ 𝑑𝑖𝑠 =

𝜕𝒟
𝜕𝒟
𝑞𝑖 𝜕𝒟
; 𝒬𝑘𝑑𝑖𝑠 =
;−
=
𝜕𝑝̇
𝜕𝑝̇ ,𝑘
𝑇 𝜕𝑇,𝑖

(23)

One now proceeds to develop the constitutive law which is achieved by introducing free energy and
dissipation potentials which relate the stresses to their work-conjugate generalized stresses. The
functional form of the Helmholtz free energy and dissipation potential is presented in the next section. It
should be noted that, as in the classical case and corresponding to the hypothesis of maximal dissipation,
the yield function can still be treated as the dissipation potential providing the flow and evolution rules for
the internal variables for the nonlocal continuum models.
It worth mentioning that in the current work – as in conventional thermodynamic – entropy is viewed
as strictly energetic while 𝑞𝑖 represents the energy dissipative through heat conduction. However, a
comprehensive nonlocal thermo-mechanical theory requires involving the temperature and its gradient on
the both stored and dissipated energy in order to address the non-equilibrium heat transfer due to the
smallness of the structure. Such a theory proposed previously by Voyiadjis and Faghihi (2012) leads to
introducing two additional time scales in the heat equation accounting for the energy carriers (i.e. phononelectron) interactions and short response time.
5.2.4. Constitutive relations for the admissible potentials:
Since the theory presented here accounts for thermal variation, special attention needs to be given to
the part of the mechanical energy converted into heat. In this regard and in addition to the stored and
dissipative energies – following the works of Gurtin and Reddy (2009), Gurtin (2010), and Gurtin and
Ohno (2011) – the energy functions are further categorized here into the recoverable and non-recoverable
parts. The recoverable energy is the one that allows the material to fully recover its initial state upon load
reversal (or heat treatment in this work) while the non-recoverable energy is stored in the material upon
the removal of the external loads (e.g. portion of the mechanical energy expended during plastic
deformation).
5.2.4.1. Helmholtz free energy and energetic micro-stresses
In this work, one postulates the following general definition of the free energy:
𝑒
𝑒
𝛹�𝜀𝑖𝑗
, 𝑝, 𝑝,𝑘 , 𝑇� = 𝛹 𝑒 �𝜀𝑖𝑗
, 𝑇� + 𝛹 𝑑 �𝑝, 𝑝,𝑘 , 𝑇� + 𝛹 𝑡 (𝑇)

(24)

where 𝛹 𝑒 , 𝛹 𝑒 , and 𝛹 𝑒 represents the elastic, defect and thermal counterpart of the free energy
respectively. The recoverable elastic and thermal energies are assumed to have the following standard
forms:
1 𝑒
1
𝑒
𝑒
𝜀𝑖𝑗 𝐸𝑖𝑗𝑘𝑙 𝜀𝑘𝑙
− 𝛼𝑡 (𝑇 − 𝑇𝑟 )𝜀𝑖𝑗
𝛿𝑖𝑗
2𝜌
𝜌
1 𝑐𝜀
𝛹 𝑡 (𝑇) = −
(𝑇 − 𝑇𝑟 )2
2 𝑇𝑟

𝑒
𝛹 𝑒 �𝜀𝑖𝑗
, 𝑇� =
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(25)
(26)

Where 𝐸𝑖𝑗𝑘𝑙 is the fourth order elastic tensor, 𝛼𝑡 is the thermal expansion coefficient, 𝑐𝜀 is the specific
heat capacity at constant stress and 𝑇𝑟 is the reference temperature. However, the defect energy is
considered to be separable in the sense that:
𝛹 𝑑 �𝑝, 𝑝,𝑘 , 𝑇� =

where:
•

1
�𝜓 (𝑝, 𝑇) + 𝜓𝑒/𝑠 �𝑝,𝑘 ��
𝜌 𝑓𝑠𝑡

(27)

𝜓𝑓𝑠𝑡 characterizes the interaction between slip systems (i.e. the forest dislocations leading to
isotropic hardening). By neglecting the dependency of this energy to 𝑝,𝑘 the following relation is
postulated for this energy:
ℎ𝑝𝑟+1
𝑇 𝑛1
(28)
𝜓𝑓𝑠𝑡 (𝑝, 𝑇) =
�1 − � � �
𝑟+1
𝑇𝑌1

where �1 − �

𝑇 𝑛1
� �
𝑇𝑌1

accounts for the thermal activation mechanism for overcoming local obstacles to

dislocation motion and 𝑇𝑌1 and 𝑛1 are the thermal and ℎ and 𝑟 are the hardening material constants
(0 < 𝑟 < 1).
It is further assumed that 𝜓𝑓𝑠𝑡 allows for the following decomposition:
where

𝑐𝑤
𝑑𝑖𝑠
(𝑝) + 𝜓𝑓𝑠𝑡
(𝑝, 𝑇)
𝜓𝑓𝑠𝑡 (𝑝, 𝑇) = 𝜓𝑓𝑠𝑡

(29)

•

𝑑𝑖𝑠
𝜓𝑓𝑠𝑡
is a non-recoverable energy which mimics the dissipative behavior of irreversible processes
Gurtin and Reddy (2009).

•

𝑐𝑤
𝜓𝑓𝑠𝑡
is a recoverable energy (i.e. it is released in the form of thermal energy during the process of
anealing) and accounts for the remaining part of the plastic work (stored in the material
microstructure) and contributes to the storage of internal energy through the creation and
rearrangement of crystal imperfections (i.e. dislocations, point defects, stacking faults and twins).
In classical plasticity, this is known as the stored energy of cold work (e.g. Rosakis et al.,
2000; Rusinek et al., 2007 for the theoretical work and Hodowany et al., 2000 and Oliferuk and
Maj, 2009 for the relevant experimental work that dates back to the pioneering experiments
of Farren and Taylor, 1925 and Taylor and Quinney, 1932). Mollica et al. (2001) suggested that
this stored energy is related to the dislocation network and it is proportional to the dislocation
density that increases with plastic deformation until a saturation point is reached. This indicates
that the material stores this energy for a certain range of the accumulated plastic strain, after
which the material will mainly dissipate the external work supply (e.g. see the experimental
observations of Oliferuk et al., 1993, 1995). In this work, it is assumed that the stored energy of
cold work is related to the energy carried by dislocations and only depends on the plastic strain
𝑐𝑤
(i.e. rate and temperature independent). The following functional form of 𝜓𝑓𝑠𝑡
is postulated in
this work (for the derivation please refer to appendix A):
𝑐𝑤
𝜓𝑓𝑠𝑡
= 𝜒ℎ2 𝑝2𝑟
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(30)

where 𝜒 is a constant that depends on the material microstructure and can be approximated by
𝜒 ≈ 𝐺 −1 (𝐺 is the shear modulus).
The rate independency assumption of the above expression is in line with the theoretical and
experimental work of Rosakis and his co-workers (Rosakis et al., 2000, Hodowany et al., 2000), while the
temperature independency is in contrast with the theoretical work of Stainier and Ortiz (2010). To the
best of the authors’ knowledge, Stainier and Ortiz (2010) is the only paper in the literature that suggested
the temperature dependency of the stored energy by proposing a mathematical model that fits best with
the experiments conducted by Hodowany et al. (2000). However, that is without any physical
justification. Moreover, one may assume a similar form of Eq. (30) as a general power law with two
additional material constants. However, it is not practical at this point to consider these extra parameters
in the context of strain gradient, due to the available (i.e. possible) experimental data for small scale
materials. It should be noted that, in addition to the aforementioned stored energy which is proportional to
the dislocation density, Mollica et al. (2001) identify the contribution of a supplementary term related to
the stretch of the pinned dislocations which result in the backstress in the context of local continuum.
Such a term might not quite fit into the current gradient theory, because of the complexity in
distinguishing between the backstresses due to GNDs and SSDs.
The non-recoverable part of the 𝜓𝑓𝑠𝑡 can then be derived as:
𝑑𝑖𝑠
𝜓𝑓𝑠𝑡
=

ℎ𝑝𝑟
𝑇 𝑛1
�𝑝 �1 − � � � − 𝜒(𝑟 + 1)ℎ𝑝𝑟 �
𝑟+1
𝑇𝑌1

(31)

The second counterpart of the defect energy according to Eq. (27) which depends on the plastic strain
gradient is 𝜓𝑒/𝑠 such that:
•

𝜓𝑒/𝑠 is a recoverable energy (i.e. implying that, by starting at any value of the accumulated
plastic strain gradients, and loading follows by unloading which returns to the original plastic
strain gradients, the energy then returns to its original value) and leads to a backstress and hence
to kinematic hardening1. This defect energy characterizes the short-range interactions between
coupling dislocations moving on close slip planes, the so called core energy of GNDs. This
energy might be postulated as a function of GNDs density 2 (or Nye dislocation density tensor)
including an elastic coefficient (e.g., Gurtin, 2002; Bardella, 2010). Viewing the plastic strain
gradient as a macroscopic measure of GNDs, the following generalized form is assumed here:
𝜓𝑒/𝑠 �𝑝,𝑘 � =

𝑎+1
2

𝐺
�ℓ2 �𝑝 𝑝 ��
1 + 𝑎 𝑒𝑛 ,𝑘 ,𝑘

(32)

1

Specifically, densities of edge and screw GNDs according to Gurtin (e.g. Gurtin, 2002, 2004). It should be noted
that the kinematic hardening in the current theory does not account for certain interval of plastic strain during the
loading reversal where dislocation density remains constant (Hasegawa et al., 1975). This is because at the onset of
reverse loading, the dislocation structure is first annihilated and then rebuilt in the slip systems that correspond to the
reverse direction (Mollica et al., 2001).
2

Such correlation between GNDs will quickly decrease to zero within a few dislocation distances
(Groma et al., 2003).
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where ℓ𝑒𝑛 is the so called energetic length scale that characterizes the long-range interaction of GNDs
and also allows the relation to make it dimensionally consistent, 𝐺 is the shear modulus in the case of
isotropic linear elasticity, and 𝑎 governs the nonlinearity of the gradient dependent defect energy
(Bardella, 2010) where the 𝑎 > 0 ensures the convexity of 𝜓𝑒/𝑠 . The above relation, reduces to the
quadratic form (e.g. Gurtin, 2004; Bardella, 2006 as function of GNDs density) by setting 𝑎 = 1 while
linear relation (e.g. Ohno and Okumura, 2007; Garroni et al., 2010 function of Nye’s tensor) is retrieved
by assuming 𝑎 = 0.
It should be noted that 𝜓𝑒/𝑠 is also temperature independent 1 since it is related to the energy carried by
𝑐𝑤
dislocations (same as 𝜓𝑓𝑠𝑡
) and therefore is energetic in nature. Fleck and Willis (2009a, 2009b) pointed
out that this stored energy is negligible compared to the plastic work dissipated during dislocation motion.
In this regard they concluded that both statistically stored and geometrically necessary dislocations
contribute more to the plastic dissipation than to a change in energy. This issue will be investigated in the
current research work using the experimental observations.
By defining the various counterparts involving in the free energy, one can retrieve the energetic
thermodynamic forces using Eq. (21). In this regard, the Cauchy stress tensor and entropy is expressed
such as:
𝜕𝛹
𝑒
𝜎𝑖𝑗 = 𝜌 𝑒 = 𝐸𝑖𝑗𝑘𝑙 𝜀𝑘𝑙
− 𝛼𝑡 (𝑇 − 𝑇𝑟 )𝛿𝑖𝑗
(33)
𝜕𝜀𝑖𝑗
𝓈=

1
𝑐𝜀
ℎ
𝑛1 𝑇 𝑛1 −1 𝑟+1
𝑒
𝛼𝑡 𝜀𝑖𝑗
𝛿𝑖𝑗 + (𝑇 − 𝑇𝑟 ) +
� �
�
�𝑝
𝜌
𝑇𝑟
𝜌(𝑟 + 1) 𝑇𝑌1 𝑇𝑌1

(34)

𝑒𝑛
However, guided by Eq. (29), it is assumed that ℛ 𝑒𝑛 is further decomposed into recoverable (ℛ𝑅𝑐𝑣
)
𝑒𝑛
and non-recoverable (ℛ𝑁𝑅𝑐𝑣 ) counterparts as follows:
𝑒𝑛
𝑒𝑛
ℛ 𝑒𝑛 = ℛ𝑅𝑐𝑣
+ ℛ𝑁𝑅𝑐𝑣

where
•
•
•

(35)

ℛ 𝑒𝑛 characterizes the strain-hardening mechanism due to the intersection of the dislocation glide
with forest dislocations which results in formation of kinks and jogs 2.
𝑒𝑛
ℛ𝑁𝑅𝑐𝑣
is the energetically based hardening rule that mimics dissipative behavior by describing
loading processes that are irreversible (Gurtin and Reddy, 2009)
𝑒𝑛
ℛ𝑅𝑐𝑣
describes the reversible loading due to the energy carried by dislocations.

The constitutive equations for these forces can be derived as follows:
𝑇 𝑛1 𝑟
ℛ (𝑝, 𝑇) = ℎ �1 − � � � 𝑝
𝑇𝑌1
𝑒𝑛
2 2𝑟−1
ℛ𝑅𝑐𝑣 (𝑝) = 2𝑟𝜒ℎ 𝑝
𝑒𝑛

(36)
(37)

Unless one assumes 𝐺 is a function of temperature.
Conventionally, dislocations impinging transversely on a slip plane are termed forest dislocations and are thought
to be responsible for the second stage of hardening (Kuhlmann-Wilsdorf, 1989, 1999).

1
2
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𝑇 𝑛1
𝑒𝑛
ℛ𝑁𝑅𝑐𝑣
(𝑝, 𝑇) = ℎ𝑝𝑟 �𝑝 �1 − � � � − 2𝑟𝜒ℎ2 𝑝𝑟−1 �
𝑇𝑌1

(38)

Moreover, from Eq. (21) 4 one can obtain the expression of 𝑄𝑘𝑒𝑛 as follow:
𝑄𝑘𝑒𝑛 �𝑝,𝑘 �

=

𝐺ℓ2𝑒𝑛

𝑎−1
2
2
�ℓ𝑒𝑛 �𝑝,𝑚 𝑝,𝑚 ��
𝑝,𝑘

(39)

Since the energetic microscopic force of Eq. (39) is derived from the recoverable and plastic strain (i.e.
dislocation slip) rate independent free energy, Eq.(32), it incorporates the kinematic hardening into the
model. In should be noted that in general any nonrecoverable energy does not result in a backstress.
However, 𝜓𝑓𝑠𝑡 in the current framework, leads to only isotropic hardening, even though some portion of
it is recoverable.
Using crystal plasticity, Gurtin (e.g., Gurtin, 2002, 2008a, 2010) showed that the energetic counterpart
of 𝑄𝑘𝑒𝑛 represents a distribution of Peach–Koehler forces on edge and screw dislocations on the slip
systems, which – in spirit of the classical Peach–Koehler force – is naturally energetic and
configurational 1. This repulsive stress 2 (i.e. accounting for the elastic interaction between GNDs) plays
the role of backstress and results in the observed Bauschinger effect. This is because 𝑄𝑘𝑒𝑛 originates from
the coupling movement of dislocations in the neighboring slip planes, and according to Zaiser and
Aifantis (2006) suppresses deformation heterogeneities in the direction of dislocation glide.
This backstress due to the energy stored in dislocation is consistent with the observed in the
experiments and discrete-dislocation simulations. The results of buldge test on the Cu thin film shows
strong backstress especially when the hard boundary are assumed in the specimens (Xiang and Vlassak,
2005; Xiang and Vlassak, 2006). The observed Bauschinger effect from these experimental data compare
wells with the discrete dislocation simulations performed by Shishvan et al. (2010). Cleveringa et al.
(1999) on conducted plane strain discrete-dislocation simulation on a sample with an active slip system
parallel to the direction of applied simple-shear. Their results display large backstresses. Also Bittencourt
et al. (2003) showed qualitative agreement regarding the backstress by comparing between nonlocal
theory of Gurtin (2002) with the discrete-dislocation computations at micron length scales.
Moreover, the effect of temperature on 𝑄𝑘𝑒𝑛 is assumed to be negligible, since in the current
framework the movement of dislocation is limited to glide. However, at higher temperatures, diffusion
may not be neglected and dislocation climb is observed (Caillard and Martin, 2003). Recently, Davoudi et
al. (2012) conducted a 2D discrete dislocation dynamic simulation to evaluate these effects (e.g. the role
of cross-slip or climb) at an elevated temperature (i.e. 800 K) plastic deformation of thin films. They
explained that in climb, edge dislocations leave their slip planes through emission or absorption of point
defects at high temperatures. This leads to reducing the backstress caused by the dislocation pile up at an
internal obstacle. The simulations of Davoudi et al. (2012) shows that in addition to the flow stress
reduction due to the dislocation climb, dislocations are more dispersed, fewer pile ups form, and the
overall number of dislocations in pile-ups is smaller. However, at this point it is fair to neglect the
1

e.g. Dascalu and Maugin (1993) and Maugin and Trimarco (1995) for an inclusive treatment of the configurational
(material) forces.
2
Assuming the interaction between only two GNDs (or pile ups), this stress acts on them in the opposite direction of
slip.
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thermally activated mechanisms that can relieve some of the back stresses - in comparison with
temperature effect on the forest dislocation - although this issue requires further investigation on the
Bauschinger effect in thin films at elevated temperatures (Joost J. Vlassak (2012), private
communication).
5.2.4.1. Dissipation potential and micro-stresses
As it discussed earlier, energetic-dissipative decomposition of the thermodynamic conjugate forces
results in the predication of energy dissipation rate. Following Coleman and Gurtin (1967) the dissipation
energy potential, can be considered as the summation of dissipations due to mechanical and thermal
effects. Therefore, and in the context of Eq. (22), one can consider a relation for the dissipation that is
separable in the sense that:
𝑝

𝑝

𝑔

𝒟 = 𝒟𝑎𝑐𝑐 + 𝒟𝑎𝑐𝑐 + 𝒟 𝑡ℎ ≥ 0

𝑔

(40)

where 𝒟𝑎𝑐𝑐 and 𝒟𝑎𝑐𝑐 account for the mechanical counterpart (plastic strain and plastic strain gradient
dependency respectively), and 𝒟 𝑡ℎ stands for the purely thermal effect (i.e. heat conduction) on the rate
of dissipation. The functional form of each counterpart can be postulated as:

𝑔

𝒟𝑎𝑐𝑐

𝑌 𝓅̇ 𝑚1
𝑇 𝑛1 2
=
� � �1 − � � � 𝑝̇
2𝓅̇ 𝓅̇ 0
𝑇𝑌1
𝑚2
𝑌 2
𝓅̇
𝑇 𝑛2
=
ℓ � � �1 − � � � �𝑝̇,𝑘 𝑝̇ ,𝑘 �
2𝓅̇ 𝑑𝑖𝑠 𝓅̇ 0
𝑇𝑌2
1𝑘
𝒟 𝑡ℎ = −
𝑇𝑇
2 𝑇 ,𝑖 ,𝑖

𝑝
𝒟𝑎𝑐𝑐

(41)
(42)
(43)

where 𝑌 is a material constant accounting for the macroscale measurement of the initial slip resistance
(i.e. yield strength), ℓ𝑑𝑖𝑠 is dissipative length scale (i.e. corresponding to dissipative effects associated
with the gradient of the strain rate), and 𝑘 is the thermal conductivity coefficient. The rate dependency of
the energy dissipations due to the mechanical effect are governed by (𝓅̇ /𝓅̇0 )𝑚1 and (𝓅̇ /𝓅̇ 0 )𝑚2 where
𝓅̇ 0 , 𝑚1 , and 𝑚2 are non-negative material parameters 1. Also the effective nonlocal flow rate, 𝓅̇ , is
defined as a function of plastic strain rate and its gradient as well as the dissipative length scale as follows
(e.g. Gurtin et al., 2007):
𝜇/2 1/𝜇

𝓅̇ = �(𝑝̇ )𝜇 + �ℓ2𝑑𝑖𝑠 𝑝̇,𝑘 𝑝̇ ,𝑘 �

�

(44)
𝑝

𝑔

The source of dissipative energy, in the plastic deformation (i.e. 𝒟𝑎𝑐𝑐 and 𝒟𝑎𝑐𝑐 ), can be attributed to
the movement of mobile dislocations, a resulting resistance to dislocation motion, and increases in the
yield strength due to size effects (Voyiadjis and Deliktas, 2009). Furthermore, this energy can be affected
𝑝

1

As it is discussed by Bardella (2010), ensuring 𝑚1 > 0 and 𝑚2 > 0 not only preserve the convexity of 𝒟𝑎𝑐𝑐 and
𝑔
𝒟𝑎𝑐𝑐 respectively, but also abolishes the requirement to implement any yield criterion and the moving elastic–plastic
boundaries (i.e. imposing any higher-order boundary condition at the internal surfaces between elastic and plastic
domains).
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by the rate of deformation and temperature through the change in the lattice friction stress (e.g. thermal
energy facilitates the dislocation glide and leads to higher dislocation mobility). Such a dissipative energy
is characterized in the counterparts of the non-recoverable (and strictly positive) energy function 𝒟 as
𝑝
𝑔
𝒟𝑎𝑐𝑐 and 𝒟𝑎𝑐𝑐 . These terms describe the energy dissipation due to the formation of dislocations which do
not involve interactions between slip systems. However, It should be noted that, the mechanical
counterparts of the rate of energy dissipation only concerns the initial yield stress depending on the
accumulated dislocation density (introduced by Ohno and Okumura, 2007) and does not involve the
forest dislocation density (as it is considered by Gurtin and Ohno, 2011) and hence addresses the
interaction between the slip systems. In other words, in the current theory – in line with Ohno and
Okumura (2007) and in contrast to the notion of Gurtin and Ohno (2011) – the strengthening is only
dependent on the accumulated dislocation density and the effect of the forest dislocation density on the
yield stress is eliminated. However, such an effect (i.e. strengthening due to the interaction between slip
systems) becomes significant at length scales above 10 𝜇𝑚 as remarked by William Nix through private
communications with Gurtin and Ohno (2011). Moreover, the strengthening introduced originally by
Ohno and Okumura (2007) leads to kinematic hardening, while dissipative hardening involves no
backstress. In a subsequent paper, Ohno et al. (2008) introduced a modified version of the Ohno–
Okumura energy that corrects a minor flaw in the self-energy of GNDs.
It is worth mentioning that the relation presented in Eq. (44) is a phenomenological based term that
describes the energy dissipation due to the motion of both SSDs and GNDs. In this equation, 𝜇 termed
here as interaction exponent and varies is the range of 1 ≤ 𝜇 ≤ 2 where 𝜇 = 1 accounts for the linear
contribution of plastic strain and plastic strain gradient whereas by setting 𝜇 = 2 the definition of
effective plastic strain rate (e.g. Fleck and Hutchinson, 1997; Fleck and Willis, 2009b; Gurtin and Anand,
2005a) is retained1. A framework with more physically based approach than the one expressed in Eq.
(44), leads to a complex governing equation (e.g. Roy et al., 2008; Kröner, 2001). Moreover, this equation
can be also a function of plastic spin following the work of Gurtin (2004).
In Eq. (40), the term 𝒟 𝑡ℎ accounts for the dissipation of the thermal energy due to heat conduction.
The more general form of this function is provided in the work of Forest and his co-workers (Forest and
Amestoy, 2008; Forest, 2009; Forest and Aifantis, 2010) applying the micromorphic approach to the
temperature variable. However, in this work the simple format of 𝒟 𝑡ℎ leading to the classical heat
conduction is assumed.
Using the above dissipation potentials along with Eq. (23), the following constitutive relations are then
obtained for the dissipative microstresses:
𝓅̇ 𝑚1
𝑇 𝑛1 𝑝̇
(45)
ℛ 𝑑𝑖𝑠 = 𝑌 � � �1 − � � �
𝓅̇ 0
𝑇𝑌1
𝓅̇
𝓅̇ 𝑚2
𝑇 𝑛2 𝑝̇,𝑘
(46)
𝑄𝑘𝑑𝑖𝑠 = 𝑌ℓ2𝑑𝑖𝑠 � � �1 − � � �
𝓅̇ 0
𝑇𝑌2
𝓅̇
𝑞𝑖 = −𝑘. 𝑇,𝑖
(47)
𝑒𝑛
Moreover, as it was previously mentioned, the non-recoverable counter part of ℛ accounts for the
isotropic (nonlinear) hardening of the equation which is dissipative in nature. In other words, this
energetically based hardening rule mimics the dissipative behavior by describing the loading processes
that are irreversible. According to the theorem quoted from Gurtin and Reddy (2009): “The theory
1

For further details regarding the effect of the interaction coefficient value, see Dahlberg and Faleskog (2012).
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without a defect energy [in the absence of plastic gradient] is equivalent to the theory with a defect energy
by replacing the dissipation 𝒟 by effective dissipation 𝒟eff which is obtained by adding the
thermodynamic hardening stress obtained from defect energy to the flow resistance”. Thus, the effective
dissipation for the framework presented here can be defined via the following relation:
𝑒𝑛
𝒟eff = �ℛ 𝑑𝑖𝑠 + ℛ𝑁𝑅𝑐𝑣
�𝑝̇ + 𝒬𝑘𝑑𝑖𝑠 𝑝̇,𝑘 −

1𝑘
𝑇𝑇
2 𝑇 ,𝑖 ,𝑖

(48)

𝑒𝑛
where ℛ𝑁𝑅𝑐𝑣
may be viewed as the effectively dissipative microforce since it satisfies an effective
dissipation inequality.

5.2.5. Single-crystal flow rule
After determining the constitutive relations for the microforces, the nonlocal microforce balance, Eq.
𝑒𝑛
represents a backstress 1, one may rewrite the
(12) 2 , can be used to derive the flow rule. Since 𝑄𝑘,𝑘
microforce equilibrium relation as:
𝑝

𝑝

𝑒𝑛
𝑑𝑖𝑠
𝜏𝑖𝑗 − �−𝑄𝑒𝑛
− 𝑄𝑑𝑖𝑠
𝑘,𝑘 �𝑁𝑖𝑗 = �ℛ + ℛ
𝑘,𝑘 �𝑁𝑖𝑗

(49)

Therefore, by substituting Eqs. (36), (39), (45), and (46) into the nonlocal flow rule, a second-order
partial differential equation for the accumulated plastic strain is retrieved such as:
𝜏𝑖𝑗 −

𝑎−1
2
𝑝
2
2
𝑝,𝑘𝑘 � 𝑁𝑖𝑗
�−𝑎𝐺ℓ𝑒𝑛 �ℓ𝑒𝑛 �𝑝,𝑚 𝑝,𝑚 ��

𝑇 𝑛1
𝓅̇ 𝑚1 𝑝̇
𝑟
= ��1 − � � � �ℎ𝑝 + 𝑌 � �
�
𝑇𝑌1
𝓅̇ 0
𝓅̇
𝑇 𝑛2
𝓅̇ 𝑚2 𝑝̇,𝑘𝑘
𝑝
− �1 − � � � �𝑌ℓ2𝑑𝑖𝑠 � �
�� 𝑁𝑖𝑗
𝑇𝑌2
𝓅̇ 0
𝓅̇

(50)

It is worth mentioning that there are several attempts made in the literature to develop a gradient
theory based on the backstress hypothesis in both crystals (e.g. Arsenlis et al., 2004; Geers et al., 2007;
Geers et al., 2009; Limkumnerd and Van der Giessen, 2008) and continuum (e.g. Abu Al-Rub et al.,
2007; Abu Al-Rub, 2008; Voyiadjis et al., 2010) plasticity. However, Kuroda and Tvergaard (2008) noted
that none of these backstress theories are compatible with the thermodynamics laws. Moreover, it is not
clear whether the backstresses are energetic or dissipative (Gurtin and Ohno, 2011) 2.
5.2.6. Thermodynamic derivations: Balance law
The statement of energy balance (the first law of thermodynamics) is taken into account as an equation
governing the evolution of the temperature field. As such, it involves the terms representing heating due
1

According to the second paragraph after Eq. (39)
Both Kuroda and Tvergaard (2008) and Gurtin and Ohno (2011) discussed the crystal plasticity case which can
also be applied to the continuum plasticity.
2
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to thermo-mechanical coupling and inelastic dissipation. The equation of the conservation of energy, is
postulated for the current work such as:
𝑒
𝜌℮̇ = 𝜎𝑖𝑗 𝜀̇𝑖𝑗
+ ℛ𝑝̇ + 𝒬𝑘 𝑝̇,𝑘 − 𝑞𝑖,𝑖 + 𝜌𝓇𝑒𝑥𝑡

(51)

where 𝓇𝑒𝑥𝑡 is the specific external heat.
Following the manipulations previously conducted on the entropy production (Eqs. (18) - (22)) and
taking into account the effective dissipation potential (Eqs. (48)) to describe the irreversible processes,
one can write the following relation for the evolution of entropy:
𝜌𝓈̇ 𝑇 = 𝒟eff + 𝜌𝓇𝑒𝑥𝑡

(52)

The temperature evolution can then be derived by solving the entropy rate using Eq. (34) such as:
𝜌𝑐𝜀 𝑇̇ =

𝑒𝑛
ℛ 𝑑𝑖𝑠 𝑝̇ + ℛ𝑁𝑅𝑐𝑣
𝑝̇ + 𝒬𝑘𝑑𝑖𝑠 𝑝̇ ,𝑘
�����������������

non−recoverable mechanical processes

−

̇𝑇
𝒜
�

thermo−plastic coupling

where
𝒜̇ = ℎ𝑝𝑟 �

+

+

1𝑘
𝑇𝑇
�����
2 𝑇 ,𝑖 ,𝑖

heat conduction

𝜌𝓇𝑒𝑥𝑡
���
heat source

−

𝑒
𝛼𝑡���
𝜀̇𝑖𝑗
𝛿��
𝑖𝑗 𝑇
��

thermo−elastic coupling

𝑛1 𝑇 𝑛1 −1
ℎ𝑝𝑟+1 𝑛1 2 − 𝑛1 𝑇 𝑛1
� �
� � � 𝑇̇
� 𝑝̇ +
�
𝑇𝑌1 𝑇𝑌1
𝑟 + 1 (𝑇𝑌1 )2 𝑇𝑌1

(53)

(54)

As it is shown in Eq. (53), the evolution of temperature involves the rate of change in energy due to
the non-recoverable mechanical processes, heat conduction, thermo-elastic and thermo-plastic coupling,
and the external heat source. It is noteworthy to mention that by including the individual effect of
temperature on the energy dissipation and temperature gradient on the stored energy, the classical heat
conduction term in this equation is generalized to the microscale heat equation be means of the two
additional lagging times (Voyiadjis and Faghihi, 2012).
The rate of temperature can be expressed as follows after substituting the constitutive relations of the
microstresses in the absence of heat source and by assuming the adiabatic condition 1:

𝑇̇ =

𝑌
𝓅̇ 𝑚1
𝑇 𝑛1
𝓅̇ 𝑚2
𝑇 𝑛2 2
�� � �1 − � � � 𝑝̇ 𝑝̇ + � � �1 − � � � ℓ𝑑𝑖𝑠 𝑝̇,𝑘 𝑝̇ ,𝑘 �
𝜌𝑐𝜀 𝓅̇ 𝓅̇ 0
𝑇𝑌1
𝓅̇ 0
𝑇𝑌2

ℎ
𝑇 𝑛1
2𝑟𝜒ℎ 2𝑟−1
𝑛1 𝑇 𝑛1 −1 𝑟
��1 − � � � 𝑝𝑟 −
𝑝
−�
� �
� 𝑝 𝑇� 𝑝̇
𝑇𝑌1 𝑇𝑌1
𝜌𝑐𝜀
𝑇𝑌1
𝜌𝑐𝜀
ℎ 𝑝𝑟+1 𝑛1 2 − 𝑛1 𝑇 𝑛1
−
� � � 𝑇̇𝑇
�
𝜌𝑐𝜀 𝑟 + 1 (𝑇𝑌1 )2 𝑇𝑌1
+

1

(55)

Due to the high strain rates and short duration of the loading, heat loss through conduction,
convection, or radiation is neglected in comparison to the thermoplastic heating, and therefore 𝑞𝑖,𝑖 = 0.
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5.3. Microscopic Boundary Conditions: Grain Boundary
The experimental observations on slip transmission motivates one that the effect of surface/interfacial
energy and the global nonlocal energy residual should be non-vanishing. Examples can be found from the
in situ TEM direct observations (e.g. Lee et al., 1989; Lee et al., 1990) or using the GNDs concept in the
description of observations in bicrystallines (e.g. Sun et al., 2000) and nanoindentation tests close to the
grain boundary (e.g. Wang and Ngan, 2004; Soer and De Hosson, 2005; Britton et al., 2009). This results
in a new type of boundary condition - in the context of strain gradient plasticity - accounting for the
surface resistance to the slip transfer due to the grain boundary misalignment (see e.g. Cermelli and
Gurtin, 2002; Gudmundson, 2004; Gurtin and Needleman, 2005;Gurtin, 2008b;Aifantis and Willis, 2006;
Fredriksson and Gudmundson, 2007a; Fleck and Willis, 2009a for the strain gradient theories considering
the interfacial energy). Moreover, motivated from the nanoindentation experiments on polycrystallines for
various temperatures and strain rates (e.g., see Voyiadjis and Faghihi, 2011; Faghihi and Voyiadjis, 2012
and the references there in), a model for the grain boundary is generalized here to account for the
temperature and strain rate.
It should be noted that while this model (based on the slip transmission mechanism) can be also
interpreted to address the interfaces in general cases (e.g. thin film-substrate), it is more realistic for the
grain boundary of polycrystallines down to ultrafine grain sizes (d > 100nm). The other mechanisms such
as sliding and separation at the interface might be involved (i.e. and more pronounced) in the
nanocrystallines and thin film-substrate interface which are not addressed here.
5.3.1. Kinematics and surface Nye’s tensor of grain boundary
Consider a grain boundary separating grains A and B and let 𝑛𝑘𝐼 denotes the unit normal field on the
grain boundary surface directed outward from grain A (Figure 5.1). It is assumed here that the
𝐴
𝐵
= 𝑢𝑖𝑗
) while there is a jump in the plastic distortion (i.e.
displacement field is continuous (i.e. 𝑢𝑖𝑗
𝑝𝐴

𝑝𝐵

𝑢𝑖,𝑗 ≠ 𝑢𝑖,𝑗 ) across the grain boundary due to the variation of dislocation slips and Schmidt tensors which is derived from the tensor product of slip directions and slip planes – at both sides of the grain
boundary.

Figure 5. 1. Schematic illustration of grain boundary separating grains A and B along with single slip
system at each grain and the misalignment angles.
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The Burgers vector of the residual dislocation, 𝑏𝑖𝐼 , corresponding to any infinitesimal circuit 𝛤 𝐼 is
given by Gurtin (2008b):
𝑝𝐴

𝑝𝐵

𝑝𝐵

𝑝𝐴

𝐼
𝑏𝑖𝐼 = 𝑢𝑖,𝑗 d𝑥𝑗 − 𝑢𝑖,𝑗 d𝑥𝑗 = ��𝑢𝑖,𝑗 − 𝑢𝑖,𝑗 �𝑒𝑗𝑘𝑙 𝑛𝑘𝐼 � (𝑒𝑚𝑙𝑠 𝑛𝑚
d𝑥𝑠 )

(56)

where 𝑥𝑖 and d𝑥𝑖 are arbitrary points on the grain boundary and arbitrary line element tangent to the
grain boundary. In the above relation, −𝑒𝑖𝑗𝑘 𝑛𝑗𝐼 d𝑥𝑘 represents a normal to the ‘‘surface element’’ bounded

by 𝛤 𝐼 . The creation of the residual grain boundary dislocation allows the ejection of a dislocation into the
grain. The Burgers vector of the residual dislocation is defined as the difference between the Burgers
vectors of the incoming and outgoing dislocations. According to Lee et al. (1989), the grain boundary
with higher magnitude of the residual Burgers vector has more resistance to the slip transfer.
Since d𝑥𝑗 on the grain boundary surface is arbitrary chosen, one can then write the Burgers-vector
density of the grain boundary per unit length as:
𝑝𝐵

𝑝𝐴

𝛼𝑖𝑙𝐼 = �𝑢𝑖,𝑗 − 𝑢𝑖,𝑗 �𝑒𝑗𝑘𝑙 𝑛𝑘𝐼

where

𝐼 𝐼
𝛼𝑖𝑗
𝑛𝑗 = 0

(57)

𝐼
where 𝛼𝑖𝑗
is termed the grain boundary Nye’s tensor (referred to the grain boundary Burgers tensor by
Gurtin and Needleman (2005) and Gurtin (2008b); grain boundary Nye’s tensor is used here to be
𝑝𝐵

𝑝𝐴

consistent with Section 2.1). In the above expression, the two terms �𝑢𝑖,𝑗 − 𝑢𝑖,𝑗 � and 𝑒𝑗𝑘𝑙 𝑛𝑘𝐼 stand for the

relative misorientation of the grains and the orientation of the grain boundary relative to each grain
respectively. Also the condition

𝑝𝐵

𝑝𝐴

𝐼
𝛼̇ 𝑖𝑗
= 0 (i.e. 𝛼̇ 𝑖𝑙𝐼 = 𝑢̇ 𝑖,𝑗 𝑒𝑗𝑘𝑙 𝑛𝑘𝐼 − 𝑢̇ 𝑖,𝑗 𝑒𝑗𝑘𝑙 𝑛𝑘𝐼 ) represents a balanced

Burgers-vector flow in which the flow out of one grain is equal to the flow into the other one.
Gurtin (2008b) further extended the concept of the surface Nye’s tensor (introduced first by Gurtin and
𝐼
Needleman, 2005) by expressing the magnitude of 𝛼𝑖𝑗
in terms of two types of moduli: inter-grain moduli

(𝔪𝐺𝐴𝐵 ) that characterize slip-system interactions between the two grains; intra-grain moduli (𝔪𝐺𝐴𝐴 and
𝐴𝐵
𝔪𝐵𝐵
𝐺𝑢 ) that describe interactions between any two slip systems of each grain. One may compare the 𝔪𝐺
with the misorientation factor (𝔪𝑊𝑜 ) and the orientation factor 𝔪𝑆ℎ proposed respectively by Wo and
Ngan (2004) and Shen et al. (1986, 1988) to characterize the interstice resistance to slip transmission. It is
also extensively used to interpret the experimental observations of the Hall-Petch and the indentation
strain burst phenomena (e.g. Britton et al., 2009; Soer et al., 2005; Wang and Ngan, 2004; Eliash et al.,
2008). These factors have the values in the range of 0 ≤ 𝔪𝐴𝐵 ≤ 1 where 𝔪𝐴𝐵 = 1 and 𝔪𝐴𝐵 = 0 accounts
for the extreme conditions of stiff (impermeable to dislocations) or deforming (permeable to dislocations)
grain boundaries. These parameters simply can be written as follows for the misalignment angles
illustrated in Figure 5.1:
𝐴𝐵
𝔪𝐺𝑢
= cos 𝜃𝑆 sin 𝛿𝐴 sin 𝛿𝐵
𝐴𝐵
𝔪𝑊𝑜
= cos 𝜃𝑠 cos 𝜃𝑃

𝐴𝐵
𝔪𝑆ℎ
= cos 𝜃𝑠 cos(𝛿𝐵 − 𝛿𝐴 )
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(58)
(59)
(60)

𝐴𝐵
One should note that, the misorientation factor, 𝔪𝑊𝑜
, fails to take the orientation of the grain boundary
plane into account along with the fact that the closest available slip systems are not necessarily those
activated during deformation, since slip proceeds mainly on systems for which the resolved shear stress is
𝐴𝐵
highest. The observation of Wang and Ngan (2004) showed that 𝔪𝑊𝑜
> 0.9 criteria is required for the
strain transfer in niobium while the experiments of Soer et al. (2005) on molybdenum exhibited no slip
𝐴𝐵
𝐴𝐵
𝐴𝐵
transmission through the grain boundary with the factors of 𝔪𝑊𝑜
= 1 and 𝔪𝑆ℎ
= 0.78. Therefore, 𝔪𝑊𝑜
does not fully represent the slip transfer phenomenon.
𝐴𝐵
𝐴𝐵
However, the relations of 𝔪𝐺𝑢
and 𝔪𝑆ℎ
– which vary continuously as a function of misorientation and
grain boundary orientation – indicate that the slip systems are fully interactive if the slip directions are
equal modulo sign (i.e. 𝜃𝑆 = 0 or 𝜃𝑆 = 𝜋) and non-interactive if the slip directions are orthogonal (i.e.
𝐴𝐵
𝜃𝑆 = 𝜋/2 ). In addition to the aforementioned condition for 𝜃𝑆 : 𝔪𝐺𝑢
= 1 when each slip plane is
𝐴𝐵
orthogonal to the grain boundary (i.e. 𝛿𝐴 = 𝛿𝐵 = 𝜋/2 ) whereas 𝔪𝑆ℎ = 1 only requires the equal angle
𝐴𝐵
= 0 when either of
between the slip planes and the grain boundary (i.e. 𝛿𝐴 = 𝛿𝐵 ); on the other hand 𝔪𝐺𝑢
𝐴𝐵
the two slip planes are tangent to the grain boundary (i.e. 𝛿𝐴 = 0 or 𝛿𝐵 = 0) while 𝔪𝑆ℎ
= 0 is only once
𝛿𝐴 − 𝛿𝐵 = 𝜋/2.
𝐴𝐵
While 𝔪𝐺𝑢
describes more realistic response of the interactions between the two grains (according to
the aforementioned special cases), the theory of Gurtin (2008b) for grain boundary also contains the
interactions between slip systems within the grain. Therefore, his flow rules account for both the relative
misorientation of the grains and the orientation of the grain boundary relative to those grains by means of
the intra- and inter-grain moduli
However, the goal of the current research work is to develop a continuum based on the microscopic
behavior of the interface consistent with the gradient plasticity presented in Section 2. In this regard, the
accumulated plastic strain 𝑝𝐼 and plastic strain rate 𝑝̇ 𝐼 at each side of the grain boundary, are viewed as a
𝐼
𝐼
and 𝛼̇ 𝑖𝑗
resolved on the Schmidt-orientation tensor in each
macroscopic illustration of the tensors 𝛼𝑖𝑗
1
grain . This results in a simpler flow rule for the grain boundary (suitable for application purposes) which
its material parameters can be determined by means of the conventional micro-scale experiments.

5.3.2. Virtual power at the grain boundary
As in the theory for the grain interior presented in Section 2, the principle of virtual power is used here
to derive the microforce balance of the grain boundary. One assumes an arbitrary subsurface of the grain
boundary of infinitesimal thickness, 𝑆 𝐼 . Considering the effect of the grain boundary surface energy that
depends on the plastic strain rate at the each side of the plastically deforming phase, one can postulate the
grain boundary internal power as (e.g., Cermelli and Gurtin, 2002; Gudmundson, 2004; Gurtin, 2008b):
𝐼
𝒫𝑖𝑛𝑡
= � (ℳ 𝐼𝐴 𝑝̇ 𝐼𝐴 + ℳ 𝐼𝐵 𝑝̇ 𝐼𝐵 ) 𝑑𝑆 𝐼
𝑆𝐼

(61)

where ℳ 𝐼𝐴 and ℳ 𝐼𝐵 are the internal microforces that expend power over the interfacial plastic strain
rates (i.e. 𝑝̇ 𝐼𝐴 and 𝑝̇ 𝐼𝐵 respectively). The superscripts 𝐴 and 𝐵 are used to differentiate the interfacial
plastic strain and conjugate higher order stresses at the 𝑆 𝐼𝐴 and 𝑆 𝐼𝐵 respectively. In this regard,
discontinuity (i.e. jump) of the plastic strain over the interface is included into the model.
1

Gurtin (2008b) - Eq. (3.14), p. 647
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The net power expended externally on the grain boundary can be expressed as:
𝐼
𝒫𝑒𝑥𝑡
= � ��𝜎𝑖𝑗𝐵 𝑛𝑗𝐼 − 𝜎𝑖𝑗𝐴 𝑛𝑗𝐼 �𝑢̇ 𝑖 + �𝒬𝑘𝐵 𝑛𝑘𝐼 �𝑝̇ 𝐼𝐵 − �𝒬𝑘𝐴 𝑛𝑘𝐼 �𝑝̇ 𝐼𝐴 � 𝑑𝑆 𝐼

(62)

𝑆𝐼

This external power is the result of macrotractions 𝜎𝑖𝑗𝐵 𝑛𝑘𝐼 and 𝜎𝑖𝑗𝐴 �−𝑛𝑘𝐼 � and microtractions 𝒬𝑘𝐵 𝑛𝑘𝐼 and

𝒬𝑘𝐴 �−𝑛𝑘𝐼 � – the special cases of Eq. (14) for the grain boundary internal surface – exerted by stresses 𝜎𝑖𝑗
and 𝒬𝑘 on the grain boundary. A consideration of arbitrary variations of the plastic strains at the grain
boundary defines the interfacial macro- and micro-force balance conditions such as:
�𝜎𝑖𝑗𝐴 − 𝜎𝑖𝑗𝐵 �𝑛𝑗𝐼 = 0

ℳ + 𝒬𝑘𝐴 𝑛𝑘𝐼
ℳ 𝐼𝐵 − 𝒬𝑘𝐵 𝑛𝑘𝐼
𝐼𝐴

=0
=0

(63)
(64)
(65)

The balance presented in Eqs. (64) and (65), couple the behavior in bulk at the grain boundary ( i.e.
termed by the moment tractions 𝒬𝑘𝐴 𝑛𝑘𝐼 and 𝒬𝑘𝐵 𝑛𝑘𝐼 ) to the behavior of the grain boundary ( i.e. described
by the internal microstresses ℳ 𝐼𝐴 and ℳ 𝐼𝐵 ).
5.3.3. Grain boundary constitutive relations: Free energy and dissipation potentials
The same relations as the ones used to derive the constitutive model for the single crystal are utilized
here. One may start from the condition for a non-negative dissipation at the interface between two phases
such as:
ℳ 𝐼 𝑝̇ 𝐼 − ℮̇𝐼 ≥ 0

(66)

ℳ 𝐼 𝑝̇ 𝐼 − 𝛹̇ 𝐼 ≥ 0

(67)

where ℮𝐼 and 𝑇 𝐼 are the internal surface density and temperature at the grain boundary. ℳ 𝐼 is the
microtraction which can be ℳ 𝐼𝐴 or ℳ 𝐼𝐵 for sides A and B of surface 𝑆 𝐼 respectively. Therefore, the
interfacial Clausius-Duhem inequality can be retrieved as:

In order to preserve the positive value of the dissipation, the above inequality can be reduced to the
following expression by assuming the interfacial Helmholtz free energy per unit surface area as 𝛹 𝐼 =
𝛹 𝐼 (𝑝𝐼 )1 :
P

ℳ 𝐼 𝑝̇ 𝐼 −

𝜕𝛹 𝐼 𝐼
𝑝̇ ≥ 0
𝜕𝑝𝐼

(68)

It is further assumed that the mechanical microstress ℳ 𝐼 admits the decomposition into energetic and
dissipative components such as:
1

where 𝛹 𝐼 is convex with respect to 𝑝𝐼 .

109

ℳ 𝐼 = ℳ 𝐼𝑒𝑛 + ℳ 𝐼𝑑𝑖𝑠

(69)

One can then relate the energetic part of the microtraction to the interfacial energy per unit surface
area by (Gurtin and Murdoch, 1976; Gurtin and Murdoch, 1978):
𝜕𝛹 𝐼
𝜕𝑝𝐼

ℳ 𝐼𝑒𝑛 =

(70)

Hence, the condition of non-negative residual interfacial dissipation is then expressed as:
𝒟 𝐼 = ℳ 𝐼𝑑𝑖𝑠 𝑝̇ 𝐼 ≥ 0

(71)

The definition of the dissipative interfacial force can be retrieved such that:
ℳ 𝐼𝑑𝑖𝑠 =

𝜕𝒟 𝐼
𝜕𝑝̇ 𝐼

(72)

The interfacial constitutive law satisfies Eq. (71) if ℳ 𝐼𝑑𝑖𝑠 are related to a convex dissipation potential
of 𝑝̇ 𝐼 . Following Gudmundson (2004) and Fleck and Hutchinson (1997), it is assumed here that the plastic
dissipation depends upon effective strain rates derived from quadratic form within 𝑆 𝐼 . In the following
section the choice of free energy and dissipation potential for grain boundary along with their physical
justifications is presented.
5.3.3.1. Grain boundary free energy and dissipation functions
It is known that, in the initial stages of plastic deformation the grain boundary acts as a barrier to
plastic slip, while in later stages the interface acts as a source or sink for dislocations. The long-range
stress fields associated with constrained plastic flow leading to the dislocation accumulation and pile-up
against a grain boundary will influence the energetic state in a region around the interface. The state at the
grain boundary – which results in back-stresses at a dislocation pile-up near a grain boundary - may be
presented by a surface energy that is governed by the plastic strain state at both sides of the interface.
Fredriksson and Gudmundson (2005) and Fredriksson and Gudmundson (2007a) suggested a general
power law form for the surface energy. Following their work, the constitutive relation for the Helmholtz
free energy per unit surface area of the grain boundary can be postulated as follows:
𝛹 𝐼 (𝑝𝐼 ) =

𝑎𝐼

1
𝐼
ℓ𝐼𝑒𝑛 𝐺(𝑝𝐼𝑒 )𝑎 +1
+1

(73)

where ℓ𝐼𝑒𝑛 is termed the interfacial energetic length scale, 𝑝𝐼𝑒 is the plastic strain at the interface prior
to the slip transfer, and 𝑎𝐼 is a positive material constant where the range 0 ≤ 𝑎𝐼 ≤ 1 seems to be more
realistic. It is should be noted that while the other mathematical form for the convex surface energy with
respect to 𝑝𝐼 is possible, the above simple relation is considered here since it qualitatively agrees with the
theoretical and experimental observations. For example Fredriksson and Gudmundson (2007a) compared
Eq. (73) with the expression suggested by Shockley and Read (1949) and Read and Shockley (1950) for
the interfacial energy of the low-angle tilt boundary and concluded that for the case of for 𝑎𝐼 = 0, both
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relations show the same trend. They also derived a micromechanically based expression for ℓ𝐼𝑒𝑛 as a
function of Burgers vector, dislocation core radios and the misorientation angle for the low-angle tilt grain
boundary. However, it is not clear to the authors that the value obtained from this expression is valid and
more studies are required to identify the physical nature of the energetic interfacial length scale.
Fleck and Willis (2009a) argued that the change in internal energy due to the local effect of grain
boundary is negligible compared with the energy dissipation (i.e. 𝛹 𝐼 ≈ 0). They considered two extreme
views of dislocation arrangement at the grain boundary of single slip within one grain and with (i) no slip;
and (ii) double slip; within the adjacent grain. In the first case, their argument relies on that the change in
the core energy of dislocations when they enter the grain boundary lead to a negligible free energy of the
solid. However, this has a pronounced effect on the macroscopic dissipative strengthening which is
characterized by the jump in plastic strain. In the case of double slip the boundary state of disorder
𝐼
changes, even though the surface Nye tensor vanishes (i.e. 𝛼𝑖𝑗
= 0 due to the no jump in plastic stran).
The authors reasoning that since the following dislocations coming across the grain boundary, experience
the local interactions with the existing dislocations, the major effect is therefore strengthening than the
change in the free energy. In other words, according to Fleck and Willis (2009a), the long range backstresses at a dislocation pile up near a grain boundary is already accounted for in the crystal plasticity
calculation and the additional back-stress is insignificant. This argument will be investigated in the
current research work using the experimental observations.
The definitions of the energetic interfacial forces can then be retrieved by substituting Eq. (73) into
Eq. (70) such as:
𝐼
(74)
ℳ 𝐼𝑒𝑛 = ℓ𝐼𝑒𝑛 𝐺(𝑝𝐼𝑒 )𝑎

Since ℳ 𝐼𝑒𝑛 is due to the recoverable stored energy, it is independent of plastic strain (i.e. dislocation
slip) rate and temperature and represents the backstress.
In addition to the aforementioned stored energy due to dislocation pile up, two major factors might be
identified affecting the energy dissipation once the dislocations move in the grain boundary region
(Aifantis and Willis, 2005; Aifantis and Willis, 2006; Aifantis and Ngan, 2007). When dislocations
encounter a grain boundary they pile up there and slip can transmit to the adjacent grain only when the
stress field ahead of the pileup is high enough. Direct observation of the process using transmission
electron microscopy (TEM) also shows that the main mechanisms for the aforementioned slip
transmission are the dislocation absorption and re-emission (for the low angle boundaries Soer et al.,
2005) and the dislocation nucleation in the adjacent grain (for the high angle boundaries Ohmura et al.,
2004). As soon as deformation initiates in the adjacent grain the interface begins to deform and the plastic
strain on the interface increases.
The energy associated with the deformation of the interface in this case is taken to be mainly due to
the energy dissipation as dislocations move in the interface region. In addition to considering the
resistance force to dislocation motion being temperature and rate dependent, this energy dissipation can
be taken as a linear function of interfacial plastic strain.
Moreover, change in the interfacial area can also affect the energy dissipation. The macroscopic
accumulated plastic strain at the grain boundary, 𝑝𝐼 , can be related to the microscopically deformation of
the interface through the root-mean-square of the gradient of this deformation. Moreover, the energy
change after the grain boundary has yielded (i.e. onset of slip transmission) can be approximated by a
quadratic function of the aforementioned displacement gradient (at micro-scale) and hence the interfacial
plastic strain (at macro-scale).
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Combining both aforementioned mechanisms (i.e. change in the interfacial area and deformation of the
grain boundary due to the dislocation movement) involved in the energy dissipation due to the slip
transfer across the grain boundary, one can postulate the following generalized expression for the
interfacial dissipation potential:
ℓ𝐼𝑑𝑖𝑠 𝒴 𝐼 𝑝̇ 𝐼𝑝
𝒟𝐼 = 𝐼
� �
𝑚 + 1 𝑝̇0𝐼

𝑚𝐼

𝑛𝐼

𝑇𝐼
�1 − � 𝑝̇ 𝐼𝑝 ≥ 0
𝑇𝑌

(75)

where 𝒴 𝐼 is a function that accounts for a yield-like condition at the interface, 𝑝𝐼𝑝 is the plastic strain
at the interface after the slip transfer, and ℓ𝐼𝑑𝑖𝑠 is the interfacial dissipative length scale. The term
𝐼

(𝑝̇ 𝐼𝑝 ⁄𝑝̇0𝐼 )𝑚 includes the rate dependency to the interfacial behavior through a simple power law, where
𝑝̇0𝐼 and 𝑚𝐼 are viscous related parameters. It should be noted that any smooth function of interfacial
plastic strain rate that is strictly positive and vanishes when 𝑝̇ 𝐼 = 0 can be also taken into account to
address the rate dependency. The temperature-dependency of the interfacial energy, is also provided here
𝐼

using the function (1 − 𝑇 𝐼 /𝑇𝑌𝐼 )𝑛 , where 𝑇𝑌𝐼 is the bulk scale-independent temperature at the onset of
yield and 0 ≤ 𝑛𝐼 < 1 is the thermal exponent (Abu Al-Rub and Faruk, 2011). This implies that the
interfacial energy decreases as the temperature increases and when 𝑇 𝐼 = 𝑇𝑌𝐼 , the interface behaves like a
free surface with zero interfacial energy 1. The functional dependence of the interfacial energy is
analogous to that proposed by Cahn and Hilliard (1958, 1959) for heterogeneous domains in which 𝑇𝑌𝐼 is
interpreted as the critical temperature at which the thickness of the interface becomes infinite.
It is known that the grain boundaries in polycrystallines act as strong obstacles to dislocation motion at
low temperature, while, at high temperatures, the grain boundaries function as sites of weakness and grain
boundary sliding may occur leading to plastic flow or opening up voids along the boundaries (Meyers and
Chawla, 2009). In this regard, and as a first guess, one may assume the interfacial yield temperature as a
fraction of the material melting point, 𝑇𝑚 , such that 𝑇𝑌 = 𝑘 𝐼 𝑇𝑚 where according to Chung (2007) one has
0.3 < 𝑘 𝐼 < 0.6. However, this argument needs to be verified through experimental measurements for
extracting the thermo-mechanical properties of the interfaces. The grain boundary weakening phenomena
is discussed in the following chapter through a numerical example.
Concerning the aforementioned mechanisms for the dissipation of energy through grain boundary, 𝒴 𝐼
can be expressed by the following relation:
𝒴 𝐼 = 𝑌 𝐼 +ℎ𝐼 𝑝𝐼𝑝

(76)

where 𝑌 𝐼 is a constant interfacial yield stress characterizing the stress at which interface starts to
deform plastically (i.e. one set of slip transmission) and ℎ𝐼 is termed interfacial hardening describing the
ease of slip transmission through the grain boundary.
The concept of an interface energy that depends on the plastic strain state at the interface is adopted
from the model for the grain boundary proposed by Aifantis and Willis (2005, 2006). They considered
grain boundaries as the surface contribution to the strain energy that depend on the plastic strain at the
interface. It was assumed that the plastic strains were continuous over the interface whereas a jump in
conjugate higher-order stresses allowed significant size effects to be obtained. A distinctive feature of
their formulation is that grain boundary does not yield with the rest of the material, but follows its own
1

Corresponding to the condition that dislocations are nucleated within the bulk and did not reach the interface yet.
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yield behavior (i.e. 𝑌 𝐼 : the stress at which dislocations begin crossing the interface and ℎ𝐼 𝑝𝐼 : grain
boundary allows to harden at the post slip transmission stage).
It should be noted that for an elastic–plastic interface (e.g. thin film on an elastic substrate), the
condition of a continuous plastic strain assumed by Aifantis and Willis (2005, 2006) would imply a
vanishing plastic strain at the interface, since no plastic strain on the elastic side of the interface can exist.
This fault in the plastic strain continuity at the interface has been pointed out first by Fredriksson and
Gudmundson, (2007a). However, Gudmundson (2004) recognized that gradient plasticity permitted the
admission of a jump in plastic strain across interfaces. In this sense, their model can be recognized in the
same class of the interface models proposed by Gurtin and his co-workers (Cermelli and Gurtin,
2002; Gurtin and Needleman, 2005; Gurtin, 2008b) and Fleck and his co-workers (Borg and Fleck,
2007; Fleck and Willis, 2009a; Fleck and Willis, 2009b).
It is worth mentioning that both models developed by Cermelli and Gurtin (2002) and Gurtin and
Needleman (2005) account for the dissipative mechanisms of the grain boundary which is consistent with
the notion of Willis and his co-wrokers (Aifantis and Willis, 2005, Aifantis and Willis, 2006, Aifantis et
al., 2006, Fleck and Willis, 2009a, Fleck and Willis, 2009b). On the other hand, Gudmundson and his cowrokers (Fredriksson and Gudmundson, 2007a; Fredriksson and Gudmundson, 2005; Gudmundson,
2004) proposed two types of interface models: (i) that plastic work at the interface is completely stored as
a surface energy and no dissipation occurs due to plasticity at the interface; (ii) the plastic work is
completely dissipated with no buildup of a surface energy. However, the grain boundary flow rules
proposed by Gurtin (2008b), based on crystal plasticity include both energetic and dissipative
counterparts and account for the relative misorientation of the grains and the orientation of the grain
boundary.
The theory presented here is developed based on the aforementioned argument as well as the
experimental observation of the nanoindentation near the grain boundary (Soer and De Hosson, 2005;
Wang and Ngan, 2004), Hall-Petch effect (e.g. Aifantis and Konstantinidis, 2009; Nieh and Wang, 2005),
the effect of surface passivation of Bauschinger effect in thin film (Xiang and Vlassak, 2005; Xiang and
Vlassak, 2006), and behavior of bicrystallines (e.g. Sun et al., 2000). Therefore the present model
accounts for the plastic strain discontinuity at the grain boundary, rate and temperature effect on yield-like
slip transmission, and the backstress due to dislocation pile ups at the grain boundary. Initial attempts are
also made here to determine the material parameters of the model using the existing experiments.
However, more theoretical and experimental studies are required in this direction along with a possible
simplification for application purposes.
The interfacial dissipative microstress is then obtained by substituting Eq. (75) into Eq. (70) as
follows:
ℳ

𝐼𝑑𝑖𝑠

=

ℓ𝐼𝑑𝑖𝑠 [𝑌 𝐼 +ℎ𝐼 𝑝𝐼𝑝 ] �1 −

𝑛𝐼

𝑇𝐼
𝑝̇ 𝐼𝑝
� � 𝐼�
𝑇𝑌
𝑝̇0

𝑚𝐼

(77)

As it is explained earlier, ℳ 𝐼𝑒𝑛 and ℳ 𝐼𝑑𝑖𝑠 denotes the mechanism for the pre and post slip transfer and
dependents on the portion of the plastic strain at the interface (i.e. 𝑝𝐼𝑒 and 𝑝𝐼𝑝 respectively where the
overall plastic strain at the grain boundary can be expressed as 𝑝𝐼 = 𝑝𝐼𝑒 + 𝑝𝐼𝑝 ). Thus, it is convenient to
define the interfacial plastic stain at one set of slip transfer, 𝑝𝑦𝐼 such as:
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𝑝𝑌𝐼 =

ℓ𝐼𝑑𝑖𝑠 𝑌 𝐼
� 𝐼
ℓ𝑒𝑛 𝐺

�1 −

𝐼
𝐼 𝑛

𝐼
𝐼𝑝 𝑚

𝑇
𝑝̇
� � 𝐼�
𝑇𝑌
𝑝̇0

�

−𝑎 𝐼

(78)

Therefore microtraction stresses for the grain boundary can be expressed in term of 𝑝𝐼 as follows:
𝑎𝐼

ℳ 𝐼 = ℓ𝐼𝑒𝑛 𝐺(𝑝𝐼 − 〈𝑝𝐼 − 𝑝𝑌𝐼 〉)

𝑛𝐼

𝑇𝐼
𝑝̇ 𝐼
+ ℓ𝐼𝑑𝑖𝑠 ℎ𝐼 〈𝑝𝐼 − 𝑝𝑌𝐼 〉 �1 − � � 𝐼 �
𝑇𝑌
𝑝̇0

𝑚𝐼

(79)

where the Macaulay brackets 〈∗〉 are used to describe the ramp function such as: 〈𝑥〉 = 𝑥 for 𝑥 > 0
and 〈𝑥〉 = 0 for 𝑥 ≤ 0.
It will be physically explained in the following section that the interfacial yield condition expressed in
the above equation accounts for three different mechanism: (i) additional strength due to the pile up at the
grain boundary when it is impermeable to the dislocation transfer (characterized by ℳ 𝐼𝑒𝑛 ) leading to
kinematic hardening); (ii) required stress at the interface at onset of dislocation transmission
(characterized by 𝑌 𝐼 ); and (iii) the rate of relieving the pile up induced backstress characterized by
ℎ𝐼 leading to isotropic hardening. Moreover, Eq. (79) confirms that if ℓ𝐼𝑒𝑛 = ℓ𝐼𝑑𝑖𝑠 = 0, the grain boundary
would act like a free surface (i.e. micro-free boundary condition) while ℓ𝐼𝑒𝑛 → ∞ and ℓ𝐼𝑑𝑖𝑠 → ∞ would
denote a micro-clamped boundary condition. It should be noted that by setting the ℓ𝐼𝑒𝑛 = 0 in the above
equation one can retrieve an interfacial model such as the one suggested by Aifantis and Willis (2006)
while Eq. (79) reduces to the model proposed by Fredriksson and Gudmundson (2005) when the
dissipative counterpart vanishes (i.e. ℓ𝐼𝑑𝑖𝑠 = 0).
5.3.3.2. Grain boundary flow rule
After determining the constitutive relations for the microtraction, the nonlocal microforce balances,
Eqs. (64) and (65), can be used to derive the grain boundary flow rule. Since ℳ 𝐼𝑒𝑛 represents a
backstress, one may rewrite the microforce equilibrium relation as:
for 𝑆 𝐼𝐴 :

for 𝑆 𝐼𝐵 :

��𝐺ℓ2𝑒𝑛 𝑝,𝑘 + 𝑌ℓ2𝑑𝑖𝑠 �
=

𝓅̇ 𝑚2
𝑇 𝑛2 𝑝̇,𝑘
𝐼
� �1 − � � � �� 𝑛𝑘𝐼 + ℓ𝐼𝑒𝑛 𝐺(𝑝𝐼𝑒 )𝑎
𝓅̇ 0
𝑇𝑌2
𝓅̇

− �ℓ𝐼𝑑𝑖𝑠 [𝑌 𝐼 +ℎ𝐼 𝑝𝐼𝑝 ] �1 −

��𝐺ℓ2𝑒𝑛 𝑝,𝑘

+

𝑌ℓ2𝑑𝑖𝑠 �
=

𝑛𝐼

𝑇𝐼
𝑝̇ 𝐼𝑝
� � 𝐼�
𝑇𝑌
𝑝̇0

𝑚𝐼

�

𝓅̇ 𝑚2
𝑇 𝑛2 𝑝̇,𝑘
𝐼
� �1 − � � � �� 𝑛𝑘𝐼 − ℓ𝐼𝑒𝑛 𝐺(𝑝𝐼𝑒 )𝑎
𝓅̇ 0
𝑇𝑌2
𝓅̇

�ℓ𝐼𝑑𝑖𝑠 [𝑌 𝐼 +ℎ𝐼 𝑝𝐼𝑝 ] �1 −
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(80)

𝑛𝐼

𝑇𝐼
𝑝̇ 𝐼𝑝
� � 𝐼�
𝑇𝑌
𝑝̇0

𝑚𝐼

�

(81)

It should be noted that in a general case, the interfacial model parameters are different on each side of
the grain boundary unless an average value based on the physical observations is considered for
simplification.
Considering the above flow rules as the boundary conditions of Eq. (50), results in a yield condition
accounting for the temperature and rate dependent barrier-effect of grain boundaries on the plastic slip
and consequently the influence on the GNDs evolution in the grain interior. According to this grain
boundary model, when the shear stress reaches a proper threshold, the grains slip along the boundary is
initiated; however when the normal component of 𝑄𝑘 with respect to grain boundary (i.e. density of the
GNDs at the grain boundary) reaches an assigned threshold the local plastic slip is activated.
Subsequently, in the initial stages of plastic deformation the grain boundary acts as a barrier to plastic
slip, while in later stages the interface acts as a source or sink for dislocations. This will be explained in
the next chapter through a numerical example.
Moreover, following Section 2.6, one may theoretically derive a relation for the temperature evolution
at the grain boundary. However, such an expression might not be physically realistic since the generated
temperature at the grain boundary due to the slip transfer is much smaller than the grain interior (due to
the higher amount of plastic work) and it will be balanced quickly with the temperature of the grain at the
vicinity of the boundary (even with the adiabatic condition assumption). Therefore, assuming temperature
jump for the present theory would be awkward and cumbersome. However, developing a model for the
interfacial (e.g. grain boundary) thermal resistance would be beneficial for a theory allowing the heat
conduction through the generalized heat equation.

5.4. Application: Experimental Observations and Model Calibration
The finite element implementation of the proposed framework along with an extensive investigation
on the capability of the model in capturing the experimental thermo-mechanical observations,
Bauschinger effect, and grain boundary strengthening are discussed in the following chapter. However, in
this section, and in order for completeness, the constitutive model is calibrated using a set of size effect
experiments on the thin films under biaxial loading. Moreover, the main features of the theoretical
framework proposed for the grain boundary is illustrated here through nanoindentation experiments near
the grain boundary along with a simple approach for determining the material parameters.
5.4.1. Size effect in thin film: Bulge test
The strain gradient thermo-visco-plasticity framework presented in Sec. 2 for a single crystal along
with the grain boundary flow rule (Sec. 3) can also be used to address the observed size dependency of
materials – over a scale that ranges from a fraction of a micron to a hundred microns– from both microscale and macro-scale experiments. For example the experimental results of the thin film – substrate
system can be described by the proposed model involving one spatial dimension where the thin film (i.e.
bulk) and the thin film substrate interface denotes a grain and grain boundary respectively. The
restrictions of this approach – as it is explained before – are the lack of debonding description in the
current interface model along with the assumption that the film microstructure intrinsic characteristic (e.g.
average grain size) is smeared out in the constitutive model for bulk. Therefore, careful attention must be
given to the choice of the experiments in order to calibrate the proposed model.
Motivated by reliability problems encountered in engineering applications of thin metal films (e.g.
microelectronics, optics, magnetic, hard and corrosion resistant coatings, micromechanics), a substantial
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amount of experimental work is directed to characterizing the mechanical properties of thin films by a
variety of techniques (e.g. Vlassak and Nix, 1992; Shen et al., 1998; Kraft and Hommel, 2001; Dehm et
al., 2003; Espinosa et al., 2003; Espinosa et al., 2004; Vlassak et al., 2005; Xiang et al., 2005; Florando
and Nix, 2005; Lou et al., 2003; Lou et al., 2006; Phillips et al., 2004). According to the aforementioned
limitation a set of bulge test experiments on free standing thin films with variable film thickness but
constant microstructure are taken into account.
Vlassak and his co-workers (Vlassak and Nix, 1992; Xiang et al., 2005) developed an experimental
method based on plane-strain bulge test technique to deform thin metal films alternately in tension and
compression to measure the corresponding stress-strain curve. In this technique, the film of interest is
deposited on a Silicon frame and long rectangular membranes are fabricated using micromachining
technology. The stress and strain in the membrane are determined independently from the applied
pressure and the corresponding membrane deflection (Vlassak et al., 2005; Xiang et al., 2006; Xiang and
Vlassak, 2005; Xiang and Vlassak, 2006; Needleman et al., 2006). Here the proposed gradient plasticity
model is compared to the bulge test results of electroplated copper films with the thickness of 1.00, 1.90,
and 4.20 μm conducted by Xiang and Vlassak (2006). The microstructure of all three films are the same
in both their average grain sizes1 and crystallographic textures. They are independent of thickness. Xiang
and Vlassak (2005, 2066) compared the results of unpassivated film with the films with one or both
surfaces passivated2 by 20𝑛𝑚 of Ti and concluded that for a given film thickness, the passivation layer
gives rise to both work-hardening rate and size effect. Thus, the response of the Cu film with both
surfaces passivated is taken into account here.
The flow rule presented in Sec.2 is implemented into a finite element code3 and used to calibrate the
constitutive model parameter with the response of the electroplated Cu films with various thicknesses.
The film is modeled to be subjected to plane-strain tension with the strain rate along the longitudinal
direction equal to zero. Furthermore, the stress rate normal to the film is assumed to be negligible
compared to the in-plane stress 4. The micro-clamped boundary conditions are imposed at the top and
bottom surfaces of the film in order to model the presence of passivation layer in blocking the dislocation
escaping. The comparison between the bulge test experimental results with the proposed framework is
shown in Figure 5.2.
The main issue in strain gradient plasticity theory is the definition and magnitude of the material
length scale. As it is pointed out by many researchers, the material intrinsic length scale is proportional to
the mean free path of dislocations (see e.g., Nix and Gao, 1998; Swadener et al., 2002; Abu Al-Rub and
Voyiadjis, 2004; and Voyiadjis and Abu Al-Rub, 2005; Faghihi and Voyiadjis, 2012). This suggests that
the material length scale is not a fixed material parameter but changes with the deformation of the microstructure because of the variation of the mean free path with dislocation evolution, temperature and rate
effects. However, the material length scales (ℓ𝑒𝑛 and ℓ𝑑𝑖𝑠 ) incorporated in the current theory are not
directly related to the aforementioned micro-structural length scale. Instead, they are used in the
The average grain sizes of the films with 1.00, 1.90, and 4.20 𝜇𝑚 are 1.5 ± 0.05, 1.51 ± 0.04, and 1.5 ± 0.05 𝜇𝑚
respectively.
2
A well-adhered passivating layer prevents dislocation from exiting the film and results in significant plastic strain
gradient. The plastic flow constrain due to the presence of the passivation layer, cannot be described neither by the
classical plasticity nor the first order gradient theories.
3
The details regarding the numerical implementation are presented in the following chapter.
4
According to Fleck and Hutchinson (2001) the aforementioned simplification has insignificant influence for the
results in the plastic regime.
1
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formulation to account for the energetic and dissipative nature of the dislocation network. Anand et al.
(2005) suggested that a first presumption for these parameters can be obtained by fitting the flow rule
expression to the backstress and yield strength experimental data under the assumption of ℓ𝑑𝑖𝑠 = 0 and
ℓ𝑑𝑖𝑠 = 0 at each case respectively. However, information from micro-mechanical based tests is needed to
determine these two parameters.
However, in the present work the material length scales are viewed as a material constant and can be
calibrated using the stress-strain in various sizes (i.e. film thickness here). As it will be shown in the
following chapter, the energetic hardening gives rise to the rate of strain hardening while dissipative
strengthening affects the yield stress. However, the main difference between the influences of the ℎ vs
ℓ𝑒𝑛 and 𝑌 vs ℓ𝑑𝑖𝑠 on respectively the hardening and strengthening is that the former parameters are
independent of the film thickness while the effect of length scales on both strain hardening and yield
stress are size dependent. Moreover, one can easily differentiate the effect ℎ vs ℓ𝑒𝑛 with existing a full
cycle of reversal loading, since ℎ increases the isotropic hardening while ℓ𝑒𝑛 gives rise to the kinematic
hardening. Therefore, there is only one set of parameters that exist that match the experiments with at
least three different sizes. The material constant related to the temperature and rate dependency functions
are determined here based on the best fit with the current experimental data. However, experiments for
various rates and temperatures are required for the determination of more accurate constants. The
calibrated material parameters along with t parameters such as material density and shear modulus for the
copper available in the literature are shown in Table 1.

Figure 5. 2. Model predictions and experimental measurements of the film thickness effect on the stressstrain curves of electroplated Cu films with both surface passivated by 20 nm of Ti [Experimental data
taken from Xiang and Vlassak, 2006].
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Table 1 – Parameters for the proposed strain gradient thermo-visco-plasticity constitutive model for the
Cu thin film.
General parameters of
Cu

Calibrated model parameters
𝑌 (MPa)

195

ℓ𝑑𝑖𝑠 (µm)

2.5

ℎ (MPa)

600

ℓ𝑒𝑛 (µm)

1.5

𝑟

0.6

𝓅̇ 0 (s

−1

)

0.04

𝑛1

0.3

𝑇𝑌1 (°K)
𝑚1
𝑛2

1358
0.05
0.3

𝑇𝑌2 (°K)
𝑚2

1358
0.05

𝐸 (MPa)

𝐺 (MPa)

𝜌(g. cm−3 )
𝑐𝜀 (J/g. °K)
𝜒(MPa−1 )
𝛼𝑡

110
48
8.96
0.385
0.0091
≈0

The variation of the calculated actual yield stress 𝜎𝑌 (i.e. defined at 0.2% offset strain) based on the model
parameters presented in Table 1 with the inverse film thickness are compared with the measured 𝜎𝑌 of
electrodeposited Cu thin film in Figure 5.3. The results of the second set of experiments conducted on the
sputter-deposited Cu films 1 with thickness ranging from 0.34 to 0.89 𝜇𝑚 Xiang and Vlassak (2006) are
also shown in this figure. The main reason for the observed lack of perfect match between the measured
and predicted results is due to the difference in the microstructural characteristics of the films such as the
average grain size.

Figure 5.3. Model predictions and experimental measurements of the actual yield stress Cu films as a
function of inverse film thickness [Experimental data taken from Xiang and Vlassak, 2006].

1

The stress-strain experimental data will be used to investigate the Bauschinger effect using the proposed model in
the following chapter.

118

(a)

(b)

Figure 5.4. Distribution of (a) plastic strain; (b) plastic strain gradient, across the film thickness.
The presence of the well adhered Ti passivation layer at the surfaces of the Cu films (i.e. completely
blocking the dislocation escaping) results in dislocation pile up near the film-passivation interface and
forming boundary layers with high dislocation density at the top and bottom of the film as suggested by
TEM observations (Xiang and Vlassak, 2005; Vlassak et al., 2005) and discrete dislocation analyses
(Nicola et al., 2003; Needleman et al., 2006). The aforementioned pile ups have a net Burgers vector,
which consequently leads to a plastic strain gradient. This can be seen in the strain gradient calculation
results shown in Figure 5. 4, using the parameters presented in Table 5. 1. By imposing the no plastic
flow boundary condition at both ends of the film, the boundary layers with a large plastic strain gradient
near both ends of the film can be identified in this figure where their widths are independent of the film
thickness. It should be noted that due to the symmetry of the problem, the half of the model represents a
thin film with a free surface (i.e. no strain gradient) and a passivated surface. The strong thickness
dependency of the plastic behavior is clearly shown in this figure where the average plastic strain
increases with 𝐿. As it will be shown in the next chapter, this strong size dependency is due to imposing
the micro-clamped boundary condition. The size effect will be reduced in the case of using the micro-free
condition or imposing the proposed interface model at the boundaries. As discussed by Xiang and
Vlassak (2006), the average dislocation density is reduced at the boundary layer region (a few tens of
nanometer in the present experiments) due to high dislocation density at this area. By increasing the
straining the stress ahead of the pile up becomes large enough to fracture the passivation layer allowing
the dislocations to escape freely and reduces the size effect.
5.4.1.1. Free energy and dissipation potentials
Based on the calibrated model parameters of Table 5. 1, one can compare the stored energy and rate
dissipation function for various film thicknesses. Since the plastic strain is zero at the boundaries and the
plastic strain gradient vanishes in the middle of the film, therefore, the results are computed at 𝐿/4 of the
𝑐𝑤
specimen thickness. Figure 5.5 shows the variation of free energies 𝜓𝑓𝑠𝑡 (Eq. (28)), 𝜓𝑓𝑠𝑡
(Eq. (30)), and
𝑝

𝑔

𝜓𝑒/𝑠 (Eq. (32)), and the rate of dissipation characterized by 𝒟𝑎𝑐𝑐 (Eq. (41)) and 𝒟𝑎𝑐𝑐 (Eq. (42) with the
experiments at different times. In order to make the comparison between the stored and dissipated
energies obtained from the proposed framework, the following two functions are defined:
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𝑝

𝑝

𝜙𝑎𝑐𝑐 = � 𝒟𝑎𝑐𝑐 𝑑𝑡
𝑔

(82)

𝑔

𝜙𝑎𝑐𝑐 = � 𝒟𝑎𝑐𝑐 𝑑𝑡

(83)

(a)

(b)

(c)
(d)
Figure 5.5. Energetic and dissipative potentials based on the calibrated model parameter at 𝐿/4 of the
film.
𝑝

𝑔

The rate of energy dissipation calculated from the functions 𝒟𝑎𝑐𝑐 and 𝒟𝑎𝑐𝑐 is presented in Figure 5.5
𝑝
(a). It is clearly shown in this figure that the rate of dissipation is size dependent such that 𝒟𝑎𝑐𝑐 increases
𝑔
monotonically with the sample thickness, while 𝒟𝑎𝑐𝑐 decreases by increasing the thickness. Figure 5.5 (b)
𝑝
compares the evolution of energetic and dissipative functions of 𝜓𝑓𝑠𝑡 and 𝜙𝑎𝑐𝑐 during the plastic
deformation of the films. Identical trend is observed from both functions where the gradient independent
𝑐𝑤
as a fraction
stored energy is slightly higher than the dissipative one. The stored energy of cold work 𝜓𝑓𝑠𝑡
of 𝜓𝑓𝑠𝑡 are also presented in this figure. One can realize that the observed size dependency in the 𝜓𝑓𝑠𝑡
𝑝

and 𝜙𝑎𝑐𝑐 is mainly due to the variation in the amount of temperature rise in the three films while the
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𝑐𝑤
results of the temperature independent 𝜓𝑓𝑠𝑡
show no dependency to the size of the sample. Moreover, the

𝑐𝑤
increases during plastic deformation since the stored energy of cold
variation between 𝜓𝑓𝑠𝑡 and 𝜓𝑓𝑠𝑡
𝑔

work tends to saturate after some point. Strong size dependency is observed in 𝜓𝑒/𝑠 and 𝜙𝑎𝑐𝑐 due to the
presence of length scale in their functional form as it is shown in Figure 5.5 (c). However, the strain
gradient dependent stored energy illustrates lager amount as well as more pronounced size effect
comparing with the dissipative one. Finally the amount of stored and dissipated energies (i.e. 𝜓 = 𝜓𝑓𝑠𝑡 +
𝑝

𝑔

𝜓𝑒/𝑠 and 𝜙 = 𝜙𝑎𝑐𝑐 + 𝜙𝑎𝑐𝑐 respectively) are also calculated for the thin films. This behavior is captured
with the current analyses which are presented in Figure 5.5(d). It is interesting to note that the evolution
of the dissipated energy during the plastic deformation is almost independent of the sample size, while
strong size dependency is observed in the stored energy.
It should be noted that, the authors do not draw any conclusions at this point regarding the energetic
and dissipative nature of the additional strength due to the presence of GNDs. This issue requires more
experimental evidence along with dislocation dynamic simulations. However, from the aforementioned
calculations, one can conclude that the model involving both energetic and dissipative material length
scales leads to an enhanced description of the size effects exhibited in metals.

5.4.2. Grain boundary resistance to slip transfer: Nanoindentation test
The main purpose of this section is to provide a physical justification regarding the proposed grain
boundary flow rule by mean of the micro – scale experiments accounting for the interaction of a grain
boundary with the grain interior. The possibility of measuring an intrinsic hardening contribution of the
grain boundary, as a result of the difficulty in slip transmission across the boundary, has recently come
under investigation with the widespread availability of the nanoindentation technique. Such experiments
could potentially offer detailed information about the intrinsic mechanical properties of individual grain
boundaries. To this point, however, a thorough understanding of the mechanical response is lacking. An
attempt is made here to provide the possible link between the proposed grain boundary model parameters
and the nanoindentation observations conducted near the grain boundary. However, this issue requires
more theoretical and experimental studies.
It is known from prior indentation studies that a distinct plateau (termed as strain burst) was observed
for small indentation depths (around 10nm) in the load (𝐹) – displacement (𝑑) nanoindentation plot. It is
reasoned that such displacement burst is triggered by the nucleation or multiplication of dislocations (i.e.
initial elasto-plastic behavior) and have been used to determine the material yield stress and fracture of
surface oxidation (e.g. Gerberich et al., 1999). Recent studies have shown that as the indenter tip
approached the grain boundary of a polycrystalline metal, a second strain burst (in addition to the material
yield) was detected in the higher indentation depths (e.g., Soer and De Hosson, 2005; Wang and Ngan,
2004; Britton et al., 2009). It is noted that the hardness at the inception of these plateau increases as the
distance of the tip to the boundary decreases. Although there might be several other potential sources of
this phenomenon, it has been argued that this new type of size effect is mainly due to the slip of grain
boundary or dislocation transmission (Wang and Ngan, 2004; Soer and De Hosson, 2005; Aifantis and
Ngan, 2007). Figure 5.6 shows both strain bursts schematically termed grain burst and grain boundary
burst for the excursions indicating the initial elasto – plastic behavior and the interfacial yielding
respectively. Motivated from the work of Aifantis and her co-workers (Aifantis and Ngan, 2007;Aifantis
et al., 2006;Soer et al., 2005), the dislocation based mechanism along with the energy approach that
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previously used to interpret the grain burst and extract the elsasto-plastic material properties (see e.g.
Gouldstone et al., 2000and Giannakopoulos and Suresh, 1999 and the references herein) are extended
here to characterize the energetic and dissipative nature of slip transfer resistance of the grain boundary
and extract the proposed model parameters.

Figure 5.6. A schematic nano-indentation response near the grain boundary. The solid line represents the
test far from the grain boundary (grain interior response) and the dash line denotes the response when
indentation is conduced near the grain boundary (𝐿 < 1𝜇𝑚).
5.4.2.1. Grain boundary free energy
The loading response prior to the grain burst is well described by purely elastic loading (Larsson et al.,
1996) with correlating the maximum shear stress under the indenter at the onset of strain burst with the
theoretical shear strength. Therefore the area under the 𝐹 − 𝑑 curve before the grain burst (𝑊𝐺𝑒 in Figure
5.6) accounts for the total energy stored in the material prior to dislocation nucleation. This can also be
calculated by the dislocation mechanism such as the summation of self and interaction dislocation
energies (Hirth and Lothe, 1982) over all the GNDs loops (where the number of loops punched out
beneath the indenter can be approximately found by dividing the burst length by the magnitude of the
Burgers vector).
As it was previously mentioned, the second burst in the 𝐹 − 𝑑 curve is due to the presence of the grain
boundary (line BC in Figure 5.6). Indenting next to an individual grain boundary introduces dislocations
(i.e. creating plastic zone as shown in Figure 5.7 (a)) under the indenter, which spreads from the indenter
through the material. The grain boundary resistance to slip transfer could then act as a barrier to
dislocation motion. In these circumstances, the 𝐹 − 𝑑 curve for the indentation shows a hardening effect
(i.e. in the Hardness-displacement curve, this can be seen by the local increase of hardness) due to the
back stresses (i.e. repulsive forces between GNDs) from the dislocation pile-ups that form as the
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dislocation motion is blocked at the grain boundary (Figure 5.7 (c)). Due to ongoing indentation, stress
concentration at the head of the pile-up increases and eventually the shear stress on the slip system in the
next grain is sufficiently high to activate a dislocation source near or on the grain boundary. Therefore,
dislocations move away quickly (Figure 5.7 (d)) causing the observed strain burst. Initiation of the
plasticity in the adjacent grain results in a release of energy and relieves the back stress that had been
generated by the blocked dislocation pile-up (Britton et al., 2009). This is seen as an increment in the
indentation penetration at near constant load or local softening in the Hardness-displacement curve.
One may implement the same methodology mentioned for the stored energy at the grain burst to the
grain boundary burst. In this regard, the area between the grain interior and grain boundary in the 𝐹 − 𝑑
𝑒
response prior to the strain burst (𝑊𝐺𝐵
in Figure 5.6) can be viewed as the amount of the recoverable1
stored energy of the grain boundary. This can also be found using the dislocation pile up mechanism
(Hirth and Lothe, 1982; Meyers and Chawla, 2009).
It is known that each dislocation in a pile up is in equilibrium under the effect of applied stress and of
the stresses due to the other dislocations. By ignoring the difference between edge and screw dislocations,
the position of the dislocations, 𝑙𝑖 is obtained by solving the following equation accounting the force
between dislocations:
𝑛𝑝

𝑏𝜏𝑝 − �
𝑗=0
𝑖≠𝑗

𝐺𝑏 2

2𝜋(1 − 𝜈)�𝑙𝑖 − 𝑙𝑗 �

=0

(84)

where 𝑛𝑝 is the number of dislocation, 𝑏 is the magnitude of Burgers vector, and 𝜏𝑝 is the applied
shear stress on the pile up which can be measured using the nanoindentation results near the grain
boundary (≈ (0.5~0.67) × recorded hardness (Aifantis et al., 2006; Aifantis and Ngan, 2007)).
Moreover, since the GNDs initiate at the indenter tip and pile up at the grain boundary, the indenter tipgrain boundary distance can be viewed at the dislocation pile up length. Therefore, by measuring this
distance (i.e. 𝐿 from Figure 5.7), the number of GNDs loops at the pile up, 𝑛𝑝 , can be found as:
𝑛𝑝 =

𝜋𝜏𝑝 𝐿
𝐺𝑏

(85)

By having the positions of the dislocation loops, the stored energy at the grain boundary due to pile up
can be found as:
(86)
𝑊𝐺𝐵 = 𝐸 𝑠𝑒𝑙𝑓 + 𝐸 𝐼𝑛𝑡

where 𝐸 𝑠𝑒𝑙𝑓 and 𝐸 𝐼𝑛𝑡 are self-energy of GNDs and the interaction energy among GND loops
respectively that can be found from the elastic solution (Hirth and Lothe, 1982; Gouldstone et al., 2000).
The accuracy of Eq. (86) is studied by Soer et al., 2005 using the nanoindentation results conducted on
Fi–Si bicrystal sample (𝑊𝐺𝐵 = 8 × 10−12 𝐽 and 𝐸 𝑠𝑒𝑙𝑓 + 𝐸 𝐼𝑛𝑡 = 8 × 10−12 𝐽 for 𝑛𝑝 = 25 and the distance
from grain boundary of 𝐿 = 300𝑛𝑚).

1

Since it is not possible to program a priori the unloading point exactly at the onset of the strain burst, hence there
are no experimental observations to prove the recoverable nature of this energy. However, this can be interpreted as
the vanishing of the repulsive stress of pile up by removing the applied load.
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(a)

(b)

(c)
(d)
Figure 5.7. Expansion of the plastic zone under the indenter and the effect of grain boundary. According
to Figure 5.6: (a) nucleation of dislocations (point E); (b) expansion of plastic zone with no grain
boundary influence (line EA); (c) dislocation pile up at the interface (line AB); (d) dislocation
transmission to the adjacent grain (line BC).
5.4.2.2. Grain boundary dissipation
Prior indentation test near the grain boundary (Soer and De Hosson, 2005; Wang and Ngan, 2004;
Britton et al., 2009) shows that the occurrence of the burst is strongly related to the distance between the
indent and the grain boundary (i.e. 𝐿 in Figure 5.7) where the required stress for strain burst (the force at
point B in Figure 5.6) increases as the indenter tip to grain boundary distance decreases. However, the
pile-up shear stress at the boundary will not reach the critical stress value needed for slip transfer when
indentation is made too far from the boundary. Such a size dependency of the grain boundary strength
against slip transmission is interpreted as the Hall-Petch effect since as the grain size decreases, the stress
required for continuous plastic deformation increases. The classical Hall–Petch relationship is
traditionally described in terms of a dislocation pile-up model causing stresses to activate dislocation
sources in the neighboring grains or grain boundaries are regarded as dislocation barriers limiting the
mean free path of the dislocations, thereby increasing strain hardening (e.g. Lasalmonie and Strudel, 1986
and Aifantis and Konstantinidis, 2009). Therefore one can make the link between the Hall–Petch slope
and the variation of interfacial yield (B in Figure 5.6) with the indenter distance from grain boundary
(e.g. Wang and Ngan, 2004).
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The post interfacial yield behavior of interface captured by the load control experiments is presented
by the length of the burst at constant load in 𝐹 − 𝑑 curve (line BC in Figure 5.6). This characterizes the
𝑝
ease of slip transmission (i.e. relieving the back stress) through the grain boundary and the area 𝑊𝐺𝐵
indicates the dissipated energy due to the change in the grain boundary area.
6T

5.4.2.3. Relating the grain boundary model to nanoindentation data
In this section, a connection is made between the proposed gradient theory and the nanoindentation
observations in order to obtain the first estimate of the key grain boundary parameters. Although the
accurate interfacial properties introduced in Section 3 can be obtained by means of molecular dynamics or
discrete dislocation simulation (e.g. Wan and Wang, 2009; Kumar et al., 2009) or measuring the grain
boundary misorientation (e.g. Britton et al., 2009), a practically convenient method is proposed here for
extracting the interfacial property based on the energy approach. The key point in this new approach lies
on the distinction between the grain and the grain boundary energy variation using the 𝐹 − 𝑑 curve
presented in Figure 5.6. Moreover, as one can differentiate the elastic and plastic energy of the grain
𝑝
𝑝
interior (𝑊𝐺𝑒 and 𝑊𝐺1 + 𝑊𝐺2 ), based on the aforementioned explanation regarding the dislocation pileups
𝑒
across grain boundary and the subsequent emission to the adjacent grain, it is concluded that 𝑊𝐺𝐵
and
𝑝
𝑊𝐺𝐵 are associated to the energetic and dissipative counter parts of the interfacial stress respectively.
Based on the aforementioned size effect observed in the indentation near the grain boundary, one may
view the distance between the indenter tip and the grain boundary as the specimen size, since it is
bounded by the indenter tip and the grain boundary (Aifantis and Ngan, 2007; Aifantis et al., 2006).
Therefore, the effect of grain boundary on the indentation responses is assumed here to be equivalent to a
single phase bi-crystal under uniform shear as it is shown in Figure 5.8 (b). The two grains have a size of
𝐿 and are bounded together by a grain boundary. Based on this approximation, the results of
nanoindentation can be related to the 1D solution of the proposed theory1.
The schematic stress – strain curve using the developed models for grain and grain boundary is shown
in Figure 5.8 (a). To explain the concept the typical behavior is shown by the straight lines and – without
loss of generality – the temperature and rate variation is not discussed2. The elastic behavior is
represented by the first linear section of the graph (line o-a). After the grain interior yields (i.e. 𝜏 > 𝜏𝑦𝐺 ),
while the interface remains impermeable to GNDs, the slope of the line a-b is affected by two physical
mechanisms such as grain interior hardening (due to ℛ 𝑒𝑛 and 𝑄𝑘𝑒𝑛 ) and the grain boundary back stress
(due to ℳ 𝐼𝑒𝑛 ). However, these mechanisms can be distinguished by performing an extra analysis
assuming the microfree boundary condition at the grain boundary. The results are shown in Figure 5.8 (a)
as ‘free surface’. After the applied stress reaches a critical value (i.e. 𝜏 > 𝜏𝑦𝐺𝐵 equivalent to the condition
of 𝑝𝐼 > 𝑝𝑌𝐼 ), it causes yielding of the interface and allowing dislocations to penetrate it (interfacial yield at
1

Obviously, the calibrated parameters will be more accurate by means of a 3D finite element modeling of the
indentation (Fredriksson and Larsson, 2008; Lele and Anand, 2009) using the proposed gradient theory. However,
such a calibration along with implementation of the theory to 3D finite element model is far too complex for
practical purposes.
2
Extra set of indentation tests in various temperatures and strain rates are required to calibrate the full model
parameters which does not exist in the literature. The experiments at elevated temperature are more challenging
since specialized equipment and sample preparation is necessary and some indenter parts are not vacuumcompatible. For simplicity, one may use the hardening-softening observed in the experiments (e.g. Voyiadjis et al.,
2011a and Faghihi and Voyiadjis, 2012 and the references herein)without accounting for the exact distance between
the indenter and the grain boundary to determine the average rate and temperature dependent grain boundary
parameters of the material.
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point b). The material response after this point (line b-c) is the competition between the interfacial and
grain interior hardening which can be also separated using the free surface line. It is worth mentioning
that, in the absence of ℓ𝐼𝑑𝑖𝑠 , line a-b will be continued with the same slope as it is termed by ‘GB
energetic’ line. This accounts for the case when the slip transmission (i.e. grain boundary yielding) does
not activate to relieve the stored energy and the hardening increases due to the repulsive stress of GNDs at
the pile up.

(a)

(b)
Figure 5.8. (a) Qualitative stress – strain responce from 1D solution of the proposed models; (b) onedimensional model of grain and grain boundary.
From Figure 5.8 (a) one can realize that the area under the load portion of o-a and the free surface line
are respectively a measure of the elastic and plastic work expended in the grain interior. Also, the area
between the free surface line and a-b-c accounts for the additional work expended by the grain boundary
𝑝
where 𝐴𝑒𝐺𝐵 represents the stored energy near the interface and 𝐴𝐺𝐵 denotes the energy dissipation due to
the dislocation movement through the grain boundary. By making the correlation among the energies
obtained from the indentation 𝐹 − 𝑑 curve (Figure 5. 6) and the one in Figure 5. 8 (a) (which is directly
dependent to the model parameter), one can find the grain boundary constitutive model constants such as:
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•
•
•

𝑝

𝑝

𝑒
→ 𝐴𝑒𝐺𝐵 and 𝑊𝐺 → 𝐴𝐺 gives the ℓ𝐼𝑒𝑛 (i.e. slope of a-b with respect to the free surface slope)
𝑊𝐺𝐵
and ℓ𝐼𝑑𝑖𝑠 𝑌 𝐼 (i.e. 𝜏𝑦𝐺𝐵 − 𝜏𝑦𝐺 );
𝑝

𝑝

𝑝

𝑝

𝑊𝐺2 → 𝐴𝐺2 and 𝑊𝐺𝐵 → 𝐴𝐺𝐵 gives the ℓ𝐼𝑑𝑖𝑠 ℎ𝐼 (i.e. slope of b-c with respect to the free surface;
Having ℓ𝐼𝑑𝑖𝑠 ℎ𝐼 and ℓ𝐼𝑑𝑖𝑠 𝑌 𝐼 , gives the values of ℓ𝐼𝑑𝑖𝑠 , 𝑌 𝐼 , ℎ𝐼 , and 𝑝𝑌𝐼 (Eq. (78)).

However, the current work does not provide any more details, nor uses the experiments provided in
the literature. The more details regarding the accuracy of this method will be presented in future by
making use of the full set of experimental data (i.e. to also determine the grain interior parameters) along
with comparing with a more accurate approach.

5.5. Conclusion
In this work, a comprehensive thermodynamic-based higher order strain gradient plasticity framework
for single-crystal is presented allowing for the thermal variation. Special attention is given to physical and
micromechanical nature of the dislocation interactions in combination with thermal activation on the
stored and dissipated energy in the small volume metals. In this regard, the thermodynamic free energy
and rate of dissipation potentials are postulated as the primary functions and taken into account to derive
the conjugate stresses. This imposes the decomposition of the thermodynamic conjugate forces into
energetic and dissipative counterparts leading to the governing equations having both energetic and
dissipative gradient phenomenological length scales to preserve the dimensional consistency. A
methodical method based on the maximum entropy production is considered to derive the energetic and
dissipative forces directly from the Helmholtz free energy and the rate of energy dissipation respectively.
It is further shown that the mechanical features observed in the small scale metallic compounds (e.g. size
and temperature effect on isotropic hardening, backstress, and yield strength) naturally arise from the free
energy potential and rate of dissipation along with the physical justification by means of dislocation and
thermal activation mechanisms.
The derived constitutive model, then calibrated using the experimental data on thin film under biaxial
loading (i.e. bulge test). The remarkably good quantitative agreement between the measured and
computed results of the stress-strain behavior indicate the capability of the proposed gradient framework
to capture the main features of small scale metallic behavior along with the simplicity in determining the
material parameters. To the authors’ best knowledge, such a quantitative comparison between gradient
theories and micro-scale experiments are new and have not been conducted previously.
In addition to the constitutive model for the bulk (i.e. grain interior), a temperature and rate dependent
grain boundary flow rule is also proposed to address the intermediate microscopic boundary conditions –
as opposed to micro-clamped and micro-free conditions – which are supplemented by the gradient
approach. This model accounts for the energy storage at the grain boundary (i.e. interface) due to the
dislocation pile up caused by presence of surface energy as well as energy dissipation once the dislocation
transfer through the grain boundary as a result of both resistance force and change in interfacial area.
The resultant interfacial flow rule constitutes for the temperature and rate dependent barrier-effect of
grain boundaries on the plastic slip and consequently the influence on the GNDs evolution in the grain
interior. According to this grain boundary model, the interface acts as a barrier to plastic slip in the initial
stages of plastic deformation, whereas in later stages the grain boundary acts as a source or sink for
127

dislocations. The physical justification of such a behavior is presented by the experimental observation of
nanoindentation near the grain boundary. Such micromechanical reasoning is further taken into account
here to make a connection between the indentation-depth behavior and the developed model in order to
propose a practically convenient method for estimating the grain boundary parameters based on the
energy approach.
The numerical implementation of this theory to the Finite Element formulation is presented in the
following chapter. This numerical capability exposes the major characteristic of the current for the grain
and grain boundary along with comparing with further experimental data.
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CHAPTER 6

NUMERICAL APPLICATION OF STRAIN-GRADIENT THEORY
6.1. Introduction
Over the last decade, the scientific research on the mechanical behavior of components at the microand nano-scale have been driven by the demands of miniaturization in fields like microelectronics,
nanotechnology and micro-electro-mechanical systems (MEMS). Besides this technological motivation,
describing the mechanical behavior of metals in small scale provides a unique opportunity to investigate
fundamental problems in micro-mechanics and material science. It is well known that there is a distinct
material behavior when relevant sizes approach material microstructure length scales. This causes a
strong size dependency in the plastic response of the materials (e.g. Fleck et al., 1994, Ma and Clarke,
1995, Stolken and Evans, 1998). The main source of such a size effect is associated with geometrically
necessary dislocations (GNDs) due to the presence of plastic strain gradients (e.g. Arsenlis and Parks,
1999) or constrain in dislocation motion by internal interfaces such as a grain boundaries in
polycrystalline materials. The example of the later mechanism can be found in grain size dependent yield
strength (i.e. the Hall–Petch effect), strain hardening in polycrystalline materials and effect of surface
passivation on mechanical behavior of thin films.
Several attempts have been made in order to develop an appropriate higher-order theory of plasticity
that introduces new stress quantities and requires additional boundary conditions to address the
aforementioned phenomena. These continuum based theories are referred to as plastic strain-gradient
theories. Although the most recent plastic strain-gradient models (e.g. Gurtin and Anand,
2005a; Gudmundson, 2004; Fleck and Willis, 2009) have emerged into a comparatively common
framework, the differences mainly arise from the plastic dissipation description along with the higherorder boundary conditions treatment. The numerical calculations using the aforementioned strain gradient
plasticity have been used to qualitatively replicate the features of the inelastic response of micro-scale
materials observed in experiments or discrete dislocation dynamics simulations such as formation of
boundary layer (e.g. Bardella, 2006), hardening and strengthening in thin film-substrate systems
(e.g. Gudmundson, 2004), and Hall–Petch effect (e.g. Ohno and Okumura, 2007).
However, the complexity of the finite element formulation for gradient theory (e.g. earlier work
of Muhlhaus and Aifantis, 1991; de Borst and Muhlhaus, 1992; deBorst and Pamin, 1996; Papanastasiou
and Vardoulakis, 1992) along with determination of the model parameters (e.g. length scales) leads to the
lack of a direct quantitative comparison between experiment and theoretical calculation. In fact, in quite
large number of research works on gradient theories, the simplification has been made to the governing
equation in order to avoid the numerical solution (e.g. Bardella, 2006; Abu Al-Rub et al., 2007; Voyiadjis
and Deliktas, 2009a). Even though, these approaches show the capability of the proposed model to
capture the size effect, they create a gap among the theory and application of the proposed framework.
The main advantage of the gradient theories compared to other small scale model calculations such as
crystal plasticity (e.g. Bittencourt et al., 2003), discrete dislocation dynamics (e.g. Zbib et al., 2002), and
molecular dynamic (e.g. Schiotz et al., 1998) is the flexibility of the continuum based framework and the
ease of simulations on realistic time and structures.
Earlier finite element formulations of the strain gradient theories mainly devoted to capture the mesh
independency of the solution in the course of strain softening during the material deformation. To name a
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few, deBorst and Pamin (1996) studied the various aspects of finite element implementation of a gradientdependent plasticity which includes a regularizing dependence of the yield function on the Laplacian of a
plastic strain measure. Mikkelsen (1997) and Aravas et al. (1990) using the numerical application to a
gradient-type version of the von Mises plasticity model, investigated the post-necking behavior for
stretched thin sheets and localization under plane strain tension respectively. Moreover, Voyiadjis et al.
(2004, 2006) and Abu Al-Rub et al. (2010) developed a nonlocal gradient-dependent continuum damage
mechanic constitutive model in small and finite strain contexts along with the numerical implementation
using finite element methods. Numerical algorithms are implemented in such a way that the extension
from the standard small strain FEM code to the finite strain analysis is straightforward. An extension to
the viscoplastic range of the classical radial return algorithm for plasticity is developed and numerical
examples such as necking of a circular bar, and shear banding in a strip in tension, are addressed using the
proposed numerical solution.
The results of the aforementioned numerical simulations show the possibility of finding an
insensitivity of the width of the shear bands and post-necking behavior to the mesh refinement and
alignment.
Over the past decade, strain gradient theories are revisited to discuss and elaborate the issues such as:
(i) Consistency of the constitutive structure with the second law of thermodynamics1; and (ii) Higher
order boundary conditions based on physical arguments and experimental observations. These
frameworks are then used to capture the distinct behavior of the micro-scale metallic materials such as
size effect, boundary layer and surface conditions. Examples can be found in the work of Niordson and
co-workers (Niordson and Hutchinson, 2003; Niordson and Tvergaard, 2005; Niordson and Redanz,
2004) who implemented the gradient theory of Fleck and Hutchinson, 2001to the finite element
formulation to address the tension and compression instabilities, indentation by a flat punch, and size
effect in plane strain sheets. Gudmundson and co-workers (Fredriksson and Gudmundson,
2005, 2007a, 2007b) used the framework of finite element equation for strain gradient plasticity theory
proposed by Gudmundson (2004) to address the size effect and interfacial behavior of thin film-substrate
systems. Later, the same formulation is extended to model the metal matrix composites strengthening due
to the shape and size of fibers (Fredriksson et al., 2009) and indentation in thin films (Fredriksson and
Larsson, 2008).
The gradient theory of Gurtin and Anand (2005a,2005b), in the context of both small and large
deformations is solved numerically by Anand and Lele (Anand et al., 2005; Gurtin et al., 2007; Lele and
Anand, 2008, 2009) by means of the finite element formulation. Using this numerical capability, an
extensive study on size effects is conducted by solving boundary-value problems such as thin film under
pure shear, idealized two-dimensional models of grain-size strengthening, dispersion strengthening, the
gradient-stabilization of shear band widths in localization problems, strengthening in pure bending due to
strain-gradient effects, and nano-indentation size effects.
In this chapter, an attempt has been made to close the gap between the micro-scale experimental
observations and strain gradient theories. In the previous chapter, a higher order gradient plasticity theory
of single-crystal (bulk) is proposed based on the decomposition of the thermodynamic state variables into
energetic and dissipative components. Since a purely mechanical theory does not reveal the partition of
1

It is known that for the simplest constitutive models the dependency of the equilibrium response on
the higher-order deformation gradient is incompatible with the thermodynamics based on the Clausius–
Duhem inequality and the Balance laws in their conventional form (Voyiadjis and Deliktas, 2009b).
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the flow resistance into dissipative and energetic parts 1, the thermal variation is the main feature of the
proposed theory. The framework is developed based on a system of microscopic force balances, derived
from the principle of virtual power, and a thermo-mechanical version of the second law that includes,
work performed during plastic flow, and the heat generation due to the plastic work via the energy
balance relation. A rate and temperature dependent grain boundary (interface) flow rule is also developed
which accounts for the energetic state of a plastically strained boundary along with boundary resistance
against the slip transfer. The dislocation mechanism is used to describe the choice of free energy and
dissipation potentials for the grain and grain boundary. The main contribution of this chapter is the onedimensional numerical implementation of the proposed model. The numerical calculations are then used
to reveal the major characteristics of the proposed theories for bulk and interface. Furthermore, the
material parameters are calibrated by comparing the numerical results with the experimental data.
The outline of this chapter is as follow: The 1D version of the proposed formulation is summarized in
Section 2. This section also presents the weak formulation along with the finite element solution of the
boundary value problem. In Section 3, results of the numerical calculations are presented. Particularly, the
size effect due to the bulk and interfacial length scale as well as the effect of other parameters on the
mechanical and thermal responses of the materials are extensively investigated. The proposed model is
then validated over an extensive set of microscale experimental data on thin metal films. The results of
the comparisons between the experiments and the model predictions in case of the size effect,
Bauschinger behavior, influence of the surface condition, and initial temperature are presented in section
4. Appendix A. provides a validation for the proposed relation for the stored energy based on available
experimental data.

6.2. Nonlocal frame work (One-Dimensional)
In Chapter 5 a phenomenological strain-gradient theory for the grain and grain boundary in context of
small deformation based on thermal activation and dislocation mechanism is proposed. Due to the
complex nature of the proposed flow rule as partial differential equations, the general physical
phenomena characterized by the subsequent framework are not simple to interpret. In this regard, a
corresponding one-dimensional (1D) theory is developed here for the case of a body with one spatial
dimension, 𝑥, and finite width (i.e. 0 ≤ 𝑥 ≤ 𝐿). The primary kinematic variables are the displacement, 𝑢,
and the plastic strain, 𝜀 𝑝 which can be expressed by the kinematic relation of the gradient of displacement
in the form of elastic and plastic strains (𝜀 𝑒 and 𝜀 𝑝 respectively) as follows 2:
𝑢,𝑥 = 𝜀 𝑒 + 𝜀 𝑝

(1)

In the current higher order strain gradient theory, the standard virtual power is augmented by the
power performed by plastic strain and the plastic strain gradient in the bulk along with contribution from
internal interfaces (e.g. grain boundaries). The internal power has to be balanced by the power performed
on the external boundary. Therefore, in the arbitrary sub-domain of the body (i.e. 𝑥1 ≤ 𝑥 ≤ 𝑥2 ), one can
retrieve the principle of virtual power (i.e. 𝒫𝑖𝑛𝑡 = 𝒫𝑒𝑥𝑡 ) in the absence of the body force such as (see
Table 6.1):
1
2

All partitions yield the same flow rule and the same field equations
The list of symbols and material parameters are presented in Table 6.1.
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𝑥2

𝑝

� �𝜎𝜀̇ 𝑒 + ℛ𝜀̇ 𝑝 + 𝒬𝑥 𝜀̇,𝑥 � 𝑑𝑥 + (ℳ 𝐼 𝜀̇ 𝑝 )|𝑥=𝑥2 − (ℳ 𝐼 𝜀̇ 𝑝 )|𝑥=𝑥1
𝑥1

= (𝓉𝑢̇ + 𝓂𝜀̇

𝑝 )|

𝑥=𝑥2

− (𝓉𝑢̇ + 𝓂𝜀̇

(2)

𝑝 )|

𝑥=𝑥1

where (∗)|𝑥= stands for the power expended by traction and microtraction at the internal and external
boundaries of the subregion and ∗̇ represents the derivative with respect to time.
The current theory is based on the decomposition of microstresses ℛ and 𝒬𝑘 into energetic and
dissipative components as follows:
ℛ = ℛ 𝑒𝑛 + ℛ 𝑑𝑖𝑠 ; 𝒬𝑘 = 𝒬𝑘𝑒𝑛 + 𝒬𝑘𝑑𝑖𝑠

(3)

where ℛ 𝑒𝑛 characterizes the isotropic strain-hardening, ℛ 𝑑𝑖𝑠 describes the yield strength, 𝒬𝑘𝑒𝑛
incorporates the backstress leading to kinematic hardening, and 𝒬𝑘𝑑𝑖𝑠 accounts for the dissipative-gradient
strengthening. The above mentioned thermodynamic conjugated forces are derived from the free energy
and rate of dissipation potential. The functional forms of the thermodynamic potentials as well as the
conjugate forces are summarized in Table 6.2 and Table 6.3 for the case of the one-dimensional problem.
The principle of virtual power expressed in Eq. (2) results in the following 1D force balances (i.e.
strong form) formulations:
Macroscopic force balance:
Microscopic force balance:

along with the boundary conditions:

𝜎,𝑥 = 0

(4)

𝜏 = ℛ − 𝒬,𝑥

(5)

𝓉=𝜎

(6)

Macroscopic boundary condition:
Microscopic boundary condition:

𝓂=𝒬

(7)

The simple class of boundary conditions for these fields on a prescribed subsurface are: (i) microfree
condition where dislocations are free in movement across the boundary, 𝓂 = 0 and (ii) microclamped
condition where dislocations are completely blocked at the boundary, 𝜀 𝑝 = 0. According to the notion of
Gurtin (e.g., Gurtin, 2003), satisfying the insulation condition implies either a micro-free boundary
condition imposed at external free surfaces or a micro-clamped boundary condition imposed on the
internal boundaries. However, those null boundary conditions of a microscopically rigid interface or a
microscopically free surface are very difficult to be satisfied in reality, particularly, for large surface-tovolume ratios. These conditions usually do not vary at a given interface with the mechanical loading, and
are motivated from the physical understanding of the dislocation mechanics at the interface between the
two phases.
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Table 6.1. Nomenclature and material parameters
𝜀𝑝
Displacement
Plastic strain

𝑢

𝜀𝑒

𝑝

𝜀,𝑥

Elastic strain

Thermodynamic forces
Cauchy stress
𝜎

Deviatoric component of the Cauchy 𝒬
𝑘
stress1
𝓂
Macro-traction

𝜏

𝓉

𝐸

Grain (i.e. bulk) model parameter
Young's modulus

𝐺

Elastic shear modules

𝜌

Density

𝑇𝑟

Reference temperature

ℎ

Hardening parameter

𝛼𝑡

Thermal expansion coefficient

𝑐𝜀

Specific heat capacity at constant stress

𝑌

Yield stress

𝜀 𝑝𝐼

1

ℛ

Grain boundary (i.e. interface) model parameter
Plastic strain at the grain boundary

ℳ𝐼

Interfacial microtraction

ℓ𝐼𝑑𝑖𝑠

Interfacial dissipative length scale

ℓ𝐼𝑒𝑛

Interfacial energetic length scale

𝑎𝐼

Interfacial energetic power

Plastic strain gradient

Microforce conjugate to
plastic strain
Microforce conjugate to
plastic strain gradient
Micro-traction

𝑟

Hardening power

ℓ𝑒𝑛

Energetic length scale

𝑇𝑌

Thermal parameter

𝓅̇0

Strain rate parameter

𝑌𝐼

Interfacial yield stress

𝑎

Energetic power

ℓ𝑑𝑖𝑠

Dissipative length scale

𝑛

Thermal power

𝑚

Strain rate power

𝑛𝐼

𝑝̇0𝐼

𝑚𝐼

Interfacial
thermal
parameter
Interfacial
thermal
parameter
Interfacial rate power

In the case of uniaxial or pure shear it is equal to the Cauchy stress

The previous chapter such a condition for grain boundary (or interface in general) is proposed based
on both the surface energy accounting for the dislocation pile up at the interface and energy dissipation
due to the slip transfer across the grain boundary. In this regard, one can write (see Table 6.1 and Table
6.3):
Microscopic boundary condition (at grain boundary):
ℳ𝐼 − 𝒬 = 0

(8)

ℳ 𝐼 = ℳ 𝐼𝑒𝑛 + ℳ 𝐼𝑑𝑖𝑠

(9)

where it is assumed here that the microstraction ℳ 𝐼 also admits the decomposition into energetic and
dissipative components such as:
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where ℳ 𝐼𝑒𝑛 represents the pile-ups against interfacial barrier leading to backstress and ℳ 𝐼𝑑𝑖𝑠
accounts for the strengthening due to the grain boundary resistance to slip transfer.
Furthermore using the balance law the following evolution equation of temperature for adiabatic
condition can be obtained in the absence of the external heat source:

𝑇̇ =

1
𝑝
𝑒𝑛
��ℛ 𝑑𝑖𝑠 + ℛ𝑁𝑅𝑐𝑣
�𝜀̇ 𝑝 + 𝒬𝑘𝑑𝑖𝑠 𝜀̇,𝑥 − �𝛼𝑡 𝜀 𝑒 + 𝒜̇ �𝑇�
𝜌𝑐𝜀

(10)

6.2.1. Weak formulation: boundary conditions
The proposed 1D gradient theory is used to investigate the size dependent behavior in small-scale
structures under macroscopically uniform uniaxial stress. In this regard, the numerical solution is obtained
for a single grain with size of 𝐿 bounded by two grain boundaries with identical properties as shown in
Figure 6.1. The grain is assumed to be initially homogeneous and infinitely long in the directions
perpendicular to 𝑥, and therefore, the solution depends only on 𝑥. The aforementioned example can be
interpreted as a thin film–substrate system under simple shear loading where the microstructural
characterization of the film (e. g. slip transmission/blockage across the grain boundary) is smeared out in
the bulk flow rule.
In order to have a uniform stress in this example (i.e. spatially constant 𝜎 through the grain), one may
use either prescribed tractions (i.e. 𝜎|𝑥=0 = 𝜎|𝑥=𝐿 = 𝓉 ҂ ) or prescribed displacements (i.e. 𝑢|𝑥=0 = 0 and
𝑢|𝑥=L = 𝑢҂ ) as the macroscopic boundary conditions. The microscopic boundary conditions are the one
presented in Eq. (8) due to the presence of the grain boundary at the top and bottom of the grain (i.e.
(ℳ 𝐼 − 𝒬)|𝑥=0 = (ℳ 𝐼 − 𝒬)|𝑥=L = 0).
Therefore, for the example described in Figure 6.1, by assuming the prescribed displacement boundary
condition, one may summarize the two governing partial differential equations (PDE) such as:

Macroscopic PDE+BCs:
𝜎,𝑥 = 0
� 𝑢 = 0 at 𝑥 = 0
𝑢 = 𝑢҂ at 𝑥 = 𝐿

(11)

Microscopic PDE+BCs:
𝜏 = ℛ − 𝒬,𝑥
�ℳ − 𝒬 = 0 at 𝑥 = 0
ℳ 𝐼 − 𝒬 = 0 at 𝑥 = 𝐿
𝐼
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(12)

Table 6.2. Functional form of the thermodynamic potentials (1D).
Free Energy and Rate of Dissipation Potentials
ℎ
Plastic strain dependent free energy
𝜓𝑓𝑠𝑡 =
𝔗(𝜀 𝑝 )𝑟+1
𝑟+1
𝑐𝑤
𝜓𝑓𝑠𝑡
= 𝜒ℎ2 (𝜀 𝑝 )2𝑟
Stored energy of cold work
𝜓𝑒/𝑠 =
𝑝

𝑎+1
𝐺
𝑝
�ℓ2𝑒𝑛 �𝜀,𝑥 �� 2
𝑎+1

Strain gradient dependent free energy

𝑌
𝔗ℜ(𝜀̇ 𝑝 )2
2𝓅̇
𝑌ℓ2𝑑𝑖𝑠
𝑝 𝑝
=
𝔗ℜ�𝜀̇,𝑥 𝜀̇,𝑥 �
2𝓅̇

𝒟𝑎𝑐𝑐 =
𝑔

𝒟𝑎𝑐𝑐
𝑝

Plastic strain dependent dissipation rate
Strain gradient dependent dissipation
rate
Energy dissipation corresponding to
𝑝
𝒟𝑎𝑐𝑐

𝑝

𝜙𝑎𝑐𝑐 = � 𝒟𝑎𝑐𝑐 𝑑𝑡
𝑔

𝑔

Energy dissipation corresponding to

𝜙𝑎𝑐𝑐 = � 𝒟𝑎𝑐𝑐 𝑑𝑡

𝑔
𝒟𝑎𝑐𝑐

The macroscopic and microscopic PDEs may be expressed in a global weak form after applying the
corresponding boundary conditions such as:
𝐿

ℎ

� �𝜎�𝛿𝑢,𝑥 �� 𝑑𝑥 = 0
0

𝑝

� �(ℛ − 𝜏)𝛿𝜀 𝑝 + 𝒬𝛿𝜀,𝑥 �𝑑𝑥 + ℳ 𝐼 𝛿𝜀 𝑝 |𝑥=𝐿 − ℳ 𝐼 𝛿𝜀 𝑝 |𝑥=0
0

(13)
(14)

Therefore, the macroforce and microforce balances are satisfied if and only if the weak balances (Eqs.
(13) and (14)) are satisfied for all arbitrary and kinematically admissible weighting functions, 𝛿𝑢 and 𝛿𝜀 𝑝
(i.e. 𝛿𝑢|𝑥=𝐿 = 𝛿𝑢|𝑥=0 = 0).

Figure 6.1. One-dimensional model for a single crystal bounded by two grain boundaries.
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Table 6.3. Functional form of the thermodynamic forces (1D).
Energetic Thermodynamic Forces
𝜎 = 𝐸𝜀 𝑒 − 𝛼𝑡 (𝑇 − 𝑇𝑟 )

𝓈=

1
𝑐𝜀
𝛼𝑡 𝜀 𝑒 + (𝑇 − 𝑇𝑟 )
𝜌
𝑇𝑟
ℎ
𝑛 𝑇 𝑛−1
+
� � � � (𝜀 𝑝 )𝑟+1
𝜌(𝑟 + 1) 𝑇𝑌 𝑇𝑌

ℛ 𝑒𝑛 = ℎ𝔗(𝜀 𝑝 )𝑟

𝑒𝑛
ℛ𝑅𝑐𝑣
= 2𝑟𝜒ℎ2 (𝜀 𝑝 )2𝑟−1
𝑒𝑛
ℛ𝑁𝑅𝑐𝑣 = ℎ(𝜀 𝑝 )𝑟 (𝔗 − 2𝑟𝜒ℎ(𝜀 𝑝 )𝑟−1 )
𝑝

𝑄𝑘𝑒𝑛 = 𝐺ℓ2𝑒𝑛 �ℓ𝑒𝑛 �𝜀,𝑥��
ℳ 𝐼𝑒𝑛 = ℓ𝐼𝑒𝑛 𝐺(|𝜀 𝑝𝐼 |)𝑎

𝑎−1 𝑝
𝜀,𝑥

𝐼

Cauchy stress

entropy

Energetic counterpart of microforce conjugate
to plastic strain
Recoverable counterpart of ℛ 𝑒𝑛
Non-recoverable counterpart of ℛ 𝑒𝑛
Energetic counterpart of microforce conjugate
to plastic strain gradient
Energetic
counterpart
of
Interfacial
microtraction

Dissipative Thermodynamic Forces
𝜀̇𝑝
𝓅̇

ℛ 𝑑𝑖𝑠 = 𝑌𝔗ℜ

𝑄𝑘𝑑𝑖𝑠 = 𝑌ℓ2𝑑𝑖𝑠 𝔗ℜ

𝑝

𝜀̇,𝑥
𝓅̇

ℳ 𝐼𝑑𝑖𝑠 = ℓ𝐼𝑑𝑖𝑠 𝑌 𝐼 𝔗𝐼 ℜ𝐼

dissipative counterpart of ℛ

dissipative counterpart of microforce conjugate
to plastic strain gradient
Energetic
counterpart
of
Interfacial
microtraction

Corresponding Functions
𝑝 2

𝓅̇ = �|𝜀̇𝑝 |2 + ℓ2𝑑𝑖𝑠 �𝜀̇,𝑥 �

𝔗 = �1 − �

effective nonlocal flow rate

𝑇 𝑛
� �
𝑇𝑌

Thermal activation function of grain (i.e. bulk)

𝓅̇ 𝑚
ℜ=� �
𝓅̇ 0

Rate dependency function of grain (i.e. bulk)

𝑛 𝑇 𝑛−1
ℎ(𝜀 𝑝 )𝑟+1 𝑛2 − 𝑛 𝑇 𝑛
𝒜̇ = ℎ(𝜀 𝑝 )𝑟 � � � � 𝑝̇ +
�
� � � 𝑇̇
(𝑇𝑌 )2 𝑇𝑌
𝑇𝑌 𝑇𝑌
𝑟+1

𝜒 = 1/𝐺

𝔗𝐼 = �1 −

𝑇𝐼
�
𝑇𝑌𝐼

𝜀̇ 𝑝𝐼
ℜ𝐼 = � 𝐼 �
𝑝̇0

𝑚𝐼

𝑛𝐼

Rate of Thermo-Plastic coupling
Coefficient of cold work
Thermal activation function of grain boundary
(i.e. interface)
Rate dependency function of grain boundary
(i.e. interface)
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6.2.2. Finite Element Solution
The numerical solution of the weak form of the macroforce and microforce balances (Eqs. (13) and
(14)), along with the functional form of the forces presented in Table 6.1 and Table 6.3 are obtained
through an incremental finite element procedure. The displacement field, 𝑢, and the plastic strain field,
𝜀 𝑝 , were independently discretized. Particularly, user-element subroutine (UEL) is developed to be used
by the commercial finite element package ABAQUS/ Standard (2008), using a discretization that employs
the plastic strain as an additional nodal degree of freedom (DOF) besides the displacement. Therefore one
can calculate the strain and plastic strain gradient as follows:
𝜀(𝑥) = ℕ𝑖,𝑥 𝑈𝑖 where 𝑖 𝜖 [1, 𝑛𝑢 ]

𝑢(𝑥) = ℕ𝑖 𝑈𝑖 ;
𝑝

𝑝

𝜀 𝑝 (𝑥) = 𝕄𝑖 ℰ𝑖 ;

𝑝

𝜀,𝑥 (𝑥) = 𝕄𝑖,𝑥 ℰ𝑖 where 𝑖 𝜖 �1, 𝑛𝑝 �

(15)
(16)

𝑝

where ℕ𝑖 (𝑥) and 𝕄𝑖 (𝑥) are shape functions, and 𝑈𝑖 and ℰ𝑖 are nodal values at node 𝑖 for
displacements and plastic strains, respectively. Moreover, the number of nodes are used for the
displacement and plastic strain fields are 𝑛𝑢 and 𝑛𝑝 correspondingly.
Assuming the same functional form presented in Eqs. (15) and (16) for the kinematically admissible
weighting functions and substituting into Eqs. (13) and (14), one can acquire the nodal residuals
corresponding to the displacement and plastic strain for each finite element 𝐸𝐿, as follows:
0 = (𝑟𝑢 )𝑖 = � 𝜎ℕ𝑖,𝑥 𝑑𝑥

(17)

𝐸𝐿

0 = (𝑟𝜀𝑝 )𝑖 = � �(ℛ − 𝜏)𝕄𝑖 + 𝒬𝕄𝑖,𝑥 �𝑑𝑥 + ℳ 𝐼 𝕄𝑖

(18)

𝐸𝐿

where the term ℳ 𝐼 𝕄𝑖 is only applied for the nodes on the grain boundary (i.e. in this example 𝑥 = 0
and 𝑥 = 𝐿).
ABAQUS (2008) solves the overall system of equations, (𝑟𝑢 )𝑖 = 0 and (𝑟𝜀𝑝 )𝑖 = 0, using the Newton–
𝑝
Raphson iterative procedure. By assuming the 𝑈𝑣 and ℰ𝑣 are the nodal displacement and plastic strain
respectively in iteration 𝑣 at time step 𝑛 + 1, the Taylor expansion of the residual about the current nodal
values gives:

𝜕𝑟𝑢
𝜕𝑟𝑢
𝑝
𝑝 2
� � 𝛿𝑈𝑖 + � 𝑝 � � 𝛿ℰ𝑖 + 𝒪 �(𝛿𝑈𝑖 )2 , �𝛿ℰ𝑖 � �
𝜕𝑈𝑖 𝑈
𝜕ℰ𝑖 𝑝

�𝑟𝑢 |𝑈𝑣+1 ,ℰ 𝑝 � = �𝑟𝑢 |𝑈𝑣 ,ℰ 𝑝 � + �
𝑣+1

𝑖

𝑣

𝑖

𝜕 𝑟𝜀 𝑝
𝜕𝑟𝜀𝑝
𝑝
𝑝 2
� � 𝛿𝑈𝑖 + � 𝑝 � � 𝛿ℰ𝑖 + 𝒪 �(𝛿𝑈𝑖 )2 , �𝛿ℰ𝑖 � �
𝜕𝑈𝑖 𝑈
𝜕ℰ𝑖 𝑝

�𝑟𝜀𝑝 |𝑈𝑣+1 ,ℰ 𝑝 � = �𝑟𝜀𝑝 |𝑈𝑣 ,ℰ 𝑝 � + �
𝑣+1

𝑖

𝑣

𝑖

𝑣

𝑝

(19)

ℰ𝑣

𝑣

𝑝

𝑝

where 𝛿𝑈𝑖 = (𝑈𝑣+1 )𝑖 − (𝑈𝑣 )𝑖 and 𝛿ℰ𝑖 = �ℰ𝑣+1 �𝑖 − �ℰ𝑣 �𝑖 .
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ℰ𝑣

(20)

The residual is ordinarily computed at the end of each time step, Δ𝑡, and the latest value of the nodal
displacement and plastic strain. The increment in nodal displacements in the Newton iterative procedure
is obtained by solving the following algebraic system of equations:
𝑒
�𝑟𝑢 |𝑈𝑣 ,ℰ 𝑝 �
𝑒
𝛿𝑈𝑖
𝐾𝑢𝑢
𝐾𝑢𝜀
𝑝
𝑣 𝑖
� 𝑒
� � 𝑝� = �
�
𝑒
𝛿ℰ
𝐾𝜀𝑝 𝑢 𝐾𝜀𝑝 𝜀𝑝
���������
𝑖
�𝑟 𝑝 | 𝑝 �
𝜀

𝑲𝑒

𝑈𝑣 ,ℰ𝑣

(21)

𝑖

where, 𝑲𝑒 is the Jacobian matrix which is required to be defined in the UEL for each element such as:
𝜕𝑟

𝑒
𝐾𝑢𝑢
= − 𝜕𝑈𝑢 �

𝐾𝜀𝑒𝑝 𝑢 = −

𝑖

𝜕𝑟𝜀𝑝

𝑈𝑣

�

𝜕𝑈𝑖 𝑈
𝑣

𝑒
; 𝐾𝑢𝜀
𝑝 = −

𝜕𝑟𝑢

𝑝

𝜕ℰ𝑖

; 𝐾𝜀𝑒𝑝 𝜀𝑝 = −

�

𝜕𝑟𝜀𝑝
𝑝

𝜕ℰ𝑖

(22)

𝑝

ℰ𝑣

�

𝑝

ℰ𝑣

(23)

Granting the functional form of the stresses along with making use of the discretization for
displacements and plastic strains at the end of each time step, one can obtain the explicit form of the
Jacobian matrix as follows:
𝑒
𝐾𝑢𝑢
= − � 𝐸ℕ𝑖,𝑥 ℕ𝑖,𝑥 𝑑𝑥
𝐸𝐿

(24)

𝑒
= � 𝐸𝕄𝑖 ℕ𝑖,𝑥 𝑑𝑥
�𝐾𝑢𝜀
𝑝�
𝑖𝑗

(25)

𝐾𝜀𝑒𝑝 𝑢 = � 𝐸ℕ𝑖,𝑥 𝕄𝑖 𝑑𝑥

(26)

𝐸𝐿

𝐸𝐿

𝐾𝜀𝑒𝑝 𝜀𝑝 = − � ��− 𝐸 + �𝑟ℎ𝑟(𝜀 𝑝 )𝑟 + �
𝐸𝐿

+ �𝑎𝐺ℓ𝑎+1
𝑒𝑛 +
− �𝑎

𝐼

𝐺ℓ𝐼𝑒𝑛

𝑌(𝓅̇ )𝑚−1
𝑇 𝑛
−
�
� �� 𝕄𝑖 𝕄𝑖
��
�1
Δ𝑡(𝓅̇ 0 )𝑚
𝑇𝑌

𝑇 𝑛
𝑌ℓ2𝑑𝑖𝑠 (𝓅̇ )𝑚−1
−
�
� �� 𝕄𝑖,𝑥 𝕄𝑖,𝑥 � 𝑑𝑥
�1
𝑇𝑌
Δ𝑡(𝓅̇ 0 )𝑚

(27)

𝑛𝐼

ℓ𝐼𝑑𝑖𝑠 𝑌 𝐼 𝒯 𝐼

𝑇𝐼
𝐼
(𝜀 𝑝𝐼 )𝑚 −1 � 𝕄𝑖 𝕄𝑖
+
−
�1
𝐼
𝐼�
𝐼
𝑚
𝑇𝑌
(Δ𝑡𝑝̇0 )

where the interfacial term of 𝐾𝜀𝑒𝑝 𝜀𝑝 (i.e. the term out of ∫𝐵 {… }𝑑𝑥 ), is only applied for the nodes on the
grain boundaries (i.e. in this example 𝑥 = 0 and 𝑥 = 𝐿).
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6.2.3. Numerical issues and discussion
The results of the numerical analyses of the bicrytal (shown in Figure 6.1) using the aforementioned
formulation are shown in the next section. The effects of different counterparts of the model along with
the material parameters on the results of stress-strain, profiles of plastic strain and temperature through
the thickness, and the evolution of temperature are studied. In this regards the following numerical issues
should be noted:
•

Both 2-noded linear (𝑛𝑢 = 𝑛𝑝 = 2) and 3-noded quadratic (𝑛𝑢 = 𝑛𝑝 = 3) elements are examined
for the Finite Element solution. The results of analyses using 2-noded linear element shows the
stress oscillations at the boundary layer that develops due to the higher-order boundary condition.
These oscillations are very local and do not affect the global stress-strain response and disappear
for the 3-noded quadratic element. Therefore, the quadratic elements will be used for the
numerical results presented in the following section.

•

Micro-clamped boundary conditions are also used at the external boundaries at the first stage of
analyses. The higher order boundary condition of 𝜀 𝑝 |𝑥=0 = 𝜀 𝑝 |𝑥=𝐿 = 0 is forced at the grain
boundaries to model the case of complete blockage of dislocations at the interface. It should be
note that due to the symmetry of the solution, one-half of the plastic strain and temperature
profiles, 𝜀 𝑝 |𝑥=𝐿/2 and 𝑇|𝑥=𝐿/2 show the condition of free surface where dislocations are free in
movement.

•

In order to investigate the capability of the proposed model to account for the physical
phenomena - mainly discussed in Chapter 5 - the effect of reversal loading is also considered in
the stress-strain curve. In this regard, the plastic strain and temperature are locked during the
elastic unloading.

•

In order to preserve the adiabatic condition with high temperature rise in the system, short total
time (e.g. 4 × 10−5 (𝑠)) is considered to mimic the loading with high strain rate. Numerical
integration is performed in the forward Euler scheme with a large number of small time
increments (e.g. Δ𝑡 = 4 × 10−10 along with 1 × 105 numbers of steps). Standard solution control
parameters in ABAQUS are also modified, since convergence of this implicit scheme is
extremely difficult due to non-linearity of the problem. Hence an enhanced numerical method is
suggested to resolve the slow convergence such as the one used by McAuliffe and Waisman
(2012) which also is of interest for future work.

•

Small values of the length scale parameter imply very sharp change in plastic strain at the
boundaries and require a fine element mesh as well as many time steps in order to yield an
accurate solution. Also, the analyses time using the grain boundary flow rule is normally the same
as the one using the Micro-clamped boundary conditions.

•

Modified Newton-Raphson method is taken into account to prevent divergence for the case of
𝑎 ≠ 1. In this regard, 𝐾𝜀𝑒𝑝 𝜀𝑝 multiplied by a factor 𝛽 ( > 1), implying the employment of 1/𝛽 of
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the Newton-Raphson correction. This results in slower convergence due to the higher
computational cost
•

According to Eq. (27), the negative exponents of 𝜀 𝑝 and 𝓅̇ result in divided by zero errors. To
prevent this error, as suggested by Lele and Anand (2009), the conditions of 𝜀 𝑝 ≥ 10−20 and
𝓅̇ ≥ 10−15 are enforced which are physically negligible.

6.3. Numerical Simulation
The predictions of the theory are presented in this section as a parametric study. Particularly, the
effects of various parameters on the mechanical behavior of the aforementioned problem are investigated
using the Finite Element analyses.
In order to emphasize the influence of the grain and grain boundary on the size effect, two set of
results are presented here. For the first set, the micro-clamped boundary is assumed for the grain
boundary by imposing the no plastic strain at both ends of the model. In the second set, the mechanical
response is explored by inducing the proposed grain boundary flow rule.
6.3.1. Micro-clamped boundary
The numerical results reported in this section were obtained using the following values for the material
parameters (unless it is differently mentioned):
𝐸 = 100 (GPa); 𝑌 = 100 (MPa); ℎ = 500(MPa); 𝓅̇ 0 = 0.04(s−1 ); 𝑟 = 0.2; 𝑚 = 0.07;
𝑇𝑌 = 1000(°K); 𝑇0 = 296(°K); 𝑛 = 0.6; 𝑎 = 1; 𝜌 = 8.6(g. cm−3 ); 𝑐𝜀 = 0.26(J/g. °K); 𝜒 = 01

Variations in the macroscopic stress–strain curves 2 and profiles of the plastic strain and temperature
across the grain are studied for various values of energetic and dissipative length scales normalized by the
grain size (i.e. ℓ𝑒𝑛 /𝐿 and ℓ𝑑𝑖𝑠 /𝐿), together with the effects of other parameters such as backstress power,
𝑎, and initial temperatre, 𝑇0 .

6.3.2.1. Dissipative-gradient strengthening
The influence of the dissipative size effect, separated from the effect of energetic length scale is
examined first by varying the non-dimensional measure ℓ𝑑𝑖𝑠 /𝐿 and setting ℓ𝑒𝑛 /𝐿 = 0. The numerical
results for this case are presented in Figure 6.2 and Figure 6.3. Figure 6.2 (a) shows the plastic strain
distribution through the grain size at a macroscopic applied uniaxial strain of 0.2%. This figure indicates
that when both length scales vanish the plastic strain is uniform in the grain corresponding to the classical
theory. However, a non-monotonic behavior is observed as ℓ𝑑𝑖𝑠 /𝐿 increases. For small values of the
dissipative length scale (i.e. 0 < ℓ𝑑𝑖𝑠 /𝐿 < 0.1 here), a small thickness boundary layer with sharp plastic
strain gradient forms at the vicinity of the boundaries (𝑥/𝐿 = 0, 1). The plastic strain profile becomes
quadratic and the boundary layer thickens with increasing the ℓ𝑑𝑖𝑠 /𝐿 upto 2. The profile gets flatter in the
1

The stored energy of cold work is not considered in the results presented in this section. The influence of this
energy is investigated in the following section and Appendix A by comparing with the experimental data.
2
The unloading (i.e. reverse straining) is only applied for the stress-strain curves, and the other results are
extracted at the end of loading.
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middle of the grain as the dissipative length scale increases (i.e. 2 < ℓ𝑑𝑖𝑠 /𝐿 < 10 here). The nonmonotonic behavior of the plastic strain with the dissipative length scale is clarified by plotting the
maximum value of 𝜀 𝑝 at the midpoint of the grain for different values of ℓ𝑑𝑖𝑠 /𝐿 in Figure 6.2 (a). The
observed non-monotonic behavior in the results agrees with the computations of Bittencourt et al. (2003)
(Figure 7), Fleck and Hutchinson (2001) (Figure 1), Bardella (2006) (Figure 5), and Anand et al. (2005)
(Figure 6) for the 1D problem of a thin film under pure shear in the absence of the energetic back-stress.

(a)

(b)

(c)

(d)

Figure 6. 2. Size effect due to the dissipative length scale when the energetic backstress vanishes (i.e.
ℓ𝑒𝑛 → 0): (a) Plastic strain distribution across the grain; (b) stress – strain; (c) Temperature distribution
across the grain; (d) evolution of temperature with plastic strain at the midpoint of the grain.

The sharp strain gradient observed in the plastic strain profile, has a pronounced effect on the
temperature profile through the medium thickness. According to Eq. (10), the rate of temperature rise in
the grain is affected by both the strain and strain gradient. As it is clearly shown in Figure 6.2 (c), the
temperature profile at the middle of the grain is mainly affected by the plastic strain, while at the
boundary layers, the high amount of strain gradient increases the temperature at the vicinity of the
boundaries. The temperature rise in the midpoint of the grain and grain boundary during the course of
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plastic deformation is also shown in Figure 6.2 (d). One can realize from this figure that higher
temperature is generated at the grain boundary for higher values of the dissipative length scale (i.e.
smaller grain size) in the adiabatic condition, while at the midpoint is almost independent of the size.
The stress-strain size effect due to variation of ℓ𝑑𝑖𝑠 /𝐿 is shown in Figure 6.2 (b). The results clearly
display that the dissipative length scale affects the yield stress while the (isotropic) hardening is the same
in all the curves.
The stress-strain curves for various values of the isotropic hardening constants are shown in Figure 6.
3. The results agree with the classical theory of plasticity for the power law hardening rule. Same as
Figure 6. 2 (b), due to the absence of the backstress, no Bauschinger effect is observed in Figure 6. 3 in
the course of reverse straining.

(a)

(b)

Figure 6.3. Effect of isotropic hardening constants on the stress-strain responses when the energetic
backstress vanishes (i.e. ℓ𝑒𝑛 → 0): (a) Hardening parameter, ℎ; (b) hardening power, 𝑟.

6.3.2.2. Energetic-gradient hardening
It is now assumed that the dissipative-gradient term vanishes by imposing the ℓ𝑑𝑖𝑠 /𝐿 = 0. The
numerical results for this case and various energetic length scales and backstress power are shown in
Figure 6. 4. It is clearly shown in the figure that the plastic strain profile forms a sharp boundary layer for
small values of the ℓ𝑒𝑛 /𝐿, and the variation becomes quadratic as energetic length scale increases. The
stress-strain results show significant hysteresis behavior and reverse plastic flow occurs even when the
stress in the grain interior is still tensile 1. The observed Buschinger effect is due to the increase in
backstress originated from the elastic interaction between dislocations at the higher values of energetic
length scales.
In the absence of the dissipative length scale, the only mechanism for the heat generation in the grain
is the amount of plastic strain in the medium (as in classical plasticity theories). Therefore, the
temperature distribution in the grain (shown in Figure 6.4(c)) is identical to the plastic strain profile where
no temperature rise is observed at the grain boundary while the temperature is maximum at the midpoint
of the medium. Moreover, the temperature increases monotonically with plastic strain during the
deformation. The effect of nonlinear backstress through the power parameter 𝑎 on the stress-strain curve
1

This agrees with the experimental observations of Xiang and Vlassak, 2005 for the passivated thin film.
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is shown in Figure 6. 4(c) for the case of linear isotropic hardening (𝑟 = 1). It is remarkable that a bilinear stress-strain curve is obtained for 𝑎 = 1 while decreasing the value of 𝑎 leads to a higher
Buschinger response, since the defect stress in these simulations is always lower than the 𝐺ℓ𝑒𝑛 in the
power-law proposed for the defect energy, 𝜓𝑒/𝑠 .

6.3.2.2. Combined dissipative strengthening and energetic hardening
The combined effect of energetic-gradient hardening and dissipative-gradient strengthening is
explored by non-vanishing values of energetic and dissipative length scales (i.e. ℓ𝑒𝑛 = 0.1 and ℓ𝑑𝑖𝑠 = 1).
The influence of the parameters applying strain rate and temperature dependency of the flow rule on the
stress-strain response and temperature evolution are presented in Figure 6.5 and Figure 6.6. It is clearly
shown in these figure that by decreasing the temperature dependent function (i.e. lower values of the 𝑇𝑌
and 𝑛), both yield and hardening decreases. However, the effect is more pronounced in the yield stress,
since the temperature affects the strain hardening mechanism through the dislocation forest barriers while
the backstress (i.e. energetic-gradient hardening) is almost independent of temperature (Chapter 6). Also,
increasing the strain rate power gives rise to the flow stress. However, as it is shown in Figure 6.5 (c) and
(d), higher values of 𝑚 increase the temperature rise in the medium and decrease the rate of strain
hardening, which leads to thermal softening at 𝑚 = 0.3 (high strain rate). Figure 6.6 (c) and (d), present
the effect of initial temperature on the stress-strain response along with the temperature evolution during
the plastic deformation under 4000/s of strain rate. This figure clearly shows that the rate of temperature
rise is higher for the lower initial temperature which leads to the thermal softening at 𝑇0 = 77𝐾. The
stress-strain variation at 𝑇0 = 77𝐾 and at 2000/s strain rate is also shown in Figure 6.6 (c) which does not
result in strain softening. This indicates that, the softening effects associated with high strain rate inelastic
deformations and rate of thermal softening of metals is related to the rate of deformation. This is in
agreement with the experimental and theoretical work of Nemat-Nasser and Guo (2000a, 2000b) in the
context of local plasticity.
The numerical results indicate that the proposed model, using the dislocation mechanism and thermal
activation principal, is able to capture the thermal softening in micro-scale metals due to the adiabatic
deformation from which the temperature evolves inside the material with the accumulation of the plastic
work 1. This is essential for the modeling and analysis of numerous processes including localization due to
high-speed machining, impact, penetration and shear localization.
6.3.2. Grain boundary flow rule
The assumption of micro-clamped boundary is used in the results presented previously. In this section
the governing differential equation is solved by imposing the proposed grain boundary flow rule at the
boundaries to account for the deformable interface.
The numerical results reported in this section were obtained using the following values for the
interfacial parameters (unless it is stated otherwise) 2:
𝑌 𝐼 = 100 (MPa); 𝑝̇0𝐼 = 0.04(s −1 ); 𝑚𝐼 = 1; 𝑛𝐼 = 0.4; 𝑎𝐼 = 1; 𝑇𝑌𝐼 = 700(°K)
1

The thermal softening will be more pronounced in the absence of the energetic length scale. However, a large
value of the backstress is considered here in order to investigate the capability of the model to address the effect of
temperature rise on overcoming the kinematic hardening mechanisms.
2
𝑟 = 1 is considered for the results presented in this section.
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Variations in the macroscopic stress–strain curves1 and profiles of the plastic strain and temperature
across the grain are studied for various values of energetic and dissipative interfacial length scales
normalized by the grain size (i.e. ℓ𝐼𝑒𝑛 /𝐿 and ℓ𝐼𝑑𝑖𝑠 /𝐿).

6.3.2.1. Grain boundary energy
First it is assumed that the all plastic work at the grain boundary is stored as surface energy which
depends on the plastic strain state at the surface. Therefore the interfacial dissipation vanishes (ℓ𝐼𝑑𝑖𝑠 = 0).
In this case calculations are performed for compliant and stiff interfaces characterized by ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 = 0.1
and ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 = 10 respectively where ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 reflects the grain boundary resistance to plastic
deformation.
Figure 6.7 (a) and (b) indicate the size effect due to the interfacial energetic length scale which gives
rise to the hardening and it is more pronounced in the more strongly constrained material (i.e. ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 =
10). The obtained results are similar to the calculations of Fredriksson and Gudmundson (2005, 2007b)
and Abu Al-Rub (2008). However, the reversal loading in the current results indicate that this is due to
increase in kinematic hardening which resultant in the Bauschinger effect. The mechanism for this
phenomenon is the long-range stress fields associated with constrained plastic flow leading to the
dislocation accumulation and pile-up against a grain boundary which gives rise to the backstress.
Moreover, the increase in plastic strain at the grain boundary for smaller grain sizes can be seen in the
plastic strain profile through the grain as shown in Figure 6.7 (c) and (d). This figure further indicates
that, due to the constrain applied on the plastic strain, boundary layers develops in the medium. Since in
the case of higher surface energy (i.e. hard interface), lower plastic deformation is allowed at the grain
boundary, a sharp strain gradient is observed in the plastic strain profile in Figure 6.7 (d). Due to the
absence of energy dissipation, the profile of the temperature through the grain is identical to the plastic
strain variation since, in this case, the only mechanism of heat generation is the plastic strain. In this
regard, more heat develops in the case of the stiff grain boundary, due to the higher plastic strain.
6.3.2.2. Grain boundary dissipation
Figure 6. 8 shows the results of the calculations by assuming that the work performed at the grain
boundary is dissipated in the absence of surface energy. In this case the results of the analyses are shown
for compliant (ℓ𝐼𝑑𝑖𝑠 /ℓ𝑑𝑖𝑠 = 0.01), intermediate (ℓ𝐼𝑑𝑖𝑠 /ℓ𝑑𝑖𝑠 = 0.2) and stiff interface (ℓ𝐼𝑑𝑖𝑠 /ℓ𝑑𝑖𝑠 = 1.5),
where ℓ𝐼𝑑𝑖𝑠 /ℓ𝑑𝑖𝑠 = 1.5 reflects the grain boundary resistance to slip transfer.
As seen in Figure 6.8 (a) and (b), the yield strength increases with the dissipative interfacial length
scale (i.e. decrease in the grain size) for both intermediate and stiff grain boundary where the observed
size effect is much larger in Figure 6.8 (b). In Figure 6.8 (c) and (d), the plastic strain profiles through the
grain thickness are for compliant and medium interfaces. It can be seen in this figure that for small value
of interfacial dissipative length scale, the plastic strain profile begins to develop boundary layer with
sharp plastic strain near the grain boundary. In this case, the plastic strain increases at the grain boundary
with the grain size decrease. However, for larger values of the normalized dissipative length scale (i.e.
ℓ𝑑𝑖𝑠 /𝐿 > 1.0 here), plastic strain distribution decreases which in turn results in a higher flow stress in
smaller grain sizes. Same as in Figure 6.7, assuming compliant interface results in higher plastic strains at
the grain boundary and lower plastic strains at the grain interior than the intermediate interface. This gives
In order to emphasize the variation, for the results of the stress-strain curves extracted by assuming 𝑌 = 𝑌 𝐼 =
20 (MPa) and 0.03% applied stress.
1
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rise to more pronounced strain gradients for the material with stiffer interface due to the plastic
deformation difference between the grain interior and the grain boundary. Interestingly, the temperature
profile through the grain thickness shows completely different behavior as the one presented in Figure 6.7
(e) and (f). The behavior of the temperature profile is identical to the plastic strain in the problem using
the compliant interface, since the temperature rise due to the plastic strain gradient is negligible compared
to the heat generated from the plastic strain. However, the temperature created by the gradient of the
plastic strain is dominant for the intermediate interface. For larger grain sizes, the amount of temperature
at the grain interior is higher than the grain boundaries. For ℓ𝑑𝑖𝑠 /𝐿 > 1.0, the plastic strain at the vicinity
of the grain boundaries (i.e. 𝑥/𝐿 = 0 and 1) jumps to the higher value than in the grain interior.
Therefore, the amount of interfacial dissipative length scale has a pronounced influence on small scale
metals due to the grain boundary weakening at high temperatures.
6.3.2.3. Combined surface energy and dissipation
The combined effect of surface energetic and dissipation is explored here by non-vanishing values of
the energetic and dissipative interfacial length scales. The plastic strain profile and variation of stress with
applied strain for different grain sizes are shown in Figure 6.9 (a) and (b). It is clearly shown in this figure
that the boundary layer decreases when the grain size increases. However, the plastic strain at the grain
boundary shows a non-monotonic behavior such that for small grain size, plastic strain increases with the
size of the medium while for larger grain size a decrease in the interfacial plastic strain is observed. The
stress-strain responses for this shows two yield points as it is shown in Figure 6.9 (b) (the second yield
point is shown by ← in the figure). The first yield point corresponds to the grain interior yielding while
the second one accounts for the grain boundary yield. While the interface remains impermeable to GNDs,
the post grain interior yield behavior is affected by two physical mechanisms such as the grain interior
hardening (due to ℛ 𝑒𝑛 and 𝑄𝑘𝑒𝑛 ) and the grain boundary back stress (due to ℳ 𝐼𝑒𝑛 ). After the applied
stress reaches a critical value, it causes yielding of the interface and allowing dislocations to penetrate it
(interfacial yield at point b). The material response after this point is the grain interior hardening in the
absence of interfacial hardening.
Figure 6.10 and Figure 6.11 show the effect of interfacial thermal parameters and initial temperature
on the plastic strain profile and stress – strain behavior. These figures clearly show that increasing both 𝑛𝐼
and 𝑇𝑌𝐼 make the interface harder and results in increasing the yield strength.
It is known that the grain boundaries in polycrystalline materials act as strong obstacle to dislocation
motion at low temperature, while, at high temperatures, the grain boundaries function as sites of weakness
leading to plastic flow or opening up voids along the boundaries (Meyers and Chawla, 2009). The
evidence of this phenomenon has been observed in decreasing Hall–Petch coefficient with increasing
temperature which renders polycrystals softer (e.g. see Estrin et al., 2008). This variation in the Hall–
Petch constant with temperature is due to the acceleration of grain boundary diffusion, which increases
the dynamic recovery by dislocation absorption at grain boundaries and helps to maintain the
conventional plastic deformation in the grain interior. This phenomenon is shown qualitatively in Figure
6.11 for the plastic strain distribution and stress-strain responses in various initial temperatures. It is
clearly shown in this figure that at elevated temperature 𝑇0 = 800(°𝐾) the plastic strain at the interface
becomes higher than the grain interior. It should be noted that the main mechanism for the
aforementioned weakening at high temperature is the grain boundary sliding. This has been captured by
Ahmed and Hartmaier (2011) using the discrete dislocation simulation of a polycrystalline metal. Their
results show that the Hall–Petch constant of material decreases with increasing temperature and at high
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temperatures, the Hall–Petch constant becomes negative and the material exhibits grain boundary
softening rather than grain boundary strengthening. Although, the comprehensive investigation on Hall–
Petch effect, require a model which account for grain boundary sliding along with 2D finite element
implementation, the calculations presented in Figure 6.11 confirm the flexibility of the framework in
capturing the polycrystalline behavior at various temperatures.

(c)

(d)

(c)

(d)

Figure 6. 4. Size effect due to the energetic length scale when the dissipative strengthening vanishes (i.e.
ℓ𝑑𝑖𝑠 → 0): (a) Plastic strain distribution across the grain; (b) stress – strain; (c) Temperature distribution
across the grain; (d) effect of backstress power, 𝑎, on the stress – strain responses (𝑟 = 1).
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(a)

(b)

(c)
(d)
Figure 6.5. Effect of temperature and strain rate power (𝑛 and 𝑚) on [(a) and (c)] stress-strain responses;
[(b) and (d)] evolution of temperature with plastic strain at the midpoint of the grain [ℓ𝑒𝑛 /𝐿 = 0.1 and
ℓ𝑑𝑖𝑠 /𝐿 = 1].

(a)

(b)
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(c)
(d)
Figure 6.6. Effect of thermal parameter (𝑇𝑌 ) and initial temperature (𝑇0 ) on [(a) and (c)] stress-strain
responses; [(b) and (d)] evolution of temperature with plastic strain at the midpoint of the grain [ℓ𝑒𝑛 /𝐿 =
0.1, ℓ𝑑𝑖𝑠 /𝐿 = 1 for all curves, 𝑚 = 0.2 and strain rate of 4000/s is considered for (c) and (d)].

(a)

(b)

(c)

(d)
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(e)
(f)
Figure 6.7. Size effect due to the energetic interfacial length scale when energy dissipation vanishes (i.e.
ℓ𝐼𝑑𝑖𝑠 , ℓ𝑑𝑖𝑠 → 0). The interface is considered as compliant (ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 = 0.1) in the left column and stiff
(ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 = 10) in the right column: [(a) and (b)] stress – strain; [(c) and (d)] Plastic strain distribution
across the grain; [(e) and (f)] Temperature distribution across the grain.

(a)

(b)

(c)

(d)
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(e)
(f)
Figure 6. 8. Size effect due to the energetic interfacial length scale when energy dissipation vanishes (i.e.
ℓ𝐼𝑑𝑖𝑠 , ℓ𝑑𝑖𝑠 → 0). The interface is considered as compliant (ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 = 0.1) in the left column and stiff
(ℓ𝐼𝑒𝑛 /ℓ𝑒𝑛 = 10) in the right column: [(a) and (b)] stress – strain; [(c) and (d)] Plastic strain distribution
across the grain; [(e) and (f)] Temperature distribution across the grain.

Figure 6. 9. Grain size effect in case of non-vanishing energetic and dissipative interfacial length scales:
(a) Plastic strain distribution across the grain; (b) stress-strain behavior.

Figure 6.10. Effect of interfacial thermal parameters (𝑛𝐼 and 𝑇𝑌𝐼 ) on stress-strain responses and plastic
strain distribution across the grain [ℓ𝑒𝑛 /𝐿 = ℓ𝐼𝑒𝑛 /𝐿 = 0.1 and ℓ𝑑𝑖𝑠 /𝐿 = ℓ𝐼𝑑𝑖𝑠 /𝐿 = 1].
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(a)
(b)
Figure 6.11. Effect of initial temperature 𝑇0 on: (a) plastic strain distribution across the grain; (b) stressstrain responses [ℓ𝑒𝑛 /𝐿 = ℓ𝐼𝑒𝑛 /𝐿 = 0.1, ℓ𝑑𝑖𝑠 /𝐿 = ℓ𝐼𝑑𝑖𝑠 /𝐿 = 1, 𝑛𝐼 = 0.1].

6.4. Comparisons with Experiments
Thin metal films are extensively used in many Micro-scale devices. Accordingly, attention has been
directed to experimentally characterizing the thin films mechanical properties by a variety of techniques.
Besides this technological driving force, thin films also provide a unique opportunity to investigate
fundamental problems in material science. The experiments, carried out under either thermal or
mechanical loading, have shown the strong size dependency along with the boundary effect on the
inelastic response of thin metallic films.
Various theoretical and numerical calculations such as strain gradient plasticity (Fredriksson and
Gudmundson, 2005), crystal plasticity (Bittencourt et al., 2003), and discrete dislocation dynamics
simulations (Needleman et al., 2006) have been used to reproduced qualitatively the observed aspects of
the plastic response in the experiments. However, a direct quantitative comparison between experiment
and theoretical predictions has been lacking particularly in using the phenomenological continuum
plasticity constitutive relations.
The material parameters of the proposed gradient plasticity are calibrated in this section by comparing
the theoretical results with the observed material behavior from microscale experiments. An important
aspect is to deal with the origin of the strain hardening effects in the test data. The challenge is to separate
the hardening due to microstructure (isotropic) and the size of the specimen (kinematic). In this regard,
the experimental data in different sizes and preferably unloading results lead to more accurate calibrated
parameters.
Three different experiments on thin metal film are considered in this section: size effect in the
Aluminum thin film under uniaxial tension (Haque and Saif, 2003); mechanical behavior of the Nickel
thin film at elevated temperature (Han et al., 2008); and the Bauschinger effect in the copper and
aluminum thin films (Xiang and Vlassak, 2005, 2006).
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6.4.1. Uniaxial tensile test on Al thin films: size effect
Haque and Saif (2003) used MEMS (Microelectromechanical)-based testing techniques to investigate
the effect of specimen size on the mechanical behavior of the Al freestanding thin films with various
thicknesses. The 10𝜇𝑚 wide, 275𝜇𝑚 long, 99.99% pure sputter deposited specimens are fabricated to
produce tensile testing specimens. The uniaxial tension tests are performed on the thin films with 100,
150, 200, and 485 𝑛𝑚 thicknesses with average grain size of 50, 65, 80, and 212 𝑛𝑚 respectively. The
stress and strain resolutions for the tensile experiments are 5𝑀𝑃𝑎 and 0.03%.
The comparison between the observed experimental results with the proposed model is shown in
Figure 6.12 and the calibrated material parameters 1 are presented in Table 6.4. This figure shows the good
agreement between the measured and calculated results. Moreover, the small size dependent hardening
observed in the experimental results, leads to small energetic length scale.
Based on the calibrated model parameters of Table 6.4, one can compare the stored energy and rate
dissipation function for the various film thicknesses2. Since the plastic strain is zero at the boundaries and
the plastic strain gradient vanishes in the middle of the film, therefore, the results are computed at 𝐿/4 of
the specimen thickness. Figure 6.13 shows the variation of the gradient dependent free energies 𝜓𝑓𝑠𝑡 , rate
𝑝

𝑔

of dissipations, and the total stored and dissipated energies (i.e. 𝜓 = 𝜓𝑓𝑠𝑡 + 𝜓𝑒/𝑠 and 𝜙 = 𝜙𝑎𝑐𝑐 + 𝜙𝑎𝑐𝑐 )
with plastic strain and its gradient. This figure illustrates that the rate of dissipation increases
parabolically with both plastic strain and plastic strain gradient where the size effect is more pronounced
in the strain dependent counterpart. Significant size effect is also observed in the variation of the 𝜓𝑒/𝑠
with the plastic strain gradient due to the relatively large value of the energetic length scale. Moreover,
both stored and dissipated energy increase during the plastic deformations which are not dependent on the
specimen size. Based on the calibrated model parameters of Table 6.4, the stored energy in the Al thin
films are higher than the amount of energy dissipated.
6.4.2. Micro-tensile test on Ni thin films: temperature effect
The mechanical behavior of thin metallic films at elevated temperatures become important in their
application in the interconnect devices. Han et al. (2008) developed a micro tensile testing system that
consists of the high temperature furnace to evaluate the mechanical properties of the thin films at elevated
temperatures. In their study, the test is conducted on 2𝑚𝑚 width and 16𝜇𝑚 thick Ni thin film made by
electroplating at room and elevated temperatures. The results of micro tensile test at four different
temperatures along with the analyses results are shown in Figure 6.14 and Table 6.5. This figure clearly
shows that both Young’s modulus and Bauschinger effect are independent of the specimen temperature in
both measurements and analyses while the tensile strength decreases when temperature increases. A good
agreement is also observed between the numerical calculations using the gradient framework and the
experimental data. It should be noted that, the other gradient formulations are not able to capture such a
variation in mechanical response with temperature.
The evolutions of the different potentials during the plastic deformation at the quarter of the film are
shown in Figure 6.15. This figure clearly shows that 𝜓𝑓𝑠𝑡 decreases with the sample temperature. Also at
4% plastic strain, 0.15 to 0.35 times of this energy is stored in the sample and it is independent of the
1

It should be noted that since the experiments are conducted under the low strain rate, the isothermal condition
is preserved for the obtained results. Therefore, for simplicity, the effect of stored energy of cold work is not
incorporated and the parameter 𝑇𝑌1 and 𝑇𝑌2 are assumed to be the Al melting temperature.
2
The unloading and reloading are not included for extracting the potentials.
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𝑝

temperature. Moreover, the energy dissipation decreases as temperature increases. The 𝜙𝑎𝑐𝑐 evolution is
𝑔
linear with respect to plastic strain, while 𝜙𝑎𝑐𝑐 increases hyperbolically with the plastic strain gradient.
Again the amount of the stored energy is higher than the energy dissipation and both decrease at elevated
temperatures.

Figure 6.12. Model predictions and experimental measurements of the film thickness effect on the
stress-strain curves of sputter deposited Al films [Experimental data taken from Haque and Saif, 2003].

Table 6.4. Parameters for the proposed strain gradient thermo-visco-plasticity constitutive model for
the Al thin films under uniaxial loading.
General parameters
Calibrated model parameters
of Al
𝑌 (MPa)
ℎ (MPa)
ℓ𝑒𝑛 (nm)
ℓ𝑑𝑖𝑠 (nm)
𝑟
𝓅̇ 0 (s−1 )

700
1700
10
80
0.2
0.04

𝑛1
𝑇𝑌1 (°K)
𝑚1
𝑛2
𝑇𝑌2 (°K)
𝑚2

0.3
933
0.05
0.3
933
0.05
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𝐸 (GPa)
𝐺 (GPa)
𝜌(g. cm−3 )
𝑐𝜀 (J/g. °K)
𝜒(MPa−1 )
𝑎

70
27
2.7
0.91
0
1

(a)

(b)

(c)
(d)
Figure 6. 13. Free energy and dissipation potentials based on the calibrated model parameter at 𝐿/4 of the
films.

Figure 6. 14. Model predictions and experimental measurements of the temperature effect on the stressstrain curves of sputter deposited Ni films [Experimental data taken from Han et al. (2008)].
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Table 6.5 . Parameters for the proposed strain gradient thermo-visco-plasticity constitutive model for
the micro-tensile test on Ni thin film.
General parameters
Calibrated model parameters
of Ni
𝑌 (MPa)
ℎ (MPa)
ℓ𝑒𝑛 (µm)
ℓ𝑑𝑖𝑠 (µm)
𝑟
𝓅̇ 0 (s −1 )

1150
3500
16
16
0.7
0.07

𝑛1
𝑇𝑌1 (°K)
𝑚1
𝑛2
𝑇𝑌2 (°K)
𝑚2

0.3
890
0.08
0.3
890
0.08

𝐸 (GPa)
𝐺 (GPa)
𝜌(g. cm−3 )
𝑐𝜀 (J/g. °K)
𝜒(GPa−1 )
𝑎

115
44.23
8.9
0.54
0.023
0.8

6.4.3. Bulge test on Cu and Al thin films: Buaschinger effect
One of the consequence of the dependency of the mechanical response of a metallic material on the
deformation history is the Bauschinger effect (Bauschinger, 1881) which is manifested itself as an
anisotropic flow behavior of decreasing the yield stress in the reverse loading. The main physical origins
of such a phenomenon can be described by short range (e.g. annihilation and rebuilding of dislocation
structure in the slip system corresponding to reverse direction Hasegawa et al., 1975) or long range (e.g.
dislocation interactions internal stresses (Pedersen et al., 1981; Mollica et al., 2001); dislocation pile
ups Ono et al., 1983) effects.
Due to the dimensional constraint of the micro-scale metallic structures, the Bauschinger effect
behavior is very different for the micro structure than the bulk. For example, the experimental
observations (Xiang and Vlassak, 2005) along with the discrete dislocation simulations (Yefimov et al.,
2004) of thin films, indicate the size dependency and pronounced effect of the surface condition (i.e.
existence of surface passivation) on this phenomenon. From a microscopic point view, the reason for such
a distinct Bauschinger behavior is the resistance of internal stress imposed by dislocation pile up which
acts against the externally applied stress. The sufficient large amount of the aforementioned backstress
facilitates the plastic flow during the reversal loading cycle. Therefore, higher back stresses and a stronger
Bauschinger effect is observed in thin film with smaller size as well as surface passivation (impermeable
surface to dislocation escaping).
The objective of this section is to explore the capability of the proposed gradient model including the
energetic backstress to address the above mentioned observations. In this regard, the model is calibrated
with the bulge test results investigating the size and surface passivation effect on the mechanical behavior
Al and Cu thin films as reported by Xiang and Vlassak (2005) and Xiang and Vlassak (2006) 1.
6.4.2.1. Sputter-deposited Cu films
Xiang and Vlassak (2006) presented experimental investigations on the effects of surface passivation
and film thickness on the plastic behavior of Cu thin films upon the reversal loading using the plane-strain
bulge test (Vlassak et al., 2005). Cu films with thicknesses ranging from 0.34 to 0.89μm are spotter
deposited onto freestanding bilayer membranes of 75nm of Si3 N4 and 20nm of TaN. The Si3 N4 /TaN
1

To the best of the authors' knowledge, the results of the tests conducted by Vlassak and his co-workers are the
only unambiguous experimental evidence of the Bauschinger effect in thin metal films available in the literature.
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layer passivates the surface of Cu film by blocking the dislocations from exiting the film. The
experiments are performed on samples with the Si3 N4 /TaN layer (i.e. passivated thin film) and on
specimens that the layer was etched away (i.e. unpassivated thin film). The experiments show that the
flow strength and hardening for the passivated films are greater than the unpassivated samples. In addition
the Bauschinger effect increases with increasing the pre-strain for the passivated films, while for the
unpasivated films this effect is small 1.
The experimental results of the passivated films along with model predictions for the film thickness of
𝐿 = 60, 67, 89𝜇𝑚 are shown in Figure 6.16. The calibrated model parameters are presented in Table 6.6.
It should be noted that the presented test data are offset by the equi-biaxial residual strain in the films and
the contribution of the elastically deformed passivation layer is removed. The experimental data indicate
that the films are deformed in compression at the end of the last few unloading cycles. Moreover, all
unloading/reloading cycles for these pasivated films show significant hysteresis with reverse plastic flow
occurring even when the overall stress in the film is still tensile. Furthermore, the unloading from some of
the earlier cycles is not complete due to experimental difficulties. The computed stress-strain curves agree
quite well with the overall experimentally observed behavior in the sense of the film with smaller
thickness shows higher yield strength and stronger Bauschinger effect. The idealization of the calculation
mostly arises from the lack of a hysteresis description in the current model. Moreover, the effect of grain
size is ignored in the present calculation by smearing the grain boundary effect in the bulk, while the
microstructure of the samples used in the experiments are not independent of the sample size. It is worth
mentioning that the films are pre-strained during deposition leading to initial stresses due to the
dislocation structure (Nicola et al., 2006) while the stress free initial condition is assumed in the
numerical calculations.
6.4.2.1. Sputter-deposited Al films
The influence of surface condition on the Bauschinger behavior of thin films is studied experimentally
by Xiang and Vlassak (2005). Al films with 1𝜇𝑚 thickness were sputter deposited onto a Si wafer, coated
on both sides with TiN/Si3 N4 as the passivation layer. The samples have a columnar grain structure with
grain boundaries traversing the thickness of the film with average grain size of 2.1𝜇𝑚. Moreover, the
freestanding Al membranes were prepared by etching the 𝑆𝑖3 𝑁4 layer beneath the metal films using
reactive ion etching (RIE). Both composite and freestanding films were tested in multiple
loading/unloading cycles with a bulge test apparatus. The properties of the TiN/Si3 N4 were obtained
from the elastic unloading curves of both passivation layer and freestanding Al films and the elastic
contribution of TiN/Si3 N4 bilayer is subtracted from the data of the Al/TiN/Si3 N4 composite films.
The measured and calculated stress–strain curves are presented in Figure 6.17 for both passivated and
freestanding films. In the numerical analyses, the micro-clamped boundary conditions (i.e. 𝜀 𝑝 = 0) are
imposed at both end nodes of the model to simulate the behavior of the passivated thin film while
unpassivated film is simulated using the micro-free condition (i.e. ℳ𝐼 = 0, ℓ𝐼𝑒𝑛 = ℓ𝐼𝑑𝑖𝑠 = 0) indicating
the no constraint against the dislocation exiting. The calibrated model parameter is presented in Table 6.

1

Nicola et al. (2006) showed the same outcome by comparing these experiments with discrete dislocation
calculations.
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(a)

(b)

(c)
(d)
Figure 6. 15. Free energy and dissipation potentials based on the calibrated model parameter at the
location of 𝐿/4 of the film.
As it is clearly shown in Figure 6.17, both the experimental results and model predictions show
greater yield strength with a very strong Bauschinger effect during unloading for the passivated film.
Each loading cycle shows significant hysteresis, which increases with increasing plastic strain. By
contrast, the stress–strain curves of the unpassivated films have unloading cycles with no Bauschinger
effect.
The comparison between experimental results and proposed model shows: (i) the proposed higher
order strain gradient theory provides the flexibility needed to specify boundary conditions by capturing
the distinguished behavior between the passivated and unpassivated surfaces; and (ii) the inclusion of the
energetic-gradient to the gradient theory enables one to predict an overall behavior of small scale material
upon loading/unloading cycles.
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(a)

(b)

(c)
(d)
Figure 6.16. Model predictions and experimental measurements of the size effect on the stress-strain
curves of sputter deposited Cu films: (a) thickness 𝐿 = 60𝜇𝑚 with average grain size of 0.54 ± 0.02𝜇𝑚;
(b) thickness 𝐿 = 67𝜇𝑚 with average grain size of 0.46 ± 0.01𝜇𝑚; (c) thickness 𝐿 = 89𝜇𝑚 with average
grain size of 0.46 ± 0.02𝜇𝑚; (d) all three thicknesses [Experimental data taken from Xiang and Vlassak,
2006].

6.5. Conclusion
In this study, a one-dimensional numerical implementation is presented of a thermodynamic based
strain gradient thermo-visco-plasticity framework along with an interfacial flow rule proposed in the
previous chapter. In this regard, both displacement and plastic strain fields are independently discretized
and the additional plastic strain degree of freedom is used to calculate the gradient of the plastic strain.
The numerical implementation is performed in the finite element program ABAQUS/standard via the user
element subroutine UEL. Implicit time-integration scheme built-in ABAQUS was used to solve the
coupled-problem.
Using this numerical capability, an extensive study is conducted on the major characteristics of the
proposed theories for the bulk and interface. The presented numerical results show that the proposed
framework (Chapter 5) exhibits the following important physical phenomena: (i) internal-variable
hardening associated with plastic strain leads to isotropic hardening and energetic-gradient hardening
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which results in backstress and kinematic hardening; (ii) size independent yield strength and dissipative
strengthening associated with plastic strain gradient rate; (iii) size effect due to the energetic and
dissipative length scale on the boundary layer formation; (iv) size dependent temperature behavior such as
temperature profile through the thickness and temperature evolution accounting for the thermal softening
and grain boundary weakening at elevated temperatures; (v) the effect of coupling the energetic and
dissipative interfacial formulation on strain hardening and yielding of the materials along with the effect
of the different boundary conditions such as soft and stiff.
Furthermore, the material parameters are calibrated by conducting comparisons between the microscale experimental measurements and the numerical calculations. The outcomes show that the computed
stress-strain curves are remarkably in good quantitative agreement with the overall experimentally
observed behavior of thin films such as size dependency of yield stress, strain hardening, Bauschinger
effect, and effect of surface passivation along with the mechanical behavior of small scale in various
initial temperatures. The variation of energy potentials with the plastic strain and plastic strain gradient
for the calibrated material parameters are also presented. The obtained results indicate that in all cases the
overall stored energy is higher than the energy dissipation which is temperature dependent and
independent of the size of the sample.
One can then conclude that the proposed gradient framework is able to capture the main features in
small scale metallic compounds and can be used in practical applications.

Figure 6.17. Model predictions and experimental measurements of the surface conditions (passivatedfreestanding) on the stress-strain curves of sputter deposited Al films [Experimental data taken from
Xiang and Vlassak (2005)].
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Table 6.6 . Parameters for the proposed strain gradient thermo-visco-plasticity constitutive model for
the bulge test on sputter-deposited Cu thin film.
Calibrated model parameters
𝑌 (MPa)
ℎ (MPa)
ℓ𝑒𝑛 (µm)
ℓ𝑑𝑖𝑠 (µm)
𝑟
𝓅̇ 0 (s−1 )

Cu
215
300
1.1
2.7
0.6
0.04

Al
92
0
0.96
2.5
0.9
0.04

General parameters
𝑛1
𝑇𝑌1 (°K)
𝑚1
𝑛2
𝑇𝑌2 (°K)
𝑚2

Cu
0.3
1358
0.1
0.3
1358
0.1
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Al
0.3
1000
0.05
0.3
1000
0.05

𝐸 (GPa)
𝐺 (GPa)
𝜌(g. cm−3 )
𝑐𝜀 (J/g. °K)
𝜒(GPa−1 )
𝑎

Cu
155
48
8.96
0.383
0.021
1

Al
115
43
2.70
0.22
0.023
1

CHAPTER 7

SUMMARY, CONCLUSIONS, AND FUTURE PERSPECTIVE
The summary of the work performed in this dissertation is presented here. In addition, the conclusions
deduced in this research work along with the significance, and potential impacts of the developed models
are outlined.

7.1. Summary
Thermo-mechanical modeling of metallic components becomes more complex when their size reduces
to the order of a few hundreds of nanometers and they are subjected to inhomogeneous plastic flow under
short elapsed time during a transient. Since conventional continuum plasticity and heat transfer theories,
based on the local thermodynamic equilibrium, do not account for the microstructural characteristics of
materials, they cannot be used to adequately address the observed mechanical and thermal response of the
micro-scale metallic structures. Some of these cases, which are considered in this dissertation, include the
dependence of hardness on the size of indenter in nanoindentation, the dependency of thin films strength
on the width of the sample, and diffusive-ballistic response of temperature in the course of heat transfer.
This dissertation explores an important and under-researched topic on the multi-scale modeling in
which the careful characterization of mechanical and thermal responses of the materials require that the
developed continuum model representing these events occur at the micro-scale. Computational
simulations are used to numerically investigate the capability of the proposed models to address the small
scale material responses with respect to size effect and nonequlibrium heat transfer.
First, this dissertation focuses on providing deeper understanding of the physical nature of size effects
on the mechanical response of materials. This is accomplished by presenting a method for identifying the
material intrinsic length scale from nano-indentation experiments (Chapter 2). The proposed theory is
successful in determining the physically based length scale as a function of both micro-structural (e.g.
grain size) and macro-scale variables (e.g. temperature and strain rate).
The main part of the current dissertation is based on the physically based material constitutive models
termed VA-FCC and VA-BCC models. The advantages of such local models applied to various crystal
structures have been previously used in obtaining the metal responses over a wide range of temperatures
and strain rates under extreme loading conditions. In Chapter 2, these models are combined to address the
adiabatic and isothermal mechanical behavior of AL-6XN stainless steel along with investigating the
mesh dependency of the solution of the localization problem. Moreover, the VA-FCC and VA-BCC
models are modified further in Chapter 4 to account for the gradient of plastic strain and temperature to
address the thermo-mechanical behavior of micro-scale metallic compounds on fast transient processes.
A purely phenomenological thermodynamic-based higher order strain gradient plasticity framework
for coupled thermo-visco-plasticity model of single-crystal (i.e. thin film) is proposed in Chapter 5. The
concept of thermal activation energy and the dislocations interaction mechanisms are taken into
consideration in developing the power-law based thermodynamic potentials such as Helmholtz free
energy and rate of dissipation. The same approach is also adopted to incorporate the effect of the material
microstructural interface between two materials (e.g. grain boundary in crystals) into the formulation. The
developed grain boundary flow rule accounts for the energy storage at the grain boundary due to the
dislocation pile up as well as energy dissipation caused by the dislocation transfer through the grain
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boundary. The theory is developed based on the decomposition of the thermodynamic conjugate forces
into energetic and dissipative counterparts which provides the constitutive equations to have both
energetic and dissipative gradient length scales for the grain and grain boundary. The main goal of this
model is the thermodynamical consistency, simplicity in numerical implementation, and flexibility in
material parameters calibration based on the available micro-scale experimental data..The developed
framework is then implemented into finite element in Chapter 6. In this regard, both displacement and
plastic strain fields are independently discretized and the numerical implementation performed in the
finite element program ABAQUS/standard via the user element subroutine UEL. Using this numerical
capability, an extensive study is conducted on the major characteristics of the proposed theories for bulk
and interface such as size dependency of the yield and kinematic hardening, features of boundary layer
formation, thermal softening and grain boundary weakening, and the effect of soft and stiff interface. The
material parameters of the gradient framework are also calibrated using an extensive set of micro-scale
experimental measurements of thin metal films over a wide range of size and temperature of the samples.
An energy based approach is also presented to extract the first estimate of the grain boundary model
parameters from results of nano-indentation test conducted near grain boundary. Comparison of the model
prediction and the test results indicate the capability of the proposed model in capturing the overall
behavior of small volume metallic compounds such as Bauschinger and surface passivation effects.

7.2. Conclusions
The following conclusions and comments are drawn from the work in this dissertation:
1. The classical visco-plasticity models not only are unable to account for the size effect, but also their
capability of capturing mesh independency in the localization problem is limited to a short range of mesh
sizes.
2. The material intrinsic length scale is not constant and varies with both microstructural
characteristics of metals such as grain size as well as macroscopic variables such as plastic deformation,
strain rate and temperature.
3. It is possible to describe the size effects encountered in micro- and nano- experiments using the
variable intrinsic length scale. Particularly, it is shown to be successful in capturing the indentation size
effects for various strain rate, temperature and distance from grain boundary.
4. Considering the microscopic phenomena leading to macro-scale responses such as size effect it is
essential in developing a continuum constitutive model that incorporates such effects. The ultimate goal
of the theory is to address the observed behavior along with meeting the thermodynamical constrains. The
more physical basis for such framework, leads to better understanding of the material behavior. However,
it should not result in a complex model which cannot be used for application purposes (which is the main
advantage of continuum models compared to other methods such as Discrete Dislocation Dynamics and
Molecular Dynamics).
5. The derived strain gradient constitutive relations in Chapters 5 and the presented numerical
calculation in Chapter 6 indicate the capability of the proposed gradient framework to capture the main
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features of small scale metallic behavior along with the simplicity in determining the material parameters.
This is proven by the remarkably good quantitative agreement between the measured and computed
results of the stress-strain behavior in thin metal films.

7.3 Recommendations and Future Perspectives
For the future, the following are suggested research directions based on the framework presented in
Chapter 4 that may be identified as essential and potentially profitable:
1. 2D finite element implementation of the framework presented in Chapter 5. This can be used in
order to address the crystals behavior such as Hall-Petch effect.
2. The framework can be extended to the large deformation context along with the 2D numerical
implementations. The problems such as localization and indentation then can be solved using the
numerical implementation.
3. The framework also can be combined with the generalized heat equation presented in Chapter 4.
The full finite element implementation requires an extra degree of freedom accounting for the temperature
gradient.
4. The procedure to identify the grain boundary material parameters needs to be confirmed using a
more accurate approach along with making use of the full set of experimental data.
It is shown in chapter 6 that the framework is able to capture the observed responses in the thin metal
film. However, more studies may be needed to assure the consistency of framework with dislocation
mechanisms as well as laws of thermodynamics.
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APPENDIX A

STORED ENERGY OF COLD WORK PRESENTED IN CHAPTER 5
The stored energy of cold work is derived in this appendix and it is compared with the experimental
results.
A.1. Deriving the relation:
Following the formulation in Chapter 5, one assumes that the microstess ℛ 𝑒𝑛 can be written by
separation of variables in the following form:
ℛ 𝑒𝑛 (𝑝, 𝑇) = Σ(𝑝)𝒯(𝑇)

(A1)

where according to Eq. (36) of Chapter 5:
Σ(𝑝) = ℎ𝑝

𝑟

𝑇 𝑛1
and 𝒯(𝑇) = �1 − � � �
𝑇𝑌1

(A2)

On the other hand, instead of using the accumulated plastic strain to describe the plastic deformation,
Σ can be defined at the microscale level using the Taylor law 1 as follows:

(A3)
Σ = 𝜚𝐺𝑏� 𝜌𝑇
where 𝐺 is the shear modulus, 𝑏 is the magnitude of the Burgers vector and 𝜚 is the statistical
coeﬃcient which accounts for the deviation from regular spatial arrangements of the dislocation
populations. According to Ashby, 1970 2, 𝜌𝑇 is the equivalent total dislocation density and can be found
from the SSDs density, 𝜌𝑆 , and GNDs density, 𝜌𝐺 through the following general expression (Abu Al-Rub
and Voyiadjis, 2004 and Voyiadjis and Abu Al-Rub, 2002) 3:
𝛽/2
𝛽/2
𝛽/2
(A4)
𝜌𝑇 = 𝜌𝑆 + 𝜌𝐺
where 𝛽 is considered as a material constant, termed the interaction coeﬃcient, and used to assess the
sensitivity of predictions to the way in which the coupling between the SSDs and GNDs is enhanced
during the plastic deformation process. Therefore the evolution of dislocation density is obtained by:

Σ 2
𝜌𝑇 = �
�
𝜚𝐺𝑏

(A5)

Here it is assumed that the stored energy of cold work is the result of energy carried by each
dislocation. Thus one can postulate the following relation for the reversible energy of cold work as
follows 4:
1

Taylor law gives a simple description of the dislocation interaction processes at the microscale and relates the
shear strength to the dislocation density.
2
He suggested that the deformation resistance in the presence of plastic strain gradient depends on additive coupling
of the SSDs and GNDs densities.
3
Generalized based on the pioneer works of e.g. Lee et al., 1989, Lee et al., 1990, Kocks et al., 1975, Fleck et al.,
1994, Ma and Clarke, 1995, Fleck and Hutchinson, 1997, and Nix and Gao, 1998.
4
The dislocation density, 𝜌𝑇 , used here to derive the stored energy of cold work is equivalent to the forest
dislocation density introduced by Gurtin and Ohno, 2011. In other words, it is assumed here that the energy of the
cold work results in an extra strain (i.e. latent)-hardening which is recoverable and temperature independent but it
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𝑐𝑤
𝜓𝑓𝑠𝑡
= 𝒰𝜌𝑇
(A6)
where 𝒰 is the elastic deformation energy (i.e. core energy) of a dislocation and for both edge and
screw dislocations it can be approximated by:

𝒰=

𝐺𝑏 2
𝑅
ln � �
4𝜋
𝑟0

(A7)

where 𝑅 is the cut-off radius (𝑅 ≈ 103 𝑏), and 𝑟0 is the internal radius (𝑏 < 𝑟0 < 10𝑏) (e.g. Hirth and
Lothe, 1982 and Meyers and Chawla, 2009). Therefore, the relation for the stored energy of cold work
can be retrieved as follows:
𝑐𝑤
𝜓𝑓𝑠𝑡
= 𝜒ℎ2 𝑝2𝑟

(A8)

where by comparing the aforementioned ranges for 𝑅, 𝑟0 , and 𝜚 to the shear modulus 𝐺 one can write:
𝜒=

1
𝑅
1
ln � � ≈
2
4𝜋𝜚 𝐺
𝑟0
𝐺

(A9)

A.2. Comparison with Experiments:
𝑐𝑤
The proposed relation for the stored energy of cold work, 𝜓𝑓𝑠𝑡
, is validated here by means of
experimental data. Unfortunately, a set of microscale experimental data to measure such energy is lacking
in the literature. In this regard, the theoretical and experimental work of Rosakis and his co-workers
(Hodowany et al., 2000; Rosakis et al., 2000) is chosen in this section to explore the accuracy of the
results obtained from the present formulation in the case of conversion of plastic work into heat. As it is
𝑐𝑤
mentioned in Chapter 5, simplification has been made in deriving the relation 𝜓𝑓𝑠𝑡
since neither the main
goal of the current framework is to target this subject directly nor the extra model parameters are
available for the model in small scale due to the lack of experimental data in calibrating the parameters.
The Kolsky pressure bar experiments described by Hodowany et al. (1998) are consistent with the
classical uniaxial compression experiments integrated with the temperature measurement device. It is
proven that using the above mentioned technique the following idealizing assumptions can be made for
the thermal and mechanical measurements: homogeneous and adiabatic deformation; no temperature
gradients in the sample; and negligible thermoelastic heating (Hodowany et al. (1998)).
Here the measurements of stress-strain and temperature variations during the plastic deformation for a
highly rate-sensitive α-titanium are compared with the calculations conducted by a one-dimensional
version of the proposed framework in the absence of length scales (i.e. ℓ𝑒𝑛 = ℓ𝑑𝑖𝑠 = 0). The calibrated
model parameters are presented in Table A.1.
The comparison between the test and model predictions in case of stress-strain and temperature rise in
𝑐𝑤
the adiabatic condition are shown in Figure A.1. Moreover, the variation of 𝜓𝑓𝑠𝑡
with plastic strain
obtained from the calibrated model parameters and the prediction curve using experimental data from
tests reported by Rosakis et al., 2000) is compared in this figure. It can be realized from this figure that
the model predictions are in good agreement with the experiments. However, the observed over prediction
in the temperature evolution can be reduced by assuming the general power law for the proposed relation
𝑐𝑤
𝑐𝑤
for 𝜓𝑓𝑠𝑡
presented in Table 2 of Chapter 5 (i.e. 𝜓𝑓𝑠𝑡
= 𝑎(𝜀 𝑝 )𝑏 where 𝑎 and 𝑏 are the additional model
parameters). Moreover, the prediction of a single curve for the stored energy of cold work in different
strain rates is in line with the Rosakis et al., 2000) calculations. It should be noted that, this might not be
the case for more complex processes, where multiple internal variables are involved in the stored energy.
does not affect the yield stress. Indeed in the current developed theory the forest dislocation density only affects the
isotropic hardening (see the paragraph after Eq.(36) of Chapter 5).
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Table A.1 – Parameters for the proposed thermo-visco-plasticity constitutive model for the α-titanium.
Calibrated model parameters
𝑌 (MPa)
ℎ (MPa)
𝑟

𝓅̇ 0 (s −1 )

250
1000
0.6
5430

𝑛1

0.9

𝑇𝑌1 (°K)
𝑚1

2590
0.5

𝐸 (GPa)

−3

𝜌(g. cm )
𝑐𝜀 (J/g. °K)
𝜒(GPa−1 )

50
4.5
0.523
0.05

(a)
(b)
Figure A.1. Model predictions and experimental measurements of adiabatic responses of α-titanium (a)
𝑐𝑤
vs. plastic strain [Experimental data taken
stress response vs. plastic strain; (b) temperature rise and 𝜓𝑓𝑠𝑡
from Hodowany et al., 2000) and the Stored energy of cold work compared with Rosakis et al., 2000)
prediction].
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APPENDIX B

NUMERICAL SOLUTION OF THE FRAME WORK PRESENTED IN
CHAPTER 4
Flow rules:
FCC:
𝑝
𝜀̇,𝑥𝑥
3 𝐸
𝑌𝑎 3 𝐸
𝜀̇ 𝑝
𝑝 1/2
𝑝
𝜀−� +
=0
� 𝜀 𝑝 − 𝐵�1 − 𝑒 −𝑘𝑎𝜀 � 𝒢(𝑇, 𝓅̇ ) + 𝐺ℓ2𝑒𝑛 𝜀,𝑥𝑥 + 𝑌𝑎 ℓ2𝑑𝑖𝑠
2 (1 − 𝜈)
𝓅̇ 2 (1 − 𝜈)
𝓅̇
𝓅̇

BCC:

𝑝
3 𝐸
𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ ) 3 𝐸
𝑝 1/2 𝜀̇
𝑝
𝜀−�
+
+ 𝐺ℓ2𝑒𝑛 𝜀,𝑥𝑥
� 𝜀 𝑝 − 𝐵�1 − 𝑒 −𝑘𝑎𝜀 �
2 (1 − 𝜈)
𝓅̇
2 (1 − 𝜈)
𝓅̇
𝑝
𝜀̇
,𝑥𝑥
+ �𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ )� ℓ2𝑑𝑖𝑠
=0
𝓅̇

(B1)

(B2)

Heat equations:
FCC:
𝑇̇ = �

𝑝

1/2

1
𝐵�1 − 𝑒 −𝑘𝜀 � 𝒢(𝑇, 𝓅̇ )(𝜀̇ 𝑝 )2
𝜕2𝑇
𝜕3𝑇
𝜕2𝑇
−
𝜏
� �𝑌𝑎 +
� + �𝛼 2 + 𝛼𝜏 𝑇
�
𝑞
𝜌𝑐𝑝
𝓅̇
𝜕𝑥
𝜕𝑡𝜕𝑥 2
𝜕𝑡 2

(B3)

BCC:
𝑇̇ = �

𝑝

1/2

1
𝐵�1 − 𝑒 −𝑘𝜀 �
� ��𝑌𝑎 + 𝑌�𝒢(𝑇, 𝓅̇ )� +
𝜌𝑐𝑝
𝓅̇

(𝜀̇ 𝑝 )2

� + �𝛼

𝜕2𝑇
𝜕3𝑇
𝜕2𝑇
+
𝛼𝜏
−
𝜏
�
𝑇
𝑞
𝜕𝑥 2
𝜕𝑡𝜕𝑥 2
𝜕𝑡 2

(B4)

B1. Solution Algorithm for the Thin Film under Uniaxial Loading:
As it is explained before, in order to solve the nonlinear differential equations to determine the plastic
strains (Eqs. (B1) and (B2)), numerical approximation is used. First the total time and space (film
thickness) are discretized where Δ𝑧 accounts for the uniform grid spacing over the interval [0, L] and Δ𝑡
is the time step timing.
The strain control condition is assumed for this problem, Δ𝜀̅0 ⁄Δ𝑡 = const . At each time step,
additional strain of Δ𝜀̅0 is applied to the thin film. The solution of this problem is presented in algorithm I.
This algorithm is designed in a way that the temperature rise at each step due to the heat generated in the
thin film as a result of the plastic work, is considered as initial temperature for the next step which affects
the flow stress and consequently the plastic strain. The solution schemes and required algorithm for the
generalized heat equation (Eqs. (B3) and (B4)), is summarized in the next section.
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ALGORITHM I. Simulation procedure to solve the nonlinear differential equations for the thin film
under biaxial loading:
1. Given initial values of strain and temperature in the film thickness
2. Compute 𝑁𝑧 = Δ𝑧⁄L and 𝑁𝑡 = 𝛥𝑡⁄𝑡
3. For 𝑚 = 0,1, … , 𝑁𝑡 do
a. Solve the flow rule with appropriate boundary conditions, using the initial temperature
for nodes 1,…, 𝑁𝑧 .
b. Use the results of step (a) to find the amount of plastic work converted to heat.
c. Solve the generalized heat equation, using the algorithm B2 by discretizing Δ𝑡 to the
smaller time steps δ𝑡.
d. Update the initial temperature based on the results of step (c).
e. Update the applied strain and time such that: 𝜀̅0 𝑛𝑒𝑤 = 𝜀̅0 𝑜𝑙𝑑 + Δ𝜀̅0 , 𝑡𝑛𝑒𝑤 = 𝑡𝑜𝑙𝑑 + Δ𝑡
4. End do.

B2. Solution Strategies to Solve the Generalized Heat Equation and Implementation
In order to solve the one dimensional generalized heat transport equation, a fourth order compact finite
difference scheme suggested by Zhang and Zhao, 2001a, 2001b, 2001c) is taken into account. This
scheme is used with a Crank-Nicholson type integrator and an intermediate function, since this approach
is computationally more efficient and more accurate than the other approaches (Zhang and Zhao, 2001a,
2001b, 2001c). The generalized heat equation in one-dimension is as follows:
𝜕𝑇
𝜕2𝑇
𝜕3𝑇
𝜕2𝑇
= 𝛼 2 + 𝛼𝜏 𝑇
−
𝜏
+𝑄
𝑞
𝜕𝑡
𝜕𝑧
𝜕𝑡𝜕𝑧 2
𝜕𝑡 2

(B5)

where Q is the heat source which can be obtained from the first term in Eq. (B3) and (B4). Following
the concept of Dai and Nassar, 1999) and in order to avoid a three level discretization scheme, the
auxiliary (intermediate) function is introduced by:
𝜃 = 𝑇 + 𝜏𝑞

and modifying Eq. (B5) into

𝜕𝑇
𝜕𝑡

𝜕𝜃
𝜕2𝑇
𝜕
𝜕2𝑇
= 𝛼 2 + 𝛼 �𝜏𝑞 2 � + 𝑄
𝜕𝑡
𝜕𝑧
𝜕𝑡
𝜕𝑧

(B6)

(B7)

Eq. (B6) can be discretized by the trapezoidal method with respect to t to obtain the following
evolution equation for 𝜃.
𝜃𝑖𝑛+1 = �1 +

2𝜏𝑞 𝑛+1
2𝜏𝑞 𝑛
� 𝑇𝑖
+ �1 −
� 𝑇 − 𝜃𝑖𝑛
δ𝑡
δ𝑡 𝑖
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(B8)

where the subscript 𝑖 stands for descitization in space (Δ𝑧) and superscript 𝑛 indicates the time step
(δ𝑡). By discretizing Eq.(B7) using the Crank-Nicholson type integrator with the central difference
operators and after simplification, one obtains the following standard system of linear equations:
𝑛
𝑛
𝕒𝑖 𝑇𝑖−1
+ 𝕓𝑖 𝑇𝑖𝑛 + 𝕔𝑖 𝑇𝑖+1
= 𝔽𝑛−1
𝑖

(B9)

where the coefficients and the right-hand side are:

𝕓=

𝔽𝑛𝑖

𝕒=−

1 1 𝜏𝑇
� + �
Δ𝑧 2 2 δ𝑡

𝕔=−

1 1 𝜏𝑇
� + �
Δ𝑧 2 2 δ𝑡

(B10)

2𝜏𝑞
1
2 1 𝜏𝑇
�1 +
�+ 2� + �
𝛼Δ𝑡
Δ𝑡
Δ𝑧 2 δ𝑡

1
2𝜏𝑞
2 𝑛
2 𝜏𝑇 1
1
1 𝜏𝑇 1
𝑛+
𝑛
𝑛
𝑛
=
𝜃 +� 2� − �−
�1 −
�� 𝑇𝑖 − 2 � − � (𝑇𝑖−1 + 𝑇𝑖+1 ) + 𝑄𝑖 2
𝛼Δ𝑡 𝑖
Δ𝑧 δ𝑡 2
𝛼Δ𝑡
δ𝑡
Δ𝑧 δ𝑡 2

(B11)

(B12)

(B13)

Hence, the above system of linear equations is symmetric and strictly diagonally dominant. This
scheme obviously has an accuracy order of 𝒪(δ𝑡 2 + Δ𝑧 2 ). Further scaling Eq. (B9) gives the following
form:
𝔸𝑇 = 𝔽

(B14)

where 𝔸 is the coefficient matrix with three diagonals, T is the solution vector and 𝔽 is the right-hand
side vector. The boundary condition at the interface is given as follows where 𝑇0 is a constant temperature
of the substrate such that 𝜕𝑇0⁄𝜕𝑡 = 0:
𝜕

𝑇(0, 𝑡) = 𝑇0𝑛 = 𝑇0 ; 𝜃(0, 𝑡) = 𝜃0𝑛 = 𝑇0 + 𝜏𝑞 𝜕𝑡 (𝑇0 ) = 𝑇0

(B15)

The corresponding Neumann boundary condition at the free surface is as follows:
𝜕𝑇
(𝐿, 𝑡) = 0
𝜕𝑡

(B16)

In order to implement this boundary condition an imaginary extra point is required at the top.
Discretizing the above equation leads to:
𝑛
𝑛
𝑇𝑖+1
− 𝑇𝑖−1
(𝐿, 𝑡) = 0
2Δ𝑧

By substituting 𝑖 = 𝑁𝑧 , the condition of the extra point (𝑁𝑧 + 1)th is obtained as follows:
𝑛
𝜃𝑁+1
= �1 +

𝑛
𝑛
𝑇𝑁+1
= 𝑇𝑁−1

2𝜏𝑞 𝑛
2𝜏𝑞 𝑛−1
𝑛−1
� 𝑇𝑁+1 + �1 −
�𝑇
− 𝜃𝑁+1
δ𝑡
δ𝑡 𝑁+1
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(B17)

(B18)
(B19)

The initial condition of the current problem, as described previously, is the temperature profile through
the film thickness shown by vector 𝑇𝐼𝑛 . It should be noted that for the first stage of straning 𝑇𝐼𝑛 = 𝑇0 and
for the other steps it is equal to the temperature profile of the previous step. Hence, it is clear that at each
step of straining 𝜕𝑇𝐼𝑛 ⁄𝜕𝑡 = 0:
𝑇(𝑥, 0) = 𝑇𝑖0 = 𝑇𝐼𝑛

𝜃(𝑥, 0) = 𝜃𝑖0 = 𝑇𝐼𝑛 + 𝜏𝑞

𝜕
(𝑇 ) = 𝑇𝐼𝑛
𝜕𝑡 𝐼𝑛

(B20)
(B21)

In order to compute the solution, Eq. (B14) needs to be solved at each time step. Since 𝔸 is symmetric
positive definite, the Conjugate Gradient iterative method is taken into account in order to solve this
system (Hestenes and Stiefel, 1952). To accelerate convergence rate, a pre-conditioner 𝕄 is usually
applied to Eq.(B14) to transform it into a more favorable form:
𝕄−1 𝔸𝑇 = 𝕄−1 𝔽

(B22)

The key issue in many such computations is to find a good preconditioner 𝕄, which should be
inexpensive to compute and should allow easy realization of a solution. Note that Eq. (B14) needs to be
solved at each time step with the same coefficient matrix 𝔸 and a different right-hand side 𝔽. One of the
simplest preconditioners based on the incomplete Cholesky factorization of 𝔸 is implemented. So 𝕄 is
constructed with a Cholesky factorization of 𝔸, but only the entries corresponding to the nonzero
positions of 𝔸 are computed and stored (Meijerink and Vorst, 1977).
The incomplete Cholesky algorithm which is considered here is a generic incomplete Cholesky
procedure for general sparse matrices taken from Golub and Ortega, 1993. For reference convenience, it
is reproduced in Algorithm A1, where the following notations are used 𝕄 = �𝑚𝑖,𝑗 � and 𝔸 = �𝑎𝑖,𝑗 �.
ALGORITHM II. Procedure for incomplete Cholesky factorization
1. 𝑚1,1 = �𝑎1,1
2. For 𝑖 = 2 𝑡𝑜 𝑛
a. For 𝑗 = 1 𝑡𝑜 𝑖 − 1
i. If 𝑎𝑖,𝑗 = 0 then 𝑚𝑖,𝑗 = 0 else
𝑗−1
ii. 𝑚𝑖,𝑗 = �𝑎𝑖,𝑗 − ∑𝑘=1 𝑚𝑖,𝑘 𝑚𝑗,𝑘 �/𝑚𝑗,𝑗
𝑗−1

1⁄2

iii. 𝑚𝑖,𝑖 = �𝑎𝑖,𝑖 − ∑𝑘=1 m2𝑖,𝑘 �
b. End do
3. End do.

Since 𝔸 is a Stieltjes matrix, Algorithm II is guaranteed to complete (Meijerink and Vorst, 1977). The
entire simulation process in order to solve Eq. (B5) is formulated in Algorithm III:
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ALGORITHM III. Simulation procedure for the generalized heat transport equation
1. Given 𝑇𝐼𝑛 , Δ𝑧, δ𝑡, and time the total time of each step of straining: Δ𝑡
2. Compute coefficients 𝕒, 𝕓, and 𝕔 and construct the incomplete Cholesky preconditioner 𝕄
3. For 𝑛 = 0,1, … , Δ𝑡⁄δ𝑡 do
a. Compute 𝔽𝑛 from Eq. (B13)
b. Solve 𝔸𝑇 𝑛+1 = 𝔽𝑛 using the preconditioned conjugate gradient method
c. Compute 𝜃 𝑛+1 from Eq.(B8)
4. End do.
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APPENDIX C

FINITE ELEMENT IMPLEMENTATION OF ONE-DIMENTIONAL STRAIN
GRADIENT PLASTICITY THEORY PRESENTED IN CHAPTER 6
C1. ABAQUS Input file for the Single-crystal
*Heading
*Node,NSET=NALL
1, 0.0
2001, 10.0
*NGEN,NSET=NALL
1,2001,1
*USER ELEMENT,NODES=3,TYPE=U1,PROPERTIES=21,COORDINATES=1,
VARIABLES=10,UNSYMM
1,11
*UEL PROPERTY,ELSET=ALL
110.0E9,200.0E6,600.0E6,0.05,0.04,0.1,1,296.0
1358.0,0.3,0.95,8960.0,385.0,0.2,10.0,5.0
1000.0E6,300.0E6,0.04,0.3,1358
*Element, type=U1,ELSET=ALL
1, 1, 3, 2
*ELGEN,ELSET=ALL
1,1000,2
*ELEMENT,TYPE=t2D3,ELSET=DANIAL
2001, 1, 2, 3
*ELGEN,ELSET=DANIAL
2001,1000,2
*Nset,nset=refnode
2001
*Elset,elset=characterel
1
500
*SOLID SECTION,ELSET=DANIAL,MATERIAL=YIDA
*MATERIAL,NAME=YIDA
*ELASTIC
0.0000005
*Density
0.1,
*Specific Heat
0.1,
*AMPLITUDE,NAME=reverse
0.0,0.0,4.0E-5,1.0,8.0E-5,0.0
**
** STEP: Step-1
**
*Step, name=Step-1, UNSYM=YES,INC=10000000
*Coupled Temperature-displacement
4.0E-10, 4.0E-5, 4.0E-10,4.0E-10
**
** BOUNDARY CONDITIONS
**
*Boundary,AMPLITUDE=reverse
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***Boundary
1,1,1
2001,1,1,1
1,11,11
2001,11,11
****
** OUTPUT REQUESTS
**
*Restart, write, frequency=0
*Output, field, variable=PRESELECT
*Output, history, frequency=100
*NODE OUTPUT,NSET=REFNODE
RF1,U1
*El Print, elset=characterel, freq=100, SUMMARY=NO
SDV1
*El Print, freq=999999
SDV
***Node Print, NSET=NALL
**RF,U
*CONTROLS,PARAMETERS=TIMEINCREMENTATION
200,200,200,200
*CONTROLS,PARAMETERS=FIELD, field=temperature
0.2,5,1e2
*End Step

C2. ABAQUS User Element Subroutine, UEL
C =====================================================================
C ============================
U E L
==============================
C =====================================================================
C *
*
C *
ADVANCED COMPUTATIONAL SOLID MECHANICS LABORATORY
*
C *
at LSU
*
C *
*
C * DEVELOPED BY :
D. Faghihi and Y. Zhang
*
C---------------------------------------------------------------------*
C
Based on the formulation
*
C
presentated in Chpater 5
*
C
Dissertation of Danial Faghihi
*
C
*
C
1D Gradient Theory with
*
C
Energetic and Dissipative Length Scale
*
C**********************************************************************
C
SUBROUTINE UEL (RHS,AMATRX,SVARS,ENErpY,NDOFEL,NRHS,NSVARS,
1 PROPS,NPROPS,COORDS,MCRD,NNODE,U,DU,V,A,JTYPE,TIME,DTIME,
2 KSTEP,KINC,JELEM,PARAMS, NDLOAD,JDLTYP,ADLMAG,PREDEF,NPREDF,
3 LFLAGS,MLVARX,DDLMAG,MDLOAD,PNEWDT,JPROPS,NJPROP,PERIOD)
INCLUDE 'ABA_PARAM.INC'
REAL(8) :: RHS,AMATRX,SVARS,ENErpY
REAL(8) :: PROPS,COORDS,U,DU,V,A,TIME,
1 DTIME,PARAMS,ADLMAG,PREDEF,DDLMAG,PNEWDT,PERIOD
INTEGER :: NDOFEL, NRHS,NSVARS,NPROPS,MCRD,NNODE,JTYPE,KSTEP,KINC,
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1 JELEM,NDLOAD,JDLTYP,NPREDF,LFLAGS,MLVARX,MDLOAD,JPROPS,NJPROP
DIMENSION RHS(MLVARX,*),AMATRX(NDOFEL,NDOFEL),PROPS(*),
SVARS(*) ,ENErpY(8),COORDS(MCRD,NNODE),U(NDOFEL),
DU(MLVARX,*),V(NDOFEL),A(NDOFEL),TIME(2),PARAMS(*),
JDLTYP(MDLOAD,*),ADLMAG(MDLOAD,*),DDLMAG(MDLOAD,*),
PREDEF(2,NPREDF,NNODE),LFLAGS(*),JPROPS(*)

1
2
3
4

REAL(8) :: he,w(3),ru(nnode),rp(nnode),dp(3),
dispNew(nnode),Sigp(3),SigNew(3),Temper(3),TempNew(3),
epstau,P0,mparam,gPlasNew(3),gplast(3),
shape(nnode),dshape(nnode),mu,dt,len,h,Y,
Kuu(nnode,nnode),xi(3),Kup(nnode,nnode),Kpu(nnode,nnode),
Kpp(nnode,nnode),PlastNew(3),Plastic(3),depsilonpi(3),
dNdxi(nnode),depsilonp(3),eps,epssm,dRepsilp,d2Ndxidxi(3),
d2shape(3),kp,dgradepsilonpi(3),dgradepsilonpidot(3),
depsilonpidot(3),ldis,sigma(3),signepsilon(3),
dsigmadepsilonp(3),
Xparam,rho,cp,T,Tm,nparam,eqvt(3),CC(3),
mint(3),lenint,ldisint,hint,yint,P0int,rparam,nparamint,
Tmint

1
2
3
4
4
5
6
7
8
9
1
2

INTEGER :: i,j,k,l,intpt

if (dtime .eq. 0) return
mu = props(1)
Y = props(2)
h = props(3)
mparam = props(4)
P0 = props(5)
len = props(6)
ldis = props(7)
T0 = props(8)
Tm=props(9)
nparam=props(10)
Xparam=props(11)
rho=props(12)
cp=props(13)
rparam=props(14)
lenint = props(15)
ldisint = props(16)
hint = props(17)
yint = props(18)
P0int = props(19)
nparamint=props(20)
Tmint=props(21)
if (KINC .le. 1) then
Temper(1) = T
Temper(2) = T
Temper(3) = T
Plastic(1) = 0.D0
Plastic(2) = 0.D0
Plastic(3) = 0.D0
gPlastic(1) = 0.D0
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gPlastic(2) = 0.D0
gPlastic(3) = 0.D0
else
Temper(1) = svars(1)
Temper(2) = svars(2)
Temper(3) = svars(3)
Plastic(1) = svars(4)
Plastic(2) = svars(5)
Plastic(3) = svars(6)
gPlastic(1) = svars(7)
gPlastic(2) = svars(8)
gPlastic(3) = svars(9)

end if

dispNew(1)= u(1)
depsilonp(1)= du(2,1)
dispNew(2)= u(3)
depsilonp(2)= du(4,1)
dispNew(3)= u(5)
depsilonp(3)= du(6,1)
ru = 0.D0
rp = 0.D0
Kuu = 0.D0
Kup = 0.D0
Kpu = 0.D0
Kpp = 0.D0
call xintQ(xi,w)
do intpt=1,3
call shapeQ(dNdxi,d2Ndxidxi,shape,nnode,xi,intpt)
call shapemapQ(dNdxi,d2Ndxidxi,dshape,d2shape,
1 he,coords,nnode,mcrd)
epstau = 0.D0
do i=1,nnode
epstau = epstau + dshape(i)*dispNew(i)
end do
depsilonpi(intpt) = 0.D0
dgradepsilonpi(intpt) = 0.D0
do i=1,nnode
depsilonpi(intpt)=depsilonpi(intpt) + shape(i)*depsilonp(i)
dgradepsilonpi(intpt) = dgradepsilonpi(intpt)
1 + dshape(i)*depsilonp(i)
end do
if (depsilonpi(intpt) .le. 1E-12) then
signepsilon(intpt) = 1
else
signepsilon(intpt) = dabs(depsilonpi(intpt))/depsilonpi(intpt)
end if
depsilonpidot(intpt) = depsilonpi(intpt)/dtime
dgradepsilonpidot(intpt) = dgradepsilonpi(intpt)/dtime
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PlastNew(intpt) = Plastic(intpt) + depsilonpi(intpt)
gPlasNew(intpt) = gPlastic(intpt) + dgradepsilonpi(intpt)
SigNew(intpt) = mu*(epstau - PlastNew(intpt))
dp(intpt) = dsqrt(depsilonpidot(intpt)**2 +
1 (ldis*dgradepsilonpidot(intpt))**2)
if(dp(intpt).lt.1.0d-15) then
dp(intpt) = 1.0d-15
end if
TempNew(intpt)=Temper(intpt)+Xparam/rho/cp*Y*(dp(intpt)/P0)
1 ** mparam*(1-(Temper(intpt)/Tm)**nparam)*dp(intpt)*dtime
If (TempNew(intpt) .gt. Tm) then
TempNew(intpt) = Tm
end if
sigma(intpt) = (1-(TempNew(intpt)/Tm)**nparam)*Y*(dp(intpt)/P0)
1 **mparam
Sigp(intpt)=sigma(intpt)*depsilonpidot(intpt)/dp(intpt)
kp = len*len*gPlasNew(intpt)*mu*(1-(TempNew(intpt)/Tm)**nparam)
1 +sigma(intpt)*ldis*ldis*dgradepsilonpidot(intpt)/dp(intpt)
do i=1,nnode
ru(i) = ru(i) + SigNew(intpt)*dshape(i)*(he/2)*w(intpt)
end do
do i=1,nnode
rp(i) = rp(i) +
1 ((Sigp(intpt)-SigNew(intpt))*shape(i) +
2 kp*dshape(i))*(he/2)*w(intpt)
end do
do i=1,nnode
do j=1,nnode
Kuu(i,j) = Kuu(i,j) - mu*dshape(i)*dshape(j)*(he/2)*w(intpt)
end do
end do
do i=1,nnode
do j=1,nnode
Kup(i,j) = Kup(i,j) + mu*dshape(i)*shape(j)*(he/2)*w(intpt)
Kpu(i,j) = Kpu(i,j) + mu*shape(i)*dshape(j)*(he/2)*w(intpt)
eqvt(intpt)=1-(TempNew(intpt)/Tm)**nparam
Kpp(i,j) = Kpp(i,j)-(mu+h*eqvt(intpt)*rparam*PlastNew(intpt)**
+ rparam+Y*eqvt(intpt)*dp(intpt)**(mparam-1)/(dtime*P0**mparam))
+ * shape(i)*shape(j)*(he/2)*w(intpt)
+ - (mu*len*len*eqvt(intpt)+Y*eqvt(intpt)*ldis*ldis
+ * dp(intpt)**(mparam-1)/(dtime*P0**mparam))
+ * dshape(i)*dshape(j)*(he/2)*w(intpt)
end do
end do
if (JELEM == 1 .and. intpt==1) then
mint(intpt) = lenint*hint*(1-(TempNew(intpt)/Tmint)**nparamint)
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1 * PlastNew(intpt)+ldisint*yint*(1-(TempNew(intpt)/Tmint)
2 ** nparamint)*depsilonpidot(intpt)/P0int
do i=1,nnode
rp(i) = rp(i) + mint(intpt)*shape(i)
end do

1

do i=1,nnode
do j=1,nnode
Kpp(i,j)=Kpp(i,j) - (lenint*hint+ldisint*yint/dtime/P0int)
*shape(i)*shape(j)*(he/2)*w(intpt)
end do
end do
else if (JELEM == 1000 .and. intpt==3) then

mint(intpt) = lenint*hint*(1-(TempNew(intpt)/Tmint)**nparamint)
1 * PlastNew(intpt)+ldisint*yint*(1-(TempNew(intpt)/Tmint)
2 ** nparamint)*depsilonpidot(intpt)/P0int
do i=1,nnode
rp(i) = rp(i) + mint(intpt)*shape(i)
end do
do i=1,nnode
do j=1,nnode
Kpp(i,j)=Kpp(i,j) - (lenint*hint+ldisint*yint/dtime/P0int)
1
*shape(i)*shape(j)*(he/2)*w(intpt)
end do
end do
end if
end do
rhs(1,1)=
rhs(2,1)=
rhs(3,1)=
rhs(4,1)=
rhs(5,1)=
rhs(6,1)=

ru(1)
rp(1)
ru(2)
rp(2)
ru(3)
rp(3)

svars(1)=TempNew(1)
svars(2)=TempNew(2)
svars(3)=TempNew(3)
svars(4)=PlastNew(1)
svars(5)=PlastNew(2)
svars(6)=PlastNew(3)
svars(7)=gPlasNew(1)
svars(8)=gPlasNew(2)
svars(9)=gPlasNew(3)
amatrx(1,1)
amatrx(1,2)
amatrx(1,3)
amatrx(1,4)
amatrx(1,5)
amatrx(1,6)
amatrx(2,1)
amatrx(2,2)
amatrx(2,3)
amatrx(2,4)
amatrx(2,5)
amatrx(2,6)
amatrx(3,1)

=
=
=
=
=
=
=
=
=
=
=
=
=

Kuu(1,1)
Kup(1,1)
Kuu(1,2)
Kup(1,2)
Kuu(1,3)
Kup(1,3)
Kpu(1,1)
Kpp(1,1)
Kpu(1,2)
Kpp(1,2)
Kpu(1,3)
Kpp(1,3)
Kuu(2,1)
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amatrx(3,2)
amatrx(3,3)
amatrx(3,4)
amatrx(3,5)
amatrx(3,6)
amatrx(4,1)
amatrx(4,2)
amatrx(4,3)
amatrx(4,4)
amatrx(4,5)
amatrx(4,6)
amatrx(5,1)
amatrx(5,2)
amatrx(5,3)
amatrx(5,4)
amatrx(5,5)
amatrx(5,6)
amatrx(6,1)
amatrx(6,2)
amatrx(6,4)
amatrx(6,5)
amatrx(6,6)

=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=
=

Kup(2,1)
Kuu(2,2)
Kup(2,2)
Kuu(2,3)
Kup(2,3)
Kpu(2,1)
Kpp(2,1)
Kpu(2,2)
Kpp(2,2)
Kpu(2,3)
Kpp(2,3)
Kuu(3,1)
Kup(3,1)
Kuu(3,2)
Kup(3,2)
Kuu(3,3)
Kup(3,3)
Kpu(3,1)
Kpp(3,1)
Kpp(3,2)
Kpu(3,3)
Kpp(3,3)

return
END

C*******************************************************************
subroutine xintQ(xi,w)
C Integration point coordinates
C___________________________________________________________________
INCLUDE 'ABA_PARAM.INC'
REAL(8) :: xi,w
DIMENSION xi(3),w(3)
xi(1) = -0.7745966692D+00
xi(2) = 0.D0
xi(3) = -xi(1)
w(1) = 0.555555555556d0
w(2) = 0.888888888889d0
w(3) = 0.555555555556d0
RETURN
END
C*******************************************************************
subroutine shapeQ(dNdxi,d2Ndxidxi,shape,nnode,xi,intpt)
C shape functions and derivatives for linear 1D elements
C___________________________________________________________________
INCLUDE 'ABA_PARAM.INC'
INTEGER :: intpt,nnode
REAL(8) :: dNdxi,d2Ndxidxi,xi,shape
DIMENSION xi(3),dNdxi(nnode),d2Ndxidxi(nnode),shape(nnode)
shape(1) = -0.5D0*xi(intpt)*(1. -xi(intpt))
shape(2) = 0.5D0*xi(intpt)*(1. +xi(intpt))
shape(3) = (1. +xi(intpt))*(1. -xi(intpt))
dNdxi(1) = xi(intpt) - 0.5D0
dNdxi(2) = xi(intpt) + 0.5D0
dNdxi(3) = -xi(intpt)-xi(intpt)
d2Ndxidxi(1) = 1.d0
d2Ndxidxi(2) = 1.d0
d2Ndxidxi(3) = -2.d0
C
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RETURN
END
C*******************************************************************
subroutine shapemapQ(dNdxi,d2Ndxidxi,dshape,d2shape,
1 he,coords,nnode,mcrd)
C Maps shape function derivatives
C___________________________________________________________________
INCLUDE 'ABA_PARAM.INC'
INTEGER :: nnode,mcrd
REAL(8) :: dNdxi(nnode),coords(mcrd,nnode),dydxi,dxidy,
1 d2Ndxidxi(nnode),dshape(nnode),d2shape(nnode),he,dxidy_sq
dydxi = dNdxi(1)*coords(1,1) + dNdxi(2)*coords(1,2)
1 + dNdxi(3)*coords(1,3)
dxidy = 1.D0/dydxi
he = 2*dydxi
dshape(1) = dNdxi(1)*dxidy
dshape(2) = dNdxi(2)*dxidy
dshape(3) = dNdxi(3)*dxidy
dxidy_sq = dxidy*dxidy
d2shape(1) = d2Ndxidxi(1) * dxidy_sq
d2shape(2) = d2Ndxidxi(2) * dxidy_sq
d2shape(3) = d2Ndxidxi(3) * dxidy_sq
RETURN
END
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